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e Pauli principle = two-level systems
fermionic mode k either occupied, |11 ), or not, |0x)

e For fixed number of modes 3 isomorphism:
Fock space = tensor product space

e QI: also need consistent notion of subsystems

1 Friis, Lee, Bruschi, Fermionic mode entanglement in quantum information, Phys. Rev. A 87, 022338 (2013).

Nicolai Friis Fermions are not Qubits


http://dx.doi.org/10.1103/PhysRevA.87.022338

Introduction

e Fermions fundamental part of description of nature
essentially all (standard) matter consists of fermions
e Effects of QFT on curved spacetimes, e.g., Unruh/Hawking

create mode entanglement

e Progress in simulations and electron quantum optics

Want to use fermionic modes in quantum information, but how?

“Fermions are like qubits ... aren't they?”

e Pauli principle = two-level systems
fermionic mode k either occupied, |11 ), or not, |0x)

e For fixed number of modes 3 isomorphism:
Fock space = tensor product space

e Ql: also need consistent notion of subsystems = Trouble!

1 Friis, Lee, Bruschi, Fermionic mode entanglement in quantum information, Phys. Rev. A 87, 022338 (2013).
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anticommutation relations {am, ah} = 6, {@m,an} =0

vacuum state |0) € Ho.p, annihilated by all a,, @, [0) =0 ¥V m

single-particle states: |1,,) = |¢m) = ah, |0) € Hip

two-particle states € 5(%1_1) ® 7-[1_1))

|Lms 1n) = ahah 10) = Z(16m) @ |9) = [0} @ |9m))

N-mode Fock space Fi(Hip)

Fn(Hip) = :S(H?_gl) = Hop ®H1p @5 (Hip@Hip) @ ..

m
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General pure state on the Fock space

’¢>:,U0|0>+;}M’li>+z,uij|lia1j>+'“

]

Mixed states = convex sums of projectors

Example: two-mode mixed state

prir = a1 0)(0] +0%2GL 10)(0] ax/ +Oé30¢2 10)(0] a
+agalal, |0)(0] apar + (81]0)(0]ar + B2 |0)(0] ax
+ B3]0)(0| awax + Baal [0)(0] ax + B5 af, |0)(0] apay,
+ Bsal |0)(0] apag + H.c.)

Partial Trace: Try/ (prrr) =(c1 + a2) [0)(0] + (a3 + aa) | 1) (11|
+(B2]0)(1x| £85]0)(1x| +H.c)
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The fermionic ambiguity

Partial traces appear ambiguous

Trw (prw) = (01 + a2) [0)(0] + (a3 4+ ax) | 1) {1k ]
+ [ (B2 B5) [0)(1x| + H.c]

Tri(prrr) = (a1 +a3) [0)(0] + (a2 + o) [1p ) (x|
+ [(B1 £ B5) |0){ 1| + H]
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The fermionic ambiguity

Partial traces appear ambiguous

Triw (prwr) = (o1 + a2) [0)(0] + (az + a4) [ 11 )(1k |
+ [ (B2 + B5)10){1x| + H.c]

Tri(pri) = (a1 + a3) [0)(0] + (a2 + aa) |1y )(1x |
+ [(B1 = B6) [0)(1p' | + H.c]

Signs are fixed if a particular mapping to tensor product is chosen

But not in the right way!

Consistency conditions determine signs uniquely®

Expectation values of local observables invariant
(O®)),., = (O®) )y

1Friis, Lee, Bruschi, Fermionic mode entanglement in quantum information, Phys. Rev. A 87, 022338 (2013).
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Consistent mappings to qubits (?)

Practical consequence of consistency conditions

Partial tracing “inside-out”, e.g., Try: a,t |0)(0| agrag
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Practical consequence of consistency conditions
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Consistent mappings to qubits (?)

Practical consequence of consistency conditions

Partial tracing “inside-out”, e.g., Tri:  |0)(0] ay
anticommute towards vacuum projector

remove operators

Isomorphisms between n fermionic modes and n qubits

mappings from Fy to H1 ® ... ® Hn
eg. al|0)(0]apar — |1)(1], ®]0)(1]y
al, 10)(0]awa +— [0)(1], & [1)(1],
Tri(af [0)(0 awar) = =10)(0]aw i [0)(1]y
Try (al, 10)(0] agrar) = [0)(0]ax — 10)(1],
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Role of superselection rules

In general consistent mapping should satisfy

pAB €E Ha® Hp

PAB € FNup

pA € Fn, pa € Ha
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Role of superselection rules

In general consistent mapping should satisfy

PAB € FNup

pa € Fny

paB € Ha®@ Hp

pA € Ha
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Superselection rules restrict allowed density operator elements
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Role of superselection rules

In general consistent mapping should satisfy

PAB € FNup pPAB € Ha @ Hp

pA € Fn, pA € Ha

Can this be fixed by superselection rules?

Superselection rules restrict allowed density operator elements
2 modes: Yes, this is enough, problematic elements disappear

3 modes: No, does not work in general (for counterexample see [1])

1 Friis, Lee, Bruschi, Fermionic mode entanglement in quantum information, Phys. Rev. A 87, 022338 (2013).
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So what are the superselection rules good for?

Suppose there were no superselection rules...

pure state of two modes k and k' prime:
|} = 1o [0) + gk | 1) + puwr | i ) + ik [ Lis 1)
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So what are the superselection rules good for?

Suppose there were no superselection rules...

pure state of two modes k and k' prime:
[9) =10 10) + ke [ 1) + g | L) + poerr | iy 1)
reduced states:
pi = (ol + 1w [*) [0)O] + (Il + Tpaworr 1) 111 ) (L |
+ [(popef, + prr 1y) 10)( 1k | + H.c.]
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So what are the superselection rules good for?

Suppose there were no superselection rules...

pure state of two modes k and k' prime:
[9) =10 10) + ke [ 1) + g | L) + poerr | iy 1)
reduced states:
pi = (ol + 1w [*) [0)O] + (Il + Tpaworr 1) 111 ) (L |
+ [(popef, + prr 1y) 10)( 1k | + H.c.]
pre = (lol® + 11el®) [0)€0] + (g * + lvorr[) | 1 Y (L |
+ [(ropr — i) [0)(1pr | + H.c]

e.g., for po = px = ppr = pgr = %: Pk pure, prr maximally mixed

= asymmetric pure state marginals®3

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).

3 Amosov & Filippov, Spectral properties of reduced fermionic density operators and parity superselection rule,
e-print arXiv:1512.01828 [quant-ph] (2015).
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The Parity Superselection Rule

YOU SHALL NOT

imgflip.com

Nicolai Friis Fermions are not Qubits



Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )

Nicolai Friis Fermions are not Qubits


http://dx.doi.org/10.1088/1367-2630/18/3/033014

Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
write state as (w.l.o.g. m is here odd)

‘wé\\ien) =0 ‘O>
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
write state as (w.l.o.g. m is here odd)

C

m
‘wé\\ien) =70 ‘O> + 2%&' lllii>‘¢%,odd>
i=
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
write state as (w.l.o.g. m is here odd)

m
‘weven> =70 ‘O> + Z Vi ’1Hi>‘w%,odd>

+ Z ’YMZ;L] ‘1N2>|1M]>’¢u“u],even> + ..
ES)
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
write state as (w.l.o.g. m is here odd)

m
‘weven> =70 ‘O> + Z Vi ’1Hi>‘w%,odd>

+ Z ’YMZ;L] ‘1N2>|1M]>’¢u“u],even> + ..
ES)

+’7,LL1...,LLm |1,u1 > B ’ >|Q’ZJH1 ,um,odd>

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state |2 )
bipartition: M = {u; € N|i=1,...,m <n} and M® = N/M
write state as (w.l.o.g. m is here odd)

m
‘weven> =70 ‘O> + 2 Vi ’1Hi>‘w%,odd>

+ Z Vwipss ‘ 1112 >| 1u] >’¢Mp],even> + ..
gs
o oo /PRI b VPR IR b >|¢ ,um,odd>
partial trace over M-

remove projectors on Wﬁ/fcul)

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state [ )
bipartition: M = {y; € Nli=1,...,m <n} and M® = N/M

write state as (w.l.0.g. m is here odd)

m
C
|wé\\fzen> =70 |O> + 21/7u1 |1Mi>|w£{,odd>
1=

o C
+ .217#2'“1 ‘1ui>|1uj>’¢,%uj,even) + ...
z,]g;i

C
+ 7,1141---,Um ’ 1”1 > ce ’ 1Mm >‘w%...um,odd>

partial trace over M: elements of the form

T M€ M€ _ M€ M€
Trym (bm ’wm,odd>< u,-,odd‘ bm) = Wui,odd><%i,odd’

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).
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Parity superselection prevents asymmetric pure states

Sketch of proof?

set of n fermionic modes N = {1,2,...,n} & pure state [ )
bipartition: M = {y; € Nli=1,...,m <n} and M® = N/M

write state as (w.l.0.g. m is here odd)

m
C
|wé\\fzen> =70 |O> + 21/7u1 |1Mi>|w£{,odd>
1=

o C
+ .217#2'“1 ‘1ui>|1uj>’¢,%uj,even) + ...
z,]g;i

C
+ 7,1141---,Um ’ 1”1 > ce ’ 1Mm >‘w%...um,odd>

partial trace over M: elements of the form

T M€ MC _ MC MC
Troy (bm’ /Li,odd><wm,odd‘ bm) = Wui,odd><%i,odd’

in this partition: no sign changes = tracing like qubits

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).
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Origin of the parity superselection rule

But what is the reason for the SSR?
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Origin of the parity superselection rule

But what is the reason for the SSR?

e "| don't like asymmetric pure state marginals.”

Well, sure. If you are happy with this explanation.

e Charge superselection

Practical problem (?) + 3 neutral fermions
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Origin of the parity superselection rule

But what is the reason for the SSR?

e "| don't like asymmetric pure state marginals.”

Well, sure. If you are happy with this explanation.
e Charge superselection
Practical problem (?) + 3 neutral fermions

e Time-reversal symmetry *

4 Wick, Wightman, Wigner E P, Phys. Rev. 88, 101 (1952).
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Origin of the parity superselection rule

But what is the reason for the SSR?

e "| don't like asymmetric pure state marginals.”

Well, sure. If you are happy with this explanation.
e Charge superselection

Practical problem (?) + 3 neutral fermions
e Time-reversal symmetry *

Not an exact symmetry (CPT theorem + CP violation)

4 Wick, Wightman, Wigner E P, Phys. Rev. 88, 101 (1952).
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Origin of the parity superselection rule

But what is the reason for the SSR?

e "| don't like asymmetric pure state marginals.”

Well, sure. If you are happy with this explanation.

e Charge superselection

Practical problem (?) + 3 neutral fermions

e Time-reversal symmetry *

Not an exact symmetry (CPT theorem + CP violation)

e Invariance under rotations by 27 (see 9)

4 Wick, Wightman, Wigner E P, Phys. Rev. 88, 101 (1952).
5 Hegerfeldt, Kraus, Wigner, J. Math. Phys. 9, 2029 (1968).
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Origin of the parity superselection rule

But what is the reason for the SSR?

e "| don't like asymmetric pure state marginals.”

Well, sure. If you are happy with this explanation.
e Charge superselection
Practical problem (?) + 3 neutral fermions
e Time-reversal symmetry *
Not an exact symmetry (CPT theorem + CP violation)

e Invariance under rotations by 27 (see 9)

Good candidate! ? Requires spin-statistics theorem

requires relativity

4 Wick, Wightman, Wigner E P, Phys. Rev. 88, 101 (1952).
5 Hegerfeldt, Kraus, Wigner, J. Math. Phys. 9, 2029 (1968).

2 Friis, Reasonable fermionic quantum information theories require relativity, New J. Phys. 18, 033014 (2016).
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Implications for fermions in quantum information
Quantum information in fermionic Fock space

e Density operators well defined
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Implications for fermions in quantum information

Quantum information in fermionic Fock space

e Density operators well defined
e Reduced states well defined (consistency conditions + SSR!)
e Entanglement < mixedness of subsystems

e Entanglement of formation well defined (computable? %)

4Caban, Podlaski, Rembielifiski, Smolifiksi, Walczak, J. Phys. A: Math. Gen. 38, L79 (2005).
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Implications for fermions in quantum information

Quantum information in fermionic Fock space

e Density operators well defined
e Reduced states well defined (consistency conditions + SSR!)
e Entanglement < mixedness of subsystems

e Entanglement of formation well defined (computable? %)

y

Practical point of view

e Computable criteria, e.g., PPT, rely on tensor product

4Caban, Podlaski, Rembielifiski, Smolifiksi, Walczak, J. Phys. A: Math. Gen. 38, L79 (2005).
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Implications for fermions in quantum information

Quantum information in fermionic Fock space

e Density operators well defined
e Reduced states well defined (consistency conditions + SSR!)
e Entanglement < mixedness of subsystems

e Entanglement of formation well defined (computable? %)

y

Practical point of view

e Computable criteria, e.g., PPT, rely on tensor product

e Certain situations allow mappings to qubits

4Caban, Podlaski, Rembielifiski, Smolifiksi, Walczak, J. Phys. A: Math. Gen. 38, L79 (2005).
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Implications for fermions in quantum information

Quantum information in fermionic Fock space

e Density operators well defined
e Reduced states well defined (consistency conditions + SSR!)
e Entanglement < mixedness of subsystems

e Entanglement of formation well defined (computable? %)

y

Practical point of view

e Computable criteria, e.g., PPT, rely on tensor product

e Certain situations allow mappings to qubits

e Strange consequences: mixed max. entangled states °

4Caban, Podlaski, Rembielifiski, Smolifiksi, Walczak, J. Phys. A: Math. Gen. 38, L79 (2005).
5D'Ariano, Manessi, Perinotti, Tosini, Europhys. Lett. 107, 20009 (2014).
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Implications for fermions in quantum information
Quantum information in fermionic Fock space

e Density operators well defined

e Reduced states well defined (consistency conditions + SSR!)
e Entanglement < mixedness of subsystems

e Entanglement of formation well defined (computable? 4)

Practical point of view

e Computable criteria, e.g., PPT, rely on tensor product
e Certain situations allow mappings to qubits

e Strange consequences: mixed max. entangled states °

e SSR = no single-mode basis change, test entanglement? ¢

4Caban, Podlaski, Rembielifiski, Smolifiksi, Walczak, J. Phys. A: Math. Gen. 38, L79 (2005).

5D'Ariano, Manessi, Perinotti, Tosini, Europhys. Lett. 107, 20009 (2014).

6Dasenbrook, Bowles, Bohr Brask, Hofer, Flindt, Brunner, New J. Phys. 18, 043036 (2016).
Friis, New J. Phys. 18, 061001 (2016).
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