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“Thermodynamics is a funny subject. The first time you go through it, you don’t
understand it at all. The second time you go through it, you think you understand
it, except for one or two points. The third time you go through it, you know you
don’t understand it, but by that time you are so used to that subject, it doesn’t

bother you anymore.”

Arnold Sommerfeld [1, p. 1]

“Do you guys just put the word ‘quantum’ in front of everything?"”

Scott Lang (Paul Rudd), Ant-Man and the Wasp (00:33:44), Peyton Reed (director),

Walt Disney Studios Motion Pictures (distributor), 2018

“Eine Heizung funktionert so: zuerst nimmt man die Kilte, und schmeifit sie in
den Mistkiibel. Dann nimmt man Papier, und daraus wird dann Kohle, und die

wird dann zu Feuer. Und dann kommt die Feuerwehr und loscht.”

(Translation “A radiator works like this: first you take the cold and throw it in the
the dustbin. Then one takes paper, which becomes coal, and that then becomes fire.

Then the fire fighters come and extinguish it.”)

Noah Friis (3 years old, private communication, 8 August 2021)



https://www.youtube.com/watch?v=Tp1v0U6Dzuo




Acknowledgements

This habilitation thesis, and the selection of publications presented therein, are the re-
sult of many years of research. Indeed, work on some of these publications began as early
as 2014 at the Seefeld Workshop on Quantum Information in Tyrol, with the latest of the
presented papers published in 2020. During this long time, I was lucky to be supported,
motivated, and inspired by many incredible people, who I would like to express my grati-
tude to.

First, I would like to thank my family, foremost Verena Hofstitter, whose counsel and
wisdom has been irreplaceable throughout this academic journey, and who has brought
our children, Noah and Alma, into this world, who fill our lives with joy every day. I am
also especially grateful to all my other wonderful family members, in particular, my par-
ents, Elisabeth Friis and Hans Petter Friis, and to Hildegard Hofstitter and Wernhard Hofstitter,
whose unwavering support and dedication to their grandchildren has provided the stability
to balance academic work and family life.

Then, of course, my gratitude goes to all the fantastic and talented coauthors that I was
lucky to have throughout these years, in particular, those who contributed directly to the
publications this thesis is based on. In this regard, special thanks go to Marti Perarnau-Llobet
and Eric G. Brown, working with whom oftentimes felt much too enjoyable to be considered
work. Similarly, I am grateful to Tiago Debarba, not just for his work and friendship, but also
his humour and his insights into lunar sports. Many thanks go to Faraj Bakhshinezhad and
Fabien Clivaz for simply refusing to surrender in the face superficially simple-looking math-
ematical problems that turned out to be seemingly unassailable on closer inspection, and
to Giuseppe Vitagliano for his unwavering stoicism. To Yelena Guryanova I would like to say
thanks, amongst many other things, for her bravado in the face of a dangerous world, and
her willingness to share her survival tips. But of all my coauthors on the studies relevant
to this thesis it is only fair to single out Marcus Huber as a source of inspiration, motivation,
ideas, and integrity, and I am very grateful to him for many joyful and engaging discus-
sions, as well as for his support of my goals and ambitions.

I would also like to thank friends and colleagues who, albeit not being directly involved
in the studies presented here, shared a stretch of the way that led me here. I enjoyed doing
science with all of you, but I would like to particularly thank Reinhold Bertlmann for being
a never-ending source of optimism, for sharing his enjoyment of physics, and for believing
in me from the very beginning of my research career. I am also deeply grateful to Hans J.
Briegel for giving me the opportunity, and the necessary stability and support to pursue my
academic goals, as well as the freedom to develop my own ideas. I want to thank Vedran
Dunjko and Max Lock for being the office mates I needed, enduring my complaints and bad
jokes for years, while I am grateful to Michalis Skotiniotis, Matej Pivoluska, Simon Morelli, Phil

Taranto, and Simon Milz for helping me to further decrease the quality of my jokes, to Jessica




Bavaresco for making me aware of feline lachrymal absorptivity, and to Hendrik Poulsen-
Nautrup and Lea Trenkwalder for their friendship and commemoration of our shared time in
Innsbruck.

Finally, my sincere thanks go to the Austrian Science Fund which has funded the re-
search presented here via the projects SFB FoQuS: F4012, the START project Y879-N27, the
project P 31339-N27, and the joint Czech-Austrian project MultiQUEST (I 3053-N27 and
GF17-33780L).




Contents

I From Thermodynamics to Quantum Information — and Back

[1 Introduction . . . . .. . . . . . . . e e
.2  Work and Work Estimation . . . . . ... .. ... ... ... ... .. .....
2. A HeatandWork . . . ... ... .. .. . .. .. . . . ..
[2.B  Workin Quantum Thermodynamics . . . . . ... ... .........
[.2.C Work Estimation . .. ... ... ... ... ... .. ... ... .....

12.C.1 The Two-Point Measurement Scheme . . . . . ... ... ...
12.C.2 The]Jarzynski Relation . ... ..................

I.3  Extraction and Storage of Work using Quantum Systems . . . ... ... ...

I.3.A Passivity and Ergotropy . . . . ... .. ... ... . o L.

[.3.B Quantum-Optical Systems as Quantum Batteries. . . . . .. ... ...

L4 Conversion between Work and Correlations . . . . . ... ... ... ......
[4.A Entanglementand Work . . . . ... .......... .. ... ...
14B Work Costof Correlations . . . ... ... .................

L5 Preliminary Conclusionand Outlook . . . . . .. ... ..............

Literature

II Selected Publications
I.1 The Thermodynamics of Creating Correlations: Limitations and Optimal

Protocols . . . . . . . e e

1.2 Energetics of Correlations in Interacting Systems . . . . . . ... ... ... ..

I1.3 Passivity and Practical Work Extraction using Gaussian Operations . . . . . .

Il.4 Precision and Work Fluctuations in Gaussian Battery Charging . . . . . . . ..

I.5 Thermodynamically Optimal Creation of Correlations . . . . . ... ... ...

I.6 Ideal Projective Measurements Have Infinite Resource Costs . . . . . ... ..

II.7 Work Estimation and Work Fluctuations in the Presence of Non-Ideal

Measurements . . . . . . ... e

Curriculum Vitae

List of Publications

Peer-Reviewed Publications . . . . . . . . . . . . .

Non-Peer-Reviewed Publications . . . . . . . . . . . o v i i

Preprints . . . . . . . . ... e
BookChapters . . . .. ... ... .. ... ..

12
12
13
16
16
18
20
20
22
24
24
26
27

29

41

42
55
67
77
100
129

151






Part I
From Thermodynamics to Quantum

Information — and Back

I.1 Introduction

While the historical roots of modern thermodynamics go back to the nineteenth century and
the foundational works of renowned figures such as Sadi Carnot, Rudolf Clausius, William
Thomson (Lord Kelvin), James Clerk Maxwell, Ludwig Boltzmann, Max Planck, and |. Willard
Gibbs (amongst many others, for an overview, see, e.g., the introductory textbook Ref. [2]),
the origins of quantum information can only be traced back to the late twentieth century.
Although some seminal works, in particular, by Albert Einstein, Boris Podolsky, and Nathan
Rosen [3] as well as by Erwin Schridinger [4], identified entanglement as a crucial feature
of quantum theory already in 1935, the importance of these works was only widely recog-
nized much later, most notably by John Stewart Bell in 1964 [5], whose famous inequality (or
variants thereof, e.g., due to Clauser, Horne, Shimony and Holt [6]) was subsequently tested
in 1972 by Freedman and Clauser [7] and throughout the 1980s by Aspect, Grangier, Roger, and
Dalibard [8-10]. In parallel, first concerted efforts towards quantum communication proto-
cols (by Wiesner [11], and Bennett and Brassard [12]), quantum computing (by Bennett [13],
Poplavskii [14], Benioff [15], Feynman [16], Toffoli [17], Deutsch [18], Igeta and Yamamoto [19],
and Milburn [20]), and the general information-theoretic understanding of quantum me-
chanics (e.g., by Holevo [21], Ingarden [22], Park [23], Dieks [24], Wootters and Zurek [25], and
Werner [26]) were made throughout the 1960s, 1970s, and 1980s, before the field of quantum
information and computation decisively built up momentum in the 1990s, with a first major
textbook (which is still of high relevance today) was published by Nielsen and Chuang [27]in
2000. What is interesting to note here is that some of the earliest contributions to the theory
of quantum computing, namely Poplavskii’s article [14] entitled (in its English translation)
‘Thermodynamic models of information processes” as well as Bennett’s paper [28] “The thermody-
namics of computation —a review’, explicitly reference thermodynamics as centrally important
for considerations about quantum computers. Indeed, the relevance of thermodynamics is
not limited to quantum information and computation but more broadly to information theory
in general. This is witnessed, e.g., by the impact on modern quantum thermodynamics of
even earlier work by Landauer [29], which connects thermodynamics to classical comput-
ing.

The common denominator of thermodynamics and quantum information (and quan-



PART I FROM THERMODYNAMICS TO QUANTUM INFORMATION

tum computation) is information. Whereas it is obvious that quantum information theory
is concerned with studying how information can be encoded, manipulated, and communi-
cated using quantum systems (see, e.g., [27, 30]), it may not be as clear immediately how
crucial the notion of information is in thermodynamics. Historically, thermodynamics is
concerned with physical systems that have many degrees of freedom, typically too many to
keep track of all of them. Instead, one often has direct access only to a few macroscopically
observable parameters, such as energy, temperature, or pressure. Classical thermodynam-
ics provides a quantitative description of these parameters via the laws of thermodynamics.
Meanwhile, statistical mechanics underpins this framework by providing microscopic ex-
planations for the macroscopically observed phenomena. At the heart of these explanations
lies the information that is available about a given system. In other words, the starting point
of statistical mechanics is the assignment of probabilities to the microstates of a system via
statistical ensembles, given information about the system’s energy, composition, and inter-
action with its environment (e.g., whether the system is in thermal equilibrium with a heat
bath or a non-equilibrium system), as discussed, for instance, in [31]. While information
about a few macroscopic parameters of a quantum system may thus be available, this typi-
cally means that there also is an enormous lack of information about the specific microstate
of the system.

In particular, one can ask which macrostate should be assigned to a (quantum) system
in thermal equilibrium with respect to an assumed external heat bath at fixed tempera-
ture when all that is known is its (average) energy. By Jayne’s maximum entropy prin-
ciple [31, 32], the unique answer is: a thermal state!, i.e., a mixed state (represented by
a density operator) that maximizes the (von Neumann) entropy for fixed average energy.
This captures the idea that, when in doubt, it is prudent to assume the minimal amount of
information (hence the maximal amount of entropy) about the system. Conversely, we can
identify the thermal state as the state with minimal (average) energy given fixed entropy:.
Information-theoretic considerations hence enter thermodynamics at a fundamental level.
One aim of this habilitation thesis is to draw attention to the fact that the converse is also
true. In other words, here we take the point of view that thermodynamic considerations
also enter the foundations of quantum information theory, as we shall elaborate on shortly.

The premise of many quantum information processing tasks is the assumed ability to
prepare pure quantum states, to perform unitary operations, and to carry out ideal projec-
tive measurements, at least to within any desired margin of error. And, indeed, in modern
quantum optics and quantum technologies, we have unprecedented control over individ-
ual, or small groups of quantum systems. For instance, current state-of-the-art setups for
quantum computing are able to control around 20-50 qubits using trapped ions [33-35],

with similar qubit numbers achieved in superconducting processors by companies such as

! Also called a Gibbs state. When the system is assumed to be of fixed composition but may be in states of
varying energy, this corresponds to the canonical ensemble, which we will consider here unless stated other-

wise.

10



PART I FROM THERMODYNAMICS TO QUANTUM INFORMATION

Google [36], IBM [37], and Rigetti Computing [38], and up to 10 qubits can currently be
fully controlled in solid state memories [39]. At the same time, gate fidelities of well above
99% have been reported for single- and two-qubit gates for physical qubits in different plat-
forms [40, 41], and even logical entangling gates have recently been realized [42]. These
and many other impressive developments notwithstanding, it is clear from a fundamental
thermodynamic perspective that pure states can only ever be prepared approximately.

More specifically, the third law of thermodynamics dictates that no (quantum) system
can be cooled to the ground state (a pure state for non-degenerate Hamiltonians) with finite
resources [43-48]. Here, resources include the time and energy invested in the prepara-
tion, but also the complexity (qualitatively, the Hilbert space dimension that is assumed
to be fully and exactly controllable via the application of arbitrary unitary operations) of
the involved quantum systems. By extension, the third law stipulates that no pure state
can be prepared exactly, even if perfectly unitary transformations could be applied to any
controlled system. However, even in the most well-isolated vacuum chambers, residual
particles remain and may interact with any controlled system therein, leading to decoher-
ence and noise. Meanwhile, the application of unitaries themselves often involves precise
timing of interactions, which in turn relies on perfect clocks. The latter, of course also have
intrinsical statistical inaccuracies (see, e.g., [49] for a discussion) in any finite-resource sce-
nario. Finally, as we have shown in [50], this implies that no ideal projective measurement
can be carried out with finite resources either, unless one initially already has complete
knowledge of the respective quantum systems and may hence assume the availability of
(zero-temperature) pure states a priori. Conversely, we thus see that carrying out state
preparation, (quantum) computation, and measurements in a precise and controlled way
requires the investment of time and energy to move systems out of inevitable thermal equi-
librium that reflects one’s incomplete information about the system in question. Thus, it
becomes evident that thermodynamic considerations naturally enter the domain of quan-
tum information theory — and vice versa [51].

Over the past decade, this synergy between thermodynamics and (quantum) infor-
mation theory has shaped and propelled the field of quantum thermodynamics, which,
broadly speaking, is concerned with thermodynamics in the quantum regime, and includes
(but is not limited to) such topics as equilibration and thermalization of quantum systems,
quantum heat engines, storage of work in ‘quantum batteries’, work extraction from and
refrigeration of quantum systems, fluctuations and measurements of work, irreversibility in
out-of-equilibrium processes, thermodynamics of strongly coupled systems, and information-
theoretic approaches to thermodynamics. Overviews over these, and a variety of other as-
pects of quantum thermodynamics can be found in the respective chapters of [52].

Here, we discuss some exemplary situations in quantum thermodynamics (covered in
detail in the selected publications [50, 53-58] that are presented in full in Part II), which
highlight the interplay between thermodynamics and quantum information theory, and

11
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their respective resources. We consider situations where (i) we have incomplete information
about the quantum systems in question and we hence assume that these systems are initially
at thermal equilibrium with respect to their environment, and where (ii) work is either con-
verted into resources valuable from an information-theoretic point of view [50, 53, 54, 57]
(i.e., various types of correlations), or where the extraction [55], storage [56], and estima-
tion [58] of work is restricted by information-theoretic limitations (e.g., the complexity of
the allowed operations).

This habilitation thesis is organized as follows. To provide some context for the publica-
tions presented later on, the remaining sections of Part I provide an overview over pertinent
concepts and definitions in quantum thermodynamics, quantum optics, and quantum in-
formation. In particular, Sec. 1.2 examines the problem of defining and estimating work
and its fluctuations. In Sec. .3 we then briefly review recent approaches for understanding
fundamental and practical limitations on work extraction and storage in quantum optical
systems. In Sec. I.4, we then turn to conversion of work into correlations. For this purpose,
we discuss different types of correlations and how they can be established at the expense of
work. Section L.5 the concludes Part I with a brief summary and outlook on open problems.

In Part II, we then present the mentioned selected publications [50, 53-58].

I.2 Work and Work Estimation

I.2.A Heat and Work

A conceptually fundamental distinction that is made in (classical) thermodynamics is that
between heat and work. The first law of thermodynamics stipulates that the change in in-
ternal energy can be assigned to changes in either one of these two contributions. Whereas
heat corresponds to changes of energy on the microscopic level, work is associated to macro-
scopic changes in energy. In other words, heat is energy attributed to unordered thermal
motion of the microscopic constituents of a system, whereas work performed by a system
is energy that is transferred from one system to another via the exertion of macroscopic
mechanical forces that are measurable and can in turn be stored for later use as potential
energy, e.g., by lifting a weight against the gravitational pull. In this sense, work is ‘ordered’
energy.

Heat and work can in principle be converted into each other, but the laws of thermody-
namics enshrine the observation that there is a preferred direction to this conversion, i.e.,
work can in principle be turned into heat at unit efficiency, but the conversion of heat into
work is limited in its efficiency. As argued, e.g., in [2, pp. 117], the first law of thermody-
namics immediately provides the bound that a heat engine which uses an input 6Q) > 0 of
heat and attempts to turn it into work W must not violate the relation 6W < 6Q). Mean-
while, a heat engine that harnesses the flow of heat (according to the second law of ther-

modynamics) from a hot bath at temperature Ty to a cold bath at temperature 7¢ in order

12
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to perform work on a working substance can never achieve a conversion of heat into work
at an efficiency beyond the Carnot efficiency nmax = 1 — Tc/Tx. This implies a notion of
irreversibility in the conversion of work to heat.

A different way of expressing this irreversibility is via the second law phrased as a state-
ment about entropy S. For an idealized closed system that is initially at thermal equilibrium
with its environment at temperature 7" and which may exchange no matter but only energy
with the latter, infinitesimal changes d.S of the entropy due to an irreversible process are
bounded from below by the ratio of §Q, the infinitesimal increment? of heat transferred to
the system, and the environment temperature 7, that is dS > §Q /T, with equality when
the process is reversible. Since 6@) > 0, an implication of the above is the observation that
the entropy of any closed system may never decrease: dS > 0. In this sense, irreversibil-
ity is tied to an increase in entropy (or, from an information-theoretic point of view: loss
of information), which is in turn associated (albeit not identified) with the transfer of heat.
Conversely, a process in a closed system for which dS = 0 also satisfies Q) = 0 (for any
finite environment temperature), and all changes in internal energy can be attributed to
work in such a case. Heat and work can thus both be considered to be thermodynamical
resources, but there is a clear hierarchy between them: work is strictly more useful than
heat.

This leaves us with the question of identifying the contributions of heat and work in
general irreversible processes. Now, in classical macroscopical examples such as a weight
that has been lifted to a particular height and is being held in place there, it is reasonable to
say that the work has been stored in the system in the form of potential energy and work
can hence be attributed to the system. But of course the premise for such a statement is
that the weight is at a well-defined height, and hence has a well-defined potential energy.
In practice this is generally not the case: measurements of the height will vary ever so
slightly in their values, leading to fluctuations in the assigned work value. Nevertheless,
in a macroscopic setting one may typically safely assume that the fluctuations around the
mean are small, much smaller than the attributed work, and can thus be disregarded for
most practical purposes. However, there is no reason to expect that this is the case in the
quantum domain, and even providing a definition for work is no longer straightforward,

as we will discuss in the next section.

I.2.B  Work in Quantum Thermodynamics

Along with ever-increasing control over quantum systems and unprecedented access to
technologies at the nanoscale which have been brought on by the second quantum revolu-
tion [59] come questions regarding their fundamental limitations. Currently, quantum tech-

nologies are considered to be operating in what is often referred to as the noisy intermediate-

Note that the difference in notation between infinitesimal increments d.S of entropy and 6Q of heat high-

lights that the entropy is a function of the system state only, whereas heat is not.
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scale quantum (NISQ) regime, see, e.g. [60], a name one might consider a portent in the
sense that itf implies the hope that further technological advances will lead to noise-robust
large-scale quantum devices in the future. In this endeavour, residual heat and noise are
ever-present adversaries, and moving systems away from thermal equilibrium with their
surroundings requires sufficient control, as well as the investment of time and energy. In-
deed, from a fundamental thermodynamic perspective, pure states can only be prepared
approximately since Nernst’s unattainability principle [61, 62] — the third law of thermo-
dynamics— demands that infinite resources are required to cool any system to its ground
state. To accurately assess the resources required for a specific task, it must therefore in
principle be assumed that the respective system is initially in a thermal state and that work
must be invested to change this.

But what is a suitable definition of work in the quantum regime? What can be considered a
suitable representation of the ‘weight’ that is often so evocatively associated with work in
classical thermodynamics. In the context of quantum thermodynamics, the notion of work is
ultimately tied to the quantum systems that one assumes may store or provide energy, and
to the control that one assumes to be able to enact over these systems and their interactions
with each other and with the environment. Consequently, a number of different approaches
to this problem have emerged, and we will here take a glance at a few of them.

One possibility, argued for by Reeb and Wolf [63], is to consider a system S in contact
with a thermal bath B, initially in some joint state psgz. The closed joint system is then
assumed to be controlled sufficiently well so that it can be manipulated by a global unitary
transformation Usg. Then, for a fixed joint Hamiltonian Hsgs, the work W necessary to
move the system from its initial state ps = Tr (psg) to the final state o5 = Try (Usp pss USTB)

is defined via the average energy change of the joint system, i.e.,
W == TI‘(HSB [pSB - USB pSB UJB]) (I].)

An alternative to this viewpoint was discussed by Alicki and members of the Horodecki
family in Ref. [64], where the control over the system of interest is phrased in terms of time-
dependent coupling (with otherwise fixed interaction Hamiltonians) to reservoirs and an
external driving resulting in an explicitly time-dependent system Hamiltonian Hg(t). The
contributions of heat and work to the total system energy change dE(t), where E(t) =
Tr(ps(t) Hs(t)), are then identified with the changes associated with the state and Hamilto-

nian, respectively. In particular, work is defined as

/tdt Tr ps y dHs(t )). (12)
0

dt’

Both of these approaches follow certain intuitions about the qualities of heat and work,
but ultimately do not provide an operational interpretation for the specific work values. In

particular, no explicit system for work storage — no ‘weight” — features in these models.
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In contrast, exactly such an explicit representation of a work-storage system has been con-
sidered by Aberg [65], as well as by Brunner, Linden, Popescu and Skrzypczyk [66]. There,
work and its statistics can be defined directly via the Hamiltonian H; along with the re-
duced states py* and piy*', before and after an interaction with the system S, respectively,

ie.,
W =Tr (HW [Pt — pivli,“’ia']). (L.3)

A drawback of this approach identified by Gallego, Eisert and Wilming in Ref. [67] is that a
work value is assigned to a change of average energy that could be brought about by what
would (classically) be considered a source of heat, e.g., thermalization of the work-storage
system. The authors of [67] further put forward an axiomatic approach to the definition of
work in quantum thermodynamics. That is, work is abstractly defined (non-uniquely) as a
function W (p™**! — pfi"*!), assigning a real work value to each state transformation from an

final “giich that certain axioms are fulfilled. For instance, it

initial state p™"* to a final state p
is argued that the work value should be expressible as a difference of functions of the initial
and final state, i.e., W (p™ — piral) = g(pfinal) — g(p™*!) for some suitable function g.
One candidate for the function g(p) is the free energy F'(p) with respect to a heat bath at

temperature 7', given by
F(p) = E(p) — T'S(p), (14)

where E(p) = Tr(Hp) is the average energy of the system and S(p) = —Tr(plnp) is its
von Neumann entropy. Such an axiomatic approach is thus useful to narrow down the list
of potential candidates for work quantifiers but, unless a particular one of them is uniquely
determined by the axioms, there is still room for ambiguity in the interpretation of the work

values.

The free energy F(p) indeed has appealing properties that one would desire for a work
quantifier. In particular, for given system Hamiltonian Hs and fixed heat-bath temperature
T, it is minimal for a thermal state of the same temperature. Such a thermal state 75 is of the
form

e—B Hs zn:e_ﬁEn | En X En |
W)= g =
m

(L5)

where 8 = 1/T is the inverse temperature® of the heat bath, the system Hamiltonian has the

spectral decomposition Hs = Y E,, | E, ) E,, |, and Z = Tr(e~?5) is the partition function.
n

We can then perform a quick calculation to determine the free energy of such a thermal state

as

e B Hg

F(7s) = Tr(7sHs) + T'Tr(7s n[=Z=]) = Tr(7sHs) + T Te(7s [-8 Hs — In(2)])

= Tr(rsHs) — BT Tr(1sHs) — T In(2) Tr(75) = —T In(2). (L6)

3We use units where ks = i =1 throughout.
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In addition, the thermal state maximizes the entropy S at fixed average energy F, and
simultaneously minimizes the average energy at fixed entropy. In the following, we will

discuss the relationship between the free energy and work in more detail.

I.2.C Work Estimation

A different point of view to that described in the previous section arises in stochastic ther-
modynamics (see, e.g., the reviews [68-70]), where work (and heat) take the roles of stochas-
tic random variables. As such, work performed on (or extracted from) a system in a given
process A is characterized by a probability distribution, whose average provides an ex-
pected work value (W'). Such a work distribution also allows one to study higher statisti-
cal moments: work fluctuations, which have been a significant focus in quantum statistical
mechanics (see, e.g., [71-74] for a selection of the large body of available literature on this
topic). To define this work distribution, we will consider one of the most prominent ap-
proaches for estimating work in an out-of-equilibrium process, the so-called two-point mea-
surement (TPM) scenario [75], which we shall describe now following the presentation in
Ref. [58].

[.2.C.1 The Two-Point Measurement Scheme

The situation considered in the TPM scenario is that of a quantum system with initial
Hamiltonian H” = > EY | EY )Y EY | that is initially at thermal equilibrium with re-
spect to its environment at ambient temperature 7'. In the beginning, the system is there-
fore described by a thermal state 7{” = exp(—BHS”)/Z© with partition function 2 =
Tr(exp(—BHS)). At time t = t,, the system is driven out of equilibrium by a process A
resulting in a time-dependent system Hamiltonian Hg()\¢), where )\; is an externally con-
trolled parameter such that Hg(\,,) = HS”. At time t = t;, the process results in a final

Hamiltonian

Hs(\y) =H =Y ED|EPXEY |, (17)

and it is assumed that \; = A, for all t > t, i.e., the process concludes at ¢ = t;. The
time evolution of the system can be described by a unitary Uy = 75 exp (—i j;t()f H s(&)) dt,

where 7. denotes time-ordering, which leaves the system in the final state
py) = UATSEO)UJT\. (L.8)

Within this setting, the goal is then to estimate the work (distribution) of this out-of-equilibrium
process. To this end, two projective measurements with respect to the eigenbases {| E )},,
and {| E}) )}, of the initial and final system Hamiltonian, respectively, are carried out, one
directly before and one directly after the dynamics represented by U, [69, 75], as illustrated

in Fig. L.1.
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Ts

[¥)r
1¥)

Figure 1.1: Work estimation in the TPM scheme. To estimate the work done on or extracted

from a system during a process A represented by a unitary U,, two measurements are car-
ried out before and after the process occurs, respectively. The outcomes of these two ideal
measurements, labelled "n" and "m", allow one to conclude that the system is left in the states
| EY ) and | B ), respectively. Both of these ideal measurements can be modelled as a uni-
tary interaction of the system of interest with (two copies of) a pointer system P initially
prepared in a pure state | ¢ ),. As discussed in Ref. [58], assuming that the pointers are ini-
tially not in pure states leads to non-ideal measurements, where the post-measurement system

states are no longer pure, resulting in corrections to the estimated work.

The TPM scheme comprises two projective measurements with respect to the eigen-
bases of the Hamiltonians HS” and HY’ before and after the process A, respectively. Here,
a crucial assumption — which we will return to later — is that the measurements that are
performed are ideal [50], in particular, that the post-measurement states of the system are
pure states. In any given run of such an estimation procedure, two outcomes labelled by
"n" and "m" are obtained in these measurements, and one thus concludes that, directly
after each measurement, the system is left in the eigenstates | E},” ) and | E}) ), respec-
tively. The probability pj’ for obtaining the first outcome n only depends on the initial
state, py,) = (EY |78V | EY) ) = exp(—BEY’)/Z®, while the probability for a transition be-
tween the (pure) energy eigenstates during the process is p,, ., = | ( Ex |Ua | EY) |2. The
joint probability for obtaining the outcomes n and m in the first and second measurement,
respectively, is thus given by

exp(—BEy")

p(n,m) = p pnoym =

To each such transition, one may assign an unambiguous work value W,,_,,, = E\) — E\”,

and we can then define the work distribution P(W) via
an m)é (W, _m —W). (L.10)

The average work performed during the protocol can then be obtained by integration, that
is,

<W>:/ (W)W dW = anm E® — EO). (111)
One may easily check that the average work defined in this way matches the average energy

change of the system, i.e.,

(W) = Tr(H p) — Te(H V) = AE. 1.12)
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In this way, an estimate of (W) can be obtained by performing pairs of ideal measure-
ments and collecting the corresponding outcome statistics. However, the latter also allow
one to evaluate higher statistical moments of the work distribution. For instance, one may
consider the mean squared deviation of the work values from the average and define the

quantity
(Aaw)* = /P(W) (W — (W)W =" pln,m) (W, — (W), (L.13)

which, following the terminology used in Ref. [56], we refer to as the work fluctuations for
simplicity. However, we note that work fluctuations are often associated with a different
quantity in quantum statistical mechanics, in particular, in the context of the celebrated

fluctuation relations of Jarzynski [76] and Crooks [77], see, e.g., [69, 78] for an overview.

I.2.C.2 The Jarzynski Relation

Let us now briefly focus on the Jarzynski fluctuation relation, which follows as a corollary
from the more general theorem by Crooks. For Jarzynski’s relation, the quantity of interest
is the average of the exponentiated work value. That is, it can be shown in the context of
the TPM scheme that there is an exact relation between the average of exp(—fW) and the

exponentiated equilibrium free-energy difference exp(—SAF), i.e.,
(eBW) = ¢ BAF, (1.14)

Here, AF is given by

Z(0)
Z) )’

AF =F(r{") - F(E) =T In( (L15)

where 7" = exp(—BH{")/Z® is the thermal state of the system with respect to the final
Hamiltonian HY", with the partition function Z® = Tr [exp(— BH. S(f))]. What is particularly
noteworthy in the relation in Eq. (I.14) is the fact that, while the left-hand side represents
(a statistical average derived from work values in) an out-of-equilibrium process, the right-
hand side is determined solely by the equilibrium quantity AF, and we have used the tilde
here to signify the discrepancy with respect to the non-equilibrium free-energy difference
AF = F(py’) — F(7{”). In particular, we note that, since the system dynamics we consider
here is unitary, such that S(p{’) = S(7{”), and since (W) = AE from Eq. (1.12), we also
have (W) = AF, whereas a straightforward application of Jensen’s inequality (e ) > (%)

for the convex function eX leads to the second-law-like inequality
(W) > AF. (1.16)

The notion of work as a random variable that is to be estimated thus brings about some

interesting observations and generally follows the idea that ‘work is not an observable’, as
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argued by Talkner, Lutz, and Héanggi in Ref. [75]. In particular, the problem of work esti-
mation leads to a number of fundamental questions regarding the specifics of the estima-
tion process and the nature of the measurements necessary to do so (see, e.g., [71-74]), as
well as regarding the control over the system, e.g., via feedback, and its role in fluctua-
tion relations [79]. In addition, the possibilities for more general approaches than the TPM
scheme have been investigated, e.g., by Perarnau-Llobet et al. in Ref. [80] and by Lostaglio
in Ref. [81]. For details on many of these aspects, we refer the interested reader to a series
of book chapters [82-88] on this subject.

An aspect of this estimation problem of particular interest to this thesis is the ideal char-
acter of the measurements in question. As we explain in detail in Sec. I1.6, where Ref. [50]
is presented, ideal measurements require pure input states for the pointer systems to which
the measured system is coupled. However, preparing such pure states is only possible if
infinite time, infinite energy, or infinitely complex interactions are available, a point that is
often attributed to Nernst’s unattainability principle [61, 62], but whose precise formulation
— in particular, with regards to the notion of complexity — is still a subject of ongoing de-
bate [89]. In the presence of pointer states at inevitable nonzero temperatures, the resulting
measurements are non-ideal, which leads to mixed conditional post-measurement states for
the system. The effects of such non-ideal measurements on the estimation of work, and on
the formulation (as well as, on the ability to satisfy) the relations by Jarzynski and Crooks,
is discussed in detail in another publication [58], that we present in full in Sec. I.7.

Finally, let us briefly draw some more attention to Ref. [90], where the point is made
that, although work may not be representable as an observable on the system S itself, it
is indeed possible to define work via an external observable. An astute observation made
by Beyer, Luoma, and Strunz in Ref. [90] in this context is that the estimation of work in
the TPM scheme requires knowledge of the system Hamiltonian, before and after the in-
teraction, whereas in a classical setting, work may be estimated via an externally applied
force. The authors of [90] therefore propose a scheme based on a collision model by which
work is defined as an external observable also in the quantum regime. While this approach
does not require knowledge of the particular system Hamiltonian, it makes very specific
assumptions about the ability to control the external systems with which the driven system
interacts, in particular, assuming the ability to precisely prepare an ensemble of pure states
and to measure these with respect to carefully chosen measurement bases (depending on
the particular ensemble state). A particular insight of Ref. [58] that we wish to emphasize
in this context is that the precision of the work estimate ultimately depends on the amount
of resources and control one is able, or willing, to invest into the estimation procedure. We
thus come to the conclusion that every definition of work in the quantum regime comes
with advantages and drawbacks, and is tailored to a set of specific assumptions about the
control one is able to enact over the system of study and its interactions with the environ-

ment. Moreover, it appears that definitions of work must be chosen in accordance with the
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particular task that one has in mind, e.g., for a heat engine [91]. This now leads us from
general considerations of heat and work to particular tasks in quantum thermodynamics,
specifically, to the extraction and storage of work, and the role that the control over the

respective quantum systems plays in these procedures.

I.3 Extraction and Storage of Work using Quantum Systems

I.3.A Passivity and Ergotropy

Although different definitions of work are available in general, in particular when it comes
to driving a system out of thermal equilibrium, the situation appears to be more clear-cut
for the problem of work extraction. There, the main questions is: How much work can be
extracted from a given quantum system? Here, it is understood that by ‘quantum system’
we mean a particular quantum state p in a fixed Hilbert space and a corresponding fixed
Hamiltonian H. In order to make the question more precise, however, we need to specify
the particular quantifier for work that we consider, which entails a restriction to certain
processes by which this work is to be extracted, as we shall discuss.

If we wish to talk about extractable work as a property of the system specified by p
and H, then our quantifier for extractable work should not depend on the specifics of any
external devices that may be used to extract work. Suitable candidates for such quantifiers
would hence be, for instance, the achievable differences in average energy, AF, or free
energy AF. However, we also have to restrict the transformations that we consider for
such a task.

First, it is clear that we have to demand that the work-extraction process modifies the
system state, i.e., p is mapped to another state p, but returns the system Hamiltonian to its
original form H when the process is complete. Otherwise, we could (more or less) arbi-
trarily change the average energy of the system simply by changing the energy gaps of the
Hamiltonian. Second, it is reasonable to restrict to operations that can be represented as
unitary operations of the system’s density matrix only. If that was not the case, we could
naively consider, e.g., a global unitary transformation on the system and some appara-
tus not initially correlated to the system. By maximizing the achievable work extraction
from the system over all choices of apparatuses, we would obtain an expression for the
extractable work that depends only on the system itself, as desired. At the same time,
however, this expression would trivially be just the average energy of the system, since we
could always consider the apparatus to be the same type of quantum system (same dimen-
sion and Hamiltonian) but initially in the corresponding ground state. A simple swap of
the two systems would then lower the system average and free energies by AE = E(p)
and AF = F(p), respectively, even while conserving the overall energy. While mathemati-
cally sound, such a definition of extractable work based on global (even energy-conserving)

operations would hence effectively lead to equating work and heat.
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The paradigmatic scenario [92] for quantifying the work extractable from a quantum
system instead considers the case where the transformations that extract work from the
system are realized by cyclic Hamiltonian dynamics. That is, the system’s time evolution
is governed by a time-dependent Hamiltonian H (¢) with cycles of duration 7, at the end of
which the system is returned to its initial Hamiltonian, H(n7) = H(0) for any n € N. Up
to perturbations due to the interactions with the environment, this results in (local) unitary

dynamics,
p— p=UpU', and H+— H, (1.17)

described by unitary transformations U with UTU = UUT = 1 on the system. The uni-
tary orbits of the input states thus determine the fundamental limits of operation of cyclic
machines. Unitary work extraction has therefore been a focus of attention in quantum ther-
modynamics, see, e.g., [93-98]. In this scenario, we have AE = AF, and we can hence

associate the extractable work with either quantity, and define the ergotropy
E(p,H) = max Tr(H[p—UpUT]), (L.18)

i.e., the maximal energy difference achievable within the unitary orbit of p. From this defi-
nition of extractable work, it follows that work extraction is only possible for states whose
average energy can be lowered by unitary transformation, whereas all states for which this
is not possible are called passive. The latter can be characterized in a rather simple way:
all passive states ppass are diagonal in the eigenbasis {| n)} of the Hamiltonian H, with
H|n) = E,|n) (for simplicity we assume a discrete spectrum here), and the magnitudes
of their diagonal entries are decreasing (not necessarily strictly) with increasing energy. In

other words, any passive state ppass can be written as
Ppass — an ’ n >< n ‘ ) (I1.19)
n

with 0 < p, <1land ), p, =1, as usually, but additionally satisfying the constraints
Pn < Pm when E, > E,,. (1.20)
With this result at hand, the ergotropy can easily be rewritten as
E(p, H) = max Tr(H[p — UpUT']) = Tr(H[p — ppass)) (1.21)

where ppas is the unique (up to unitaries in degenerate subspaces of H) passive state reach-
able from p.

The elegance and simplicity of this approach to work extraction notwithstanding, one
may be led to ask how realistically achievable this figure of merit is in the light of imperfect
control over complex quantum systems with (possibly infinitely) many dimensions. For in-
stance, one may wonder how easily reachable the passive state is in practice for continuous-
variable systems where full information about the initial state may not be available, or, con-

versely, which states can be reached by practically implementable transformations. As a
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first step towards understanding such restrictions arising from limited control, Ref. [55],
which is presented in detail in Sec. I1.3, introduced the notion of Gaussian passivity, i.e., the
class of continuous-variable states whose average energy cannot be reduced by Gaussian
unitary transformations, which are typically considered as being practically easily imple-
mentable, and provided a full classification of these states via their first and second statisti-
cal moments.

As we shall see next, work extraction is not the only thermodynamically relevant task
where such considerations regarding the practically realizable level of control over quan-
tum systems come into play, and we thus turn to the problem of storing work in quantum

systems.

I.3.B  Quantum-Optical Systems as Quantum Batteries

As we have discussed, quantum thermodynamics has established a variety of different sce-
narios for the quantification of work and for modelling the associated state transformations.
In this thesis, we have previously concluded that quantifiers for work must take into ac-
count the context of the task for which this work is to be used, and the task that we want to
focus on now is that of supplying work to a particular quantum system. Within the broad
spectrum of available scenarios for delivering such a work input, two distinct paradigms
can be identified as the conceptual polar opposites (see, e.g., Refs. [46, 47, 89]): work can be

supplied to a target system
(i) via a heat flow generated by a temperature gradient between two thermal baths, or
(ii) via a direct supply from a coherent work source.

Scenario (i) can be understood as the operation of a heat engine [99-104], where the heat
flow supplies work incoherently to a working substance and the dynamics are globally
energy-conserving. On the one hand, this paradigm is appealing from a thermodynamic
point of view, since the system is overall closed and external control can be minimal in
the sense that an external agent operating the machine is only needed to switch on (and off)
interactions between the target and the heat baths. On the other hand, only a restricted class
of state transformations is achievable within this paradigm [89] and practical laboratory
situations in which quantum technologies are employed are not typically operated using
heat engines.

An all-encompassing understanding of possible state transformations and their resource
costs must therefore include coherent work sources as in (ii). Although the specific realiza-
tions of these work sources are often not included explicitly in modelling state transforma-
tions, doing exactly this will ultimately be necessary to truly obtain fine-grained descrip-
tions that will lead to a better understanding of quantum systems beyond thermal equilib-
rium. Such descriptions can be envisioned to provide insights, e.g., regarding the effects of

finite-time transformations, finite-size reservoirs, and fluctuations of relevant quantifiers.
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A starting point for such a more general approach lies in modelling the work sources —
commonly dubbed quantum batteries [94, 105] — on their own, i.e., independently of the
systems that they eventually supply work to. In other words, quantum batteries are con-
sidered as quantum systems in which work can be temporarily deposited and from which
it can subsequently be extracted. This approach has recently received a lot of attention,
with main foci on the charging speed or power [106, 107], including different models for
interaction between batteries and charging systems [108-115], the stability of the charged
battery [116, 117], charging assisted by strong interactions and thermalization [118], and
methods for describing fluctuations of the stored work [119-123].

Here, we focus on the approach of Ref. [56], which is presented in detail in Sec. I1.4.
There, battery charging is realized via cyclic Hamiltonian processes, mirroring the approach
to work extraction discussed in Sec. I.3.A. In this case, the system Hamiltonian returns to
its original form at the end of each cycle and the battery-system state, initially assumed to
be thermal 7(3) as we have reasoned above, can be modelled to lie within the unitary orbit
of the initial state [94]. The work that is transferred to the system in this way is thus just the

difference in average energy, such that the transformation that is considered is
TV p=Ur(B)UT  with (W) =AE =Te(H[UT(B) U —7]). (1.22)

This has the advantage that it allows us to consider the charging process independently
of the specifics of other potentially involved auxiliary systems (e.g., charger systems as
in [109, 112], or external classical power sources). We can thus focus on the properties of the
charging process and of the charged battery, and study fundamental bounds on the chosen
tigures of merit. Here, we centre our attention on two particular quantities: the charging

precision, quantified by the variance of the final battery charge
V(p) = Te[H? p] — (Tr[H p])?, (1.23)
and the work fluctuations arising during the charging process
(AW)2 =" pinsn (B — Em — AE)?, (1.24)

m,n
where H |[n) = E,|n), pmon = pm | {(n|U|m)|?is probability for a transition from energy
level m to n, and p,, = |m ) 7|m) is the probability to find the initial state in the energy
eigenstate | m ). While the charging precision captures a property of the final state, and the
work stored in it, the fluctuations capture a property of the process that leads to this final
state, and although it would of course be desirable to minimize both V(p) and (AW)? for
any given work input AFE, this is not possible in general [56] for arbitrary (in particular,
thermal) initial states. Moreover, the optimal protocols for minimizing either one of the
two quantities can generally be complicated, in particular for continuous-variable systems.
However, as shown in Ref. [56], already simple Gaussian battery-charging protocols can
provide sub-linear scaling of both the variance and work fluctuations with the input energy

AFE, even if neither can come close to the respective optimal (non-Gaussian) protocols.
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Techniques from Gaussian quantum optics thus provide a useful toolbox, both from a
theoretical and from a practical point of view, for quantum thermodynamical tasks, includ-
ing work extraction and storage, showcasing the role of incomplete control (represented
by restrictions to the available or realizable operations) and incomplete information (repre-
sented by thermal initial states). Moreover, as we will see next, thermodynamic consider-
ations not only influence the extraction and storage of the thermodynamic resource work,

but also have an impact on its conversion into information-theoretic resources: correlations.

I.4 Conversion between Work and Correlations

I.4.A Entanglement and Work

The interplay between thermodynamics and quantum information is enriched by another
facet when considering quantum systems that consist of two or more subsystems. In such
a setting, a control restriction typically considered in the context of quantum information,
in particular, in entanglement theory (see, e.g., the reviews [124-129]), is that of local opera-
tions. That is, it is generally assumed that joint (global) operations on multiple subsystems
are technically more challenging to execute or outright practically impossible to perform if
the subsystems are sufficiently distant from each other. In quantum information this ele-
vates the genuine quantum correlations called entanglement to the level of a resource, since
entanglement cannot be created via local operations assisted by classical communication
(LOCC) [130]. Meanwhile, the entanglement of pure states | ¢ ), ,, can be quantified via the

entropy of the subsystems, i.e., in terms of the entropy of entanglement given by

SE(|1/]>AB) = S(pA) = S(pB)7 (125)

where pyp = Trg/a(|¥ )¢ ],,) are the reduced states of subsystems A/B and S(p) =
—Tr (p In p) is the von Neumann entropy. Thermodynamically, this implies that any work
invested in globally preparing an entangled pure state manifests locally as heat, meaning
that work cannot be extracted locally from such an entangled state. For instance, consider

the two-mode squeezed state

| Prus ) = Upns(r) [0) Ztanh” In),|n),. (1.26)

cosh

of two harmonic oscillators labelled A and B with annihilation and creation operators a
and af, and b and b, respectively. The state is obtained by applying the unitary Urys(r) =
er(@'b'=ab) t5 the vacuum state |0), see, e.g., [131, Sec. 3]. The reduced states of both modes
are thermal states with respect to the Hamiltonians H, = hw, a'a and Hy = hwg b'b, re-
spectively, and their inverse temperatures are given by 5, /5 = —m In(tanh?(r)). Con-
sequently, their temperatures 7, 5, and thus the entropy of the subsystems and the entan-

glement of |11y ) are monotonically increasing functions of the squeezing parameter |r|.
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At the same time, also the average energy ( H, + Hy) is unitarily increased. Consequently,
the work input required for applying Urys () can here be directly related to the creation of
entanglement between the subsystems.

In this example, we can thus make two observations, first, the presence of correlations
in this (globally pure) system implies that work can be extracted globally, but since the
marginals are thermal, no work is extractable locally. This observation has been made on
a much broader basis in Ref. [95], where it was concluded that, indeed, all correlations in
locally thermal systems imply extractable work. Second, we note that the converse is also
true, all correlations that are to be established in initially locally thermal systems are asso-
ciated to a work cost. In this sense, the resources of quantum thermodynamics, i.e., work,
and of quantum information, i.e., correlations and entanglement, can be converted into each
other. However, the specifics of this conversion depend on the type of employed protocol
and the initial temperatures of the subsystems. In particular, when attempting to create
correlations entirely via cyclic Hamiltonian dynamics, i.e., within the unitary orbit of the
initial state, potentially entangling unitaries have associated temperature thresholds above
which no entanglement can be created [132]. For example, for the Gaussian transformation
Urms(r) above to create entanglement when applied to two modes of the same frequency
wa = wp = w via a cyclic Hamiltonian process, the initial temperature of the modes may
not exceed twice the value of the temperature defined by 8 = —= In(tanh?(r)) [133]. In
contrast, there exist non-Gaussian unitary transformations which may create entanglement
at any initial temperature [53].

However, the creation of correlations between two initially thermal subsystems need not
be limited to cyclic Hamiltonian (unitary) dynamics. For instance, in scenarios where the
initial temperature exceeds the threshold temperature for unitary entanglement creation,
an option is to invest work into first lowering the system temperature, before creating cor-
relations unitarily. The naturally arising question in this context is then to identify the op-
timal conversion of work into entanglement, as quantified by a suitable operationally well-
defined entanglement measure such as the entanglement of formation [134, 135], which can

be defined via a convex-roof construction, i.e.,
EO ;= inf ZS 4 s 1.27
F(PAB) (IPAB) El p E(‘ (0 >AB) ( )

where the infimum is defined over all pure-state decompositions, that is, D(p) is the set of
all sets {(pi, | ¥i),p) }i for which pag = > pi | i X i |, suchthat ). p; =1and 0 < p; < 1.
The problem of optimizing E,r(pag) for given work input was considered in Ref. [53],
which we will discuss in more detail in Sec. II.1. However, even for locally thermal bi-
partite systems, answering this question has so far been limited to pairs of subsystems with
identical Hamiltonians that consist of qubits [132], fermionic modes [53], or bosonic modes
when restricting to Gaussian operations [53]. The bottleneck for answering this question
more broadly lies in the computational intractability of calculating the relevant entangle-

ment measures (here, the entanglement of formation) in general situations.
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1.4.B Work Cost of Correlations

Nevertheless, it is possible to provide optimal protocols for converting work into correla-

tions as quantified by the mutual information, which is given by

Z(pas) = S(pa) + S(ps) — S(pas)- (1.28)

For pure states, the mutual information trivially reduces to the entropy of entanglement
above, but for mixed states a nonzero value of Z(p,z) may be due to classical or quan-
tum correlations. For the mutual information, the optimal protocols for converting work
to correlations when starting from two locally thermal identical subsystems at inverse tem-
perature 3 were derived in [53] and consist of two steps: In the first step, the temperature of
both subsystems is symmetrically lowered such that the subsystems both are left in thermal
states at the same lower temperature, i.e., the first step maps the initial state 7, () @ 75(5)
to a state 7, (1) ® 75(B1) with 51 > 3. The associated work cost is bounded from below by
the non-equilibrium free-energy difference AF. In the second step, it is assumed that the
subsystems are unitarily (i.e., via cyclic Hamiltonian dynamics) correlated such that both
subsystems stay locally thermal but end up at a higher local temperature compared to the
final state of the refrigeration step. In other words, the state 7, (fr) ® 7:(fr) is mapped to
pap = U Ta(B1) ® 75(B1) UT such that Trg, a(pas) = Tass(8’) for B < Br. For a given overall

work input W, the correlations established in this way are bounded by
I(pas) < BW. (1.29)

Whether or not this bound can be attained, i.e., if one can satisfy Z(pap) = S W, then
hinges on several details. First, equality can only be achieved if the cooling cost is indeed
given exactly by the free-energy difference, which in turn depends on the particular cool-
ing paradigm, see, e.g., [46, 47]. Second, there is a dependence on the work input itself,
i.e., in the regime where the work input is small enough so that the optimal refrigeration
step reaches a nonzero temperature, the protocol may operate in the linear regime where
Z(pan) = W, but for larger W, the cooling step is naturally restricted by reaching 7' = 0,
meaning an overall sublinear conversion of work into correlations.

Third, the second step of the optimal protocols operate based on the assumption of the
existence of so-called symmetrically thermalizing unitaries (STUs) [57, 136], i.e., unitary trans-
formations U that map the input pair of thermal states 7, (1) @ 75 (1) to a final state p such
that the marginals are both thermal at the same higher temperature, Try,a (pas) = Ta/(5)
for all 51 and all 5/ < f;, and for all Hamiltonians H, = Hy. This question is discussed in
more detail in Ref. [57] which we present in Sec. IL.5. In addition to the previously known
existence results for STUs for Hamiltonians with equally spaced energy levels [132, 137],
Ref. [57] provided a number of proof techniques based on majorisation theory that pro-
vided existence proofs for STUs in local dimensions d = 3 and d = 4, but for higher local

dimensions the question remains unsolved to date.
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When the Hamiltonians of the two subsystems are not identical, STUs do not exist in
general, but in that case STUs are also generally not the solutions to the problem of opti-
mizing the mutual information at fixed energy input [57]. Besides this local but asymmetric
situation, one may also wonder how interacting Hamiltonians influence the work cost of
creating correlations. We have investigated this problem in Ref. [54], which is presented in
full in Sec. I1.2. As we show there, the presence of an interaction term in the Hamiltonian,
and the resulting correlations (and even entanglement) in the initial thermal states can lead

to a reduced work cost of newly created mutual information AZ in the sense that AZ > gW.

I.5 Preliminary Conclusion and Outlook

Aswe have seen, ideas from thermodynamics and information theory can be fruitfully com-
bined with techniques from quantum theory, especially quantum information and quantum
optics, to gain a better understanding of the fundamental limits of achievable transforma-
tions of quantum systems in the face of limited information and restricted control. In par-
ticular, we have taken a closer look at the main resources of quantum thermodynamics
and quantum information, work and correlations, respectively, and we have discussed the
premise for meaningful definitions of work, its estimation, extraction, storage, and conver-
sion to correlations. In all of these tasks, an initial lack of complete information about the
systems under inspection and the apparatuses to which they are coupled leads to initial
thermality. The latter leads to a loss in quality or performance in terms of the respective fig-
ures of merit for each task. But at the same time, this opens up an interesting field of study
for determining optimal strategies for each task. The selection of works [50, 53-58], only
briefly discussed so far but included in full in Part II, represent some of our contributions
to this field, but research in this direction is far from concluded.

Indeed, many open questions remain in the overlap of quantum thermodynamics and
quantum information. Even when limiting to the range of questions discussed here, one
is met with a variety of further open problems, including (but not limited to) optimal
battery-charging protocols for precision and fluctuations for systems (in particular, finite-
dimensional) with arbitrary Hamiltonians, potential trade-offs between precision, fluctua-
tions, and power in battery charging, as well as the influence of control restrictions (e.g.,
in terms of local versus global operations) on the latter. As far as non-ideal measurements
(e.g., for work estimation) are concerned, much is yet to be learned about the influence
on practical protocols such as the stabilization of open-system batteries (cf. [117]) or the
specifics of realizing unbiased measurements in macroscopic detectors. As far as the ques-
tion of the optimal conversion of work to correlations is concerned, an outstanding issue is
the conjectured existence of STUs for local dimensions larger than d = 4, and, the more gen-
eral (albeit significantly more complicated, if not to say almost unassailable) question of the
optimal conversion of work into entanglement for arbitrary dimensions. In the area beyond

the specific tasks discussed above, there is of course also a host of further open questions,
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foremost, the identification of a satisfactory characterization of complexity in the context
of Nernst’s unattainability principle [89], and the detailed study of ensuing trade-offs be-
tween the energy costs, time requirements and complexity of operations for (ground-state)
cooling, or even tasks that require additional structure such as the operation of autonomous

quantum clocks [49], to name but a few.
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Part 11

Selected Publications

In this second part, we present a selection of our publications that investigate questions at
the intersection of quantum thermodynamics, quantum information and quantum optics.
The publications are included here in chronological order, and each publication is intro-

duced with a short overview of the content and a contribution statement.
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II.1 The Thermodynamics of Creating Correlations: Limitations

and Optimal Protocols

Publication:

David E. Bruschi*, Marti Perarnau-Llobet*, Nicolai Friis*, Karen V. Hovhannisyan,
and Marcus Huber (*These authors contributed equally to this work.)

The thermodynamics of creating correlations: Limitations and optimal protocols

Phys. Rev. E 91, 032118 (2015)

Publisher: American Physical Society

DOI: 10.1103/PhysRevE.91.032118

Preprint: arXiv:1409.4647 [quant-ph]

Overview: In this publication, we consider the problem of maximally correlating pairs of
quantum systems at fixed work cost. The systems are considered to be symmetric in the
sense of having the same Hamiltonians and are assumed to be in thermal states initially.
The paper presents results for the optimal conversion of work (bounded by the free-energy
difference) into entanglement (as measured by the entanglement of formation) for systems
of two fermionic or two bosonic modes, where the bosonic protocol is restricted to Gaussian
operations but an analysis of the potential for non-Gaussian operations is included. As a
main result, the paper then presents a general protocol valid for arbitrary symmetric sys-
tems for optimizing the conversion of work into general correlations (as measured by the

mutual information).

Contribution: As shared first author, I was involved in deriving and formalizing the opti-
mal protocol for creating mutual information (Sec. III of the paper), I derived the results for
entanglement generation in bosonic and fermionic modes (Sec. IV of the paper), and I had

a lead role in writing the paper.
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We establish a rigorous connection between fundamental resource theories at the quantum scale.
Correlations and entanglement constitute indispensable resources for numerous quantum informa-
tion tasks. However, their establishment comes at the cost of energy, the resource of thermodynam-
ics, and is limited by the initial entropy. Here, the optimal conversion of energy into correlations
is investigated. Assuming the presence of a thermal bath, we establish general bounds for arbi-
trary systems and construct a protocol saturating them. The amount of correlations, quantified
by the mutual information, can increase at most linearly with the available energy, and we deter-
mine where the linear regime breaks down. We further consider the generation of genuine quantum
correlations, focusing on the fundamental constituents of our universe: fermions and bosons. For
fermionic modes, we find the optimal entangling protocol. For bosonic modes, we show that while
Gaussian operations can be outperformed in creating entanglement, their performance is optimal

for high energies.

I. INTRODUCTION

Correlations constitute fundamental resources for var-
ious tasks in quantum information processing [1]. In or-
der to create the paradigmatic resource —entanglement
—global operations are required. These operations come
at a price: They require access to all of the subsystems
of the target system and precise control over their in-
teractions. This motivates the formulation of quantum
information theory as a resource theory with respect to
the limitations imposed by local operations and classical
communication (LOCC) [2-5].

However, there is another price to be paid for corre-
lating quantum systems. As any amount of correlation
implies extractable work [6-10], it follows that energy
is required to establish correlations. The required en-
ergy depends on the inevitable initial entropy of the sys-
tem. This establishes a link to another resource theory
—(quantum) thermodynamics, where the purity of the
system, as well as the available free energy constitute
fundamental resources due to the restrictions of the first
and second laws of thermodynamics.

Recent interest in thermodynamics in the quantum do-
main (see, e.g., [L1-14]) is, in part, fueled by this in-
teresting connection to (quantum) information and its
implications for the very foundations of thermodynamic
laws [15—17]. Combining the limitations of both theories
shows that the resources of one theory are of great sig-
nificance to the other as well. Examples range from an
inevitable energy cost of measurements [18], and the role
of entanglement (and other quantum effects) in thermal

* D. E. Bruschi, M. Perarnau-Llobet, and N. Friis have contributed
equally to this work.

machines [19-25], to scenarios [26] in which thermody-
namic resources play a role in the formation of entangle-
ment and other types of shared information.

This naturally leads us to ask two fundamental ques-
tions about the physical limitations of quantum infor-
mation processing: What is the maximal amount of cor-
relation and entanglement that can be generated for a
given energy cost? How does the inevitable mizedness
due to finite temperatures influence these costs, or, in
other words, what is the role of the purity as a resource?
For closed systems, these questions were addressed in
Ref. [26]. Here, we extend these results by (i) considering
the presence of an auxiliary thermal bath, (ii) deriving
fundamental bounds and optimal protocols for the cre-
ation of total correlations, and (iii) analyzing the minimal
energy cost for creating genuine quantum correlations,
i.e., entanglement, in fermionic and bosonic systems.

First, assuming unlimited control over the system and
an arbitrarily large thermal bath (see Fig. 1), we derive
the ultimate limitations for any protocol to generate cor-
relations as quantified by the mutual information. This
top—down approach provides absolute bounds which can-
not be outperformed, and we present a protocol for which
these bounds can be saturated.

To complement these results, we then present a bot-
tom—up approach for the generation of entanglement be-
tween fundamental physical systems—field modes with
fermionic or bosonic statistics. Taking into account lim-
itations such as superselection rules for fermions, and
using experimentally feasible and widely available tech-
niques for bosonic modes, we provide protocols for the
creation of entanglement. While we find the fermionic
protocols to be optimal, we show that the practical
bosonic protocols become optimal only in the limit of
large input energies. Surprisingly, we find that for both



the total and genuine quantum correlations, operations
involving the bath may be restricted to simple thermal-
ization processes.

II. FRAMEWORK

Let us start by defining some of the basic notions of
quantum thermodynamics. The energy E of any quan-
tum system S is given by the expectation value of the cor-
responding Hamiltonian Hg in the system state p, that
is, E(p) = Tr(Hgp). A crucial quantity, which we will
refer to throughout this work, is the free energy F, i.e.,

F(p) = E(p) = TS(p), (1)

where S(p) = —Tr(pln(p)) is the von Neumann entropy.
The free energy defines the amount of work that is ex-
tractable from a system when given access to a thermal
bath at temperature 7. For thermal states 7(3) of the
form

e—BHs

Z(p) '

the free energy takes on its minimal value F (T(ﬁ)) =
—T In(Z), where Z is the partition function, g = 1/T,
and we work in units where h = kg = 1. For arbitrary
states, F'(p) may be referred to as the nonequilibrium
free energy. In the following, we consider the initial state
of the system S to be thermal, ps = 75(5).

We further assume that a heat bath B, that is, an ar-
bitrarily large ancillary system in thermal equilibrium, is
available. The total Hamiltonian is H = Hg + Hy, and
the initial state can be written as 755 (8) = 75(8) ® 75(8).
The Hilbert space Hs = Hs, ® Hs, of S is divided into
two subsystems, S; and Ss , which we assume to be non-
interacting, such that Hy = Hg, + Hg, and, consequently,
7s(B) = 75, (B) @75, (B). These initially uncorrelated sub-
systems are to be correlated via a global unitary opera-
tion Usp on the total Hilbert space H = Hs ® Hy. The
unitary Usp is the most general operation available, as-
suming that S and B are isolated. Any such unitary can
be thought of as a single cycle of a quantum machine.
The associated energy cost W is defined as the average
overall energy change,

W= Tr(H[USBTSB(ﬁ)U;B - TSB(ﬁ)]) — AE, + AE,,
(3)

and it corresponds to the total work that needs to be
performed to correlate S. Since Usy leaves the total en-
tropy of 75z invariant, W can be identified with the to-
tal change in free energy, which is minimal for the initial
thermal state. Note that any initial state different from a
thermal state at the temperature of the bath would pro-
vide extractable work that could be used to create cor-
relations. To avoid this dependence on the initial state,
and to properly account for the work invested in the sys-
tem, we chose an initial thermal state at temperature T,

7(B) = (2)

FIG. 1. Illustration of the general setup: Two quantum
systems, S1 and Sz, at thermal equilibrium with a bath at
temperature 1" are acted upon either by a unitary Us on the
bipartite system or by a more general unitary Usg that also
involves the bath. The application of these unitaries, which
correlate the system, requires a supply of external energy.
In this general setting, we determine the optimal amount of
correlations and entanglement that can be generated in the
system for any given amount of energy.

corresponding to the temperature of the heat bath. It fol-
lows that W > 0, and hence any operation Usp requires
some energy. The aim of this paper is to determine how
this energy may be used most efficiently to correlate the
systems S7 and S5 .

We distinguish two kinds of correlations: total correla-
tions, and genuine quantum correlations (entanglement).
We quantify the former by the mutual information

Ts,s,(ps) = S(ps,) + S(ps,) — S(ps), (4)

which measures the amount of global information shared
among the systems S; and So, i.e., the information en-
coded within the state pg that is not accessible through
its subsystems alone. Pure quantum states for which the
mutual information is nonzero are entangled, but this
is not necessarily the case for mixed states. To quantify
genuine quantum correlations between S; and So, we em-
ploy the entanglement of formation (see, e.g., Ref. [27]
for a review of available entanglement measures), which
can be defined as the minimal average mutual informa-
tion across all decompositions of the mixed quantum
state into pure state ensembles, i.e.,

1

Eor(ps) = 55&2);@ Lo, ([0a)(@il), ()
where D(ps) = {pi, i) | 5, pi [03) (3] = ps}. Tn a finite-
dimensional system, the entanglement of formation rep-
resents the number of maximally entangled states per
copy that are needed asymptotically to create the state
via LOCC.



III. CORRELATING QUANTUM SYSTEMS:
ENERGY COST AND OPTIMAL PROTOCOLS

We now present our main results. We start with
the top—down approach, where we determine the ulti-
mate limitations of creating correlations, as quantified
by the mutual information. Using the facts that the ini-
tial thermal state is completely uncorrelated, S(7s) =
S(7s,) + S(7s,), and that the global unitary leaves the
overall entropy invariant, S(USBTSBUSTB) = S(7s5), we
combine Egs. (1) and (3) to express the energy cost W
in terms of the free energy difference as

W = AF, + AF, + Ty, (6)

obtaining a similar expression to those discussed, e.g., in
Refs. [6, 28-30] in related contexts. A detailed deriva-
tion of Eq. (6) can be found in Appendix B. In complete
analogy to (6), we may split AFy into the free energy
differences of its subsystems, and their correlation as

AFs = AFs, + AFs, + TZss,, (7)

for which a proof is also given in Appendix B. For any
thermal state 7, the free energy difference to another
(non-equilibrium) state p may be expressed through the
relative entropy S(p|7) = —S(p) — Tr(pln7) as AF =
T S(p|l7(B)). This, in turn, allows us to write W in the
form

BW = S(PS1 ||7's1) + S(PS2||7'S2) + S(ps|75)
+ Is,s, + Is, (8)

where ps,, ps,, and pp denote the final reduced states
for the subsystems, S; and S5, and the bath B, respec-
tively. In other words, work can be invested to shift the
thermal marginals away from equilibrium or to create
correlations. Since all quantities on the right-hand side
of Eq. (8) are non-negative, it can be immediately in-
ferred that the following ultimate bound holds for the
amount of correlation that can be generated between
the subsystems for a given energy cost W and tempera-
ture T =1/p:

Ls,s, < BW. 9)

Remarkably, it is possible to saturate this bound
using a simple set of operations: unitary operations on .S
and interactions with the bath to thermalize the system.
These operations are enough to obtain W = AFg in (6)
in the limit of an arbitrarily large bath that is complex
enough to thermalize the system each time they come
in contact (see Ref. [31] for a proof, and Ref. [32] for a
description in terms of unitary operations). We are now
ready to present the protocol achieving W = TZg .,
which can be divided into two steps (see Fig. 2).

T,

FIG. 2. Illustration of the protocol: In the first step
the system is cooled down by a controlled interaction with
the bath, and the heat @ is transferred to the bath. The
associated work cost is Wi. In the second step, the system is
isolated from the bath before it is correlated though a unitary
operation, which effectively heats up the subsystems. The
energy cost of the second step is Whr.

(I) Cooling: First, the temperature of S is lowered
from T to 11 < T, reducing the global entropy of
the system. The (minimal) energy cost for this
thermalization process is W1 = AFg, i.e.,

Wi = F(rs(8r) — F(7s(B)) (10)
where 8y = 1/T5.

() Correlating: In the second step, the system is
isolated from the bath and it is correlated via a
unitary operation Ugo,. Following Ref. [20], the
unitary is chosen such that S; and Sy are locally
thermal at temperature Ty = 1/8y > Ty, i.e.,

Trs, sy (Ueorr Ts (B) Ulorr) = Toyesyy(Bn) - (11)

This choice ensures that the systems are correlated
at minimal energy cost Wi, see [26].

There is thus a tradeoff between the amount of
work Wi, invested to cool down the system, which al-
lows one to potentially obtain larger correlations, and
the work Wi, invested to actually correlate it. As we
show in detail in Appendix C, both contributions add up
to

W=Wi+ Wy =TI, + TS(7s(Bu)||7s(8)) . (12)

Therefore, optimality is achieved when the local temper-
ature of the final state marginals is identical to the initial
temperature, Ty = 7', such that W =TI , .

However, it may occur that this condition would re-
quire more energy to be used in the first step than is
needed to reach the ground state. In such a case, the
excess energy can be put to better use further correlat-
ing the final state, raising the local temperatures of the
subsystems beyond T = T. These considerations yield
a more precise bound (see Appendix C), given by

BW
T = {sm(ﬂnn

if W < S(7:(8))

it oW > S(r(), P



where fy is given by the implicit relation E(TS (ﬁH)) =
W + F(75(8)). There are hence two distinct regimes.
When an energy smaller than 7°S (TS(B)) is supplied, the
correlations scale linearly with the work input. As more
energy is provided, additional work needs to be invested
to move the states further out of local equilibrium, lead-
ing to noticeably different behavior. For instance, for
two bosonic modes, the correlations scale logarithmically
with the work input for SW > S(Ts(ﬁ)), as we show in
Appendix D.

Finally, it is worth mentioning that our protocol is ex-
tendible to nonequilibrium initial states. One then needs
to first extract the work content of the state, which leaves
it in a thermal state at the temperature of the bath. Our
protocol can then be readily applied using the extracted
work in addition to any externally supplied energy to
correlate the system.

IV. ENERGY COST OF ENTANGLEMENT
GENERATION

Having provided general bounds on the energy cost
of correlating two arbitrary systems, we now turn to
the case of genuine quantum correlations, i.e., entangle-
ment. Here the situation is much more complex. Even
determining whether a given quantum state is separa-
ble or not is generally NP hard. Therefore, obtaining
a general solution for arbitrary systems is a daunting
task that seems intractable. We therefore complement
the previous top-down approach for general correlations
by pursuing a bottom-up strategy to investigate the en-
ergy cost for generating entanglement. We focus our
attention on two physically relevant cases, namely, sys-
tems of two fermionic or bosonic modes. For the low-
dimensional fermionic problem and the case of bosonic
Gaussian states, computing the entanglement of forma-
tion in Eq. (5) becomes feasible.

Besides making the problem more tractable, the very
interesting features of bosonic and fermionic systems fur-
ther motivate our choice. On one hand, modes of quan-
tum fields play a fundamental role in the description of
nature in the context of (relativistic) quantum theory.
Hence, they provide a more general framework for our
analysis than systems with a fixed number of particles,
which appear as secondary quantities, i.e., as excitations
of the modes in question. On the other hand, this ap-
proach allows us to analyze the role of fermionic and
bosonic particle statistics, and the corresponding finite
and infinite-dimensional Hilbert spaces for two modes.
In addition, the formulation in terms of individual mode
operators naturally lends itself to the Hamiltonian struc-
ture, giving a clear interpretation to the involved energy
costs.

In this section, we consider protocols along the same
lines as previously, i.e., first varying the temperature of
the systems (not necessarily symmetrically) and then cor-
relating them via unitary operations. This choice is well

justified because any other operation that would either
create correlations between the system and the bath or
significantly change the state of the bath would have a
higher energy cost, as can be seen from Eq. (6).

A. Fermionic systems

We now consider a finite-dimensional system, two
modes of (equal) frequency w of an uncharged, nonin-
teracting fermionic field. On one hand, the simplicity of
this system allows us to determine the amount of entan-
glement that may be generated for any given amount of
energy. On the other hand, several conceptually interest-
ing features arise from the fermionic algebra, that is, the
mode operators b, , bL b,, and bl satisfy the anticommuta-
tion relations { by, ,b! } = 6,nn and {b,,,b, } = 0, where
m,n = 1,2. The Hamiltonian of the system is (up to a
constant) given by Hy = Hy, + Hs, = w(bib, + bib,).
To distinguish the fermionic and bosonic case, we de-
note the fermionic Fock states by double-lined kets, e.g.,
the vacuum state is written as ||0)). The single-particle
states are obtained by the action of the creation opera-
tors, i.e., ||1,,)) = bl,]0). We define the two-particle
state via [|15,)) || 1s,)) = bbI]|0)), where we have omit-
ted the symbol for the antisymmetrized tensor prod-
uct on the left-hand side (see Refs. [33] or [34, pp. 37]
for more details on the notation used here and the
fermionic Fock space). The system we investigate here
obeys Fermi-Dirac statistics, and the partition function
is hence Zpp(B) = (1 + 6_6>7 and we specify temper-
atures in units of w [recall, that (h = kg = 1] from
now on. The average initial particle numbers are given
by Ne, (s, = Tr(bl by e)7s). The fermionic two-mode
thermal state may then be expressed as

b
zZ (65 TR0+ 115, D | + 111, ) (s, |

Tg =

e I Dl D L 125, 1) (14)

With these preliminaries at hand, we consider proto-
cols along the lines of that presented in Section IIT to cre-
ate entanglement. In the first step of such a procedure,
using the interaction with the bath, the temperature of
the two modes is lowered as before, which manifests in al-
tered particle numbers NSI1 and NSIQ. The energy cost Wy
for this step is given by the free energy difference to the
transformed state.

In the second step of the protocol, unitaries on the
two-mode space S are applied to correlate the system.
In the case of fermionic modes, these operations are fur-
ther restricted by superselection rules. Since the state
of any single fermion acquires a phase of m upon a ro-
tation around 27, rotational symmetry prohibits coher-
ent superpositions of even and odd numbers of fermions.
Moreover, the superselection rules modify the definition
of the entanglement of formation of Eq. (5) in the sense



that the minimization is carried out only over pure state
ensembles that respect superselection [35]. We hence
take as a measure of entanglement the minimum num-
ber, per copy, of maximally entangled states of the two
fermionic modes, which are needed to assemble a given
two-mode state. As is shown in Appendix E, this well-
defined measure of entanglement can be expressed by the
energy cost Wi of the correlating step as

[Wi [ efr—1 Wy
EOF = ln(2) 7 2651 T1 - 7 . (15)

Similar to the previous section, we determine the optimal
splitting of W into W1 and Wy, and we express it in terms
of the optimal final temperature Ty;. The results of this
numerical optimization are presented in Fig. 3. Although
the protocol is very similar to that for the generation of
mutual information, optimality is not achieved for T =
T, but rather when Ty; > T, see Fig. 3 (b).

One can further improve upon these results by taking
advantage of the peculiar properties of fermionic entan-
glement, in particular the existence of mixed, maximally
entangled states [36]. These particularities may occur
because the subspaces of even and odd fermion numbers
decouple. Consequently, no unitaries may introduce cor-
relations between these subspaces. The optimally corre-
lating unitary U, can therefore be decomposed into two
independent rotations. Furthermore, we find that alter-
ing the temperatures of the subsystems asymmetrically,
i.e., cooling one mode while heating the other, can be
beneficial. Allowing for such asymmetric temperatures,
we numerically optimize the fermionic entanglement of
formation generated at a fixed energy cost. The results
are discussed in detail in Appendix E.

B. Bosonic systems

Let us now investigate the optimal generation of en-
tanglement for a bosonic system. Analogously to the
fermionic case, we consider two modes of an uncharged,
noninteracting bosonic field. We assume that these
modes, again labeled S; and S3, have the same fre-
quency w. The corresponding annihilation and creation
operators a,, aL a,, and al satisfy the commutation
relations [a,,,al,] = 6mn and [an,,a,] = 0, where
m,n = 1,2. The system Hamiltonian may be writ-
ten in terms of these operators (up to a constant) as
Hs = Hg + Hs, = w(afa] + alaz). The infinite-
dimensional Fock space of these two modes is spanned by
the vacuum state |0), which is annihilated by a, and a,,
and the particle states, which are obtained by applying
the creation operators af and a;f to the vacuum. The
bosonic excitations obey Bose-Einstein statistics, where
the partition function is given by Zgg(8) = (1—e~?) -
Note that the temperatures are again given in units of w
and we have set A = kg = 1.
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FIG. 3. Fermionic entanglement cost: The solid curves
in Fig. 3 (a) show the amount of entanglement (of forma-
tion) that can maximally be generated in the even subspace
of two fermionic modes that are initially in a thermal state,
for a given energy cost W. The curves are plotted for initial
temperatures varying from 7' = 0 to 7' = 1 in steps of 0.1
(top to bottom) in units Aw/kg. The horizontal axis shows
the relative energy cost, i.e., the fraction of W and the min-
imal energy cost Wnax = [QT ln(eﬂ + 1) - w} to generate a
maximally entangled pure state. Fig. 3 (b) shows the corre-
sponding effective final temperature 11y > T of the marginals
after the protocol.

To handle this infinite-dimensional system, we will re-
strict our analysis of entanglement generation to Gaus-
sian states, which commonly feature in applications in
quantum information [37] and quantum computing [38],
to name but a few. The correlations of two-mode Gaus-
sian states can be completely described by a real, 4 x 4
covariance matrix og. This matrix collects the expecta-
tion values of quadratic combinations of the mode opera-
tors—the second moments—and we may assume that the
expectation values of all linear combinations of mode op-
erators—the first moments—vanish. For a given state pg,
the components of og are (0g)mn = Tr({Xm ,Xn}ps),
with the quadrature operators Xz, 1) = (an + al)/V2
and Xg) = —i(an — al)/v/2, and m,n = 1,2. For the
initial thermal state at temperature 7" that we consider



here, the covariance matrix is proportional to the iden-
tity operator, os = v(T') 14, where the symplectic eigen-
value v is given by v(T') = coth(3/2).

In the first step of the protocol to optimally generate
entanglement, the initial temperature is lowered from T
to Ty < T, after which the state is represented by ol =
v'14, where v' = v(T}). The energy cost for this step is
given by

Ty 2 [ — )] s)

where the entropy of a two-mode thermal state rep-
resented by o is expressed as S(o) = 2f(v) = (v +
Din(5) = (v 1)n(250).

In the second step of the protocol, we restrict the en-
tangling unitaries to Gaussian operations, which may be
represented as linear transformations of the mode oper-
ators. Since the initial covariance matrix is proportional
to that of the vacuum, the final covariance matrix must
be proportional to that of a pure, two-mode Gaussian
state, which is locally equivalent to a two-mode squeezed
state. We may therefore conclude that the optimal Gaus-
sian entangling operations for this situation are two-mode
squeezing transformations. Moreover, throughout the
protocol, the state remains symmetric with respect to
the two subsystems, that is, their entropies are identical.
For such states, all entanglement measures depend on a
single parameter 7_, the smallest symplectic eigenvalue
of the partial transpose. In terms of 7_, the entangle-
ment of formation takes the form

7)), fo0<p <1,
o LI (7)
0, if v_>1,

where h(z) = hy(z)In(hy(z)) — h_(z)In(h_(z)), and

hy(z) = %. One may also relate U_ to the squeezing
parameter r of the thermal two-mode squeezed state after
step I via e=2" = _ /!, while the final state energy is
given by w(ul cosh(2r) — 1). With this, the energy cost
for step II can be expressed as

(18)

Conversely, Eq. (18) allows us to express 7_, and
hence E,p, in terms of v! and Wiy = W — Wi. The re-
sults of the numerical optimization of the entanglement
of formation over ' are shown in Fig. 4. Note that in
contrast to the fermionic case, here we find Ty < T.
Another interesting feature of the bosonic system is that
for nonzero initial temperatures, entanglement cannot be
generated for arbitrarily small amounts of supplied en-
ergy [39]. Instead, entanglement is only created when
the constraint (v1 — 1) < 2Wy/w is satisfied.

Finally, a comment about the optimality of Gaus-

sian operations is in order. As we show in detail in
Appendix F, there are two energy regimes. In the
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FIG. 4. Optimal bosonic entanglement: The curves in
Fig. 4 (a) show the optimal amount of entanglement (of for-
mation) that can be generated by Gaussian operations on two
bosonic modes, s, and s,, of frequency w, which are initially
in a thermal state of temperature 7. The horizontal axis
shows the supplied energy W in units of w. Fig. 4 (b) shows
the local temperature Ty of the modes after the protocol for
values of W for which entanglement can be generated. The
curves in both Fig. 4 (a) and (b) are plotted for initial tem-
peratures varying from 7' =0 to 7' =1 in steps of 0.1 (top to
bottom) in units fw/ks.

low-energy regime, Gaussian operations may be outper-
formed by non-Gaussian operations in generating entan-
glement. We provide a protocol which achieves this,
and allows leaving the separable states even for arbi-
trarily small amounts of supplied energy. In the high-
energy regime, on the other hand, Gaussian operations
are shown to be asymptotically optimal for the genera-
tion of entanglement. This can be understood in the fol-
lowing way. When enough energy is supplied, the ground
state is reached in the cooling phase. All remaining en-
ergy can then be optimally used for Gaussian entangling
operations. When large amounts of energy are invested,
the fraction of the energy that is suboptimally spent in
the cooling stage becomes negligible, vanishing in the
limit of an infinite energy supply.



V. CONCLUSION

We have investigated the equivalence between free en-
ergy and the ability to create correlations in quantum sys-
tems. Any amount of correlation implies that extractable
work is present in the system. Conversely, the creation of
any amount of correlation comes at the price of investing
work. Following this premise, we have introduced proto-
cols that are optimal for the generation of correlations, as
well as genuine quantum correlations, at minimal energy
cost. For total correlations, as quantified by the mutual
information, we have presented a protocol that is optimal
for arbitrary bipartite systems.

For the case of genuine quantum correlations — entan-
glement, the paradigmatic quantum resource — we have
focused on two fermionic or two bosonic modes. For both
types of systems, we have derived optimal protocols for
the generation of entanglement as quantified by the well-
known entanglement of formation. In the case of bosons,
we have restricted the optimization to the set of Gaus-
sian operations for the sake of feasibility. To place this
choice in an appropriate context, we have also discussed
explicit protocols that make use of non-Gaussian oper-
ations, showing that they can decrease the energy cost
when the available energy is small. Nonetheless, our find-
ings further show that Gaussian operations become op-
timal in the limit of large available energies. A common
feature of all the mentioned protocols is their remark-
ably simple structure. They make use of the interaction
with a thermal bath to cool (or heat) the (sub)system,
which, interestingly, requires only elementary thermal-
ization processes, before introducing correlations.

Our results connect two important resource theories,
revealing the implicit thermodynamical cost and value
of quantum correlations. While we have focused our
efforts on bipartite quantum systems, the results con-
cerning correlations have the potential for a straightfor-
ward generalization to the multipartite case when consid-
ering correlations quantified by S(p) — >, S(p;) where
pi = Trj+;(p). Such considerations are possible exten-
sions of our work, especially when connected to cases of
multipartite entanglement generation. Here, the focus on
bipartite entanglement has guaranteed the utility of the
created resources for quantum communication, whereas
future work concerning multipartite entanglement should
be approached with great care, as generic generation
of entanglement may be less useful than previously be-
lieved [40]. Other possible directions inspired by our work
include similar considerations for single-shot scenarios as,
e.g., in Refs. [15, 31, 41], which effectively means focus-
ing on different entropies in the mutual information, the
inclusion of catalytic systems [15], or even the interesting
connection with the thermodynamic properties of trans-
formations induced by nonuniform motion [42, 43].
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APPENDIX
A: Preliminaries

Before we present detailed proofs for the main results,
let us review some preliminary concepts. First, recall
that the free energy of a state p is given by

F(p) = E(p) — TS(p) = Te(pH) + T Tr(plnp).
(A1)

For a thermal state, 7(8) = e~ /Z, with the partition
function Z € R, and 8 = 1/T, where we have set kg = 1,
the free energy reduces to

F(r(8)=-ThZ. (A2)

Moving a thermal state away from equilibrium always
requires work, which is given by the free energy difference

AF(r(8) = p) = F(p) — F(7)

to the final state p. An elementary way to see
that AF > 0V p for initial thermal states is via the rel-
ative entropy S(p|7), defined as

S(pllr) = ~S(p) — Tx(pln7).

(A3)

(A4)



For thermal states 7(8) we may then write

TS(pl7(B)) = =T S(p) — TTx(pln7(B))
T S(p) +Tr(pH) + T In ZTr(p)
F(p) — F(7(B))
= AF(T(ﬂ) — p) .

By virtue of Klein’s inequality (see, e.g., Ref. [44]), the
quantum relative entropy is non-negative, S(p||7) > 0,
and vanishes if and only if p = 7. Consequently, we can
conclude that AF(7(8) — p) > 0.

(A5)

B: Energy cost of a general unitary

We now give a detailed proof of Eq. (6), where we
denote the transformed states of the system, the subsys-
tems, and the bath as ps, ps,, ps,, and pg, respectively.
Starting from Eq. (3), the energy differences are rewrit-
ten in terms of the changes in free energy and entropy
as

W = AE; + AE,

= AFs + AF; + T [S(ps) + S(ps) — S(7s) = S(75)]
= AFs+ AF; + T [S(ps) + S(ps) = S(7s5)]
= AFs + AF; + T [S(ps) + S(ps) — S(pss)]
= AF, + AF, + TT,,, (B1)

where we have made use of the fact that the global
unitary leaves the overall entropy unchanged, S(pss) =
S(7ss). To prove the similar result of Eq. (7) for the par-
tition of the system S into its subsystems we first write

AFs = AEs — T AS;

= AE;, + AE;, =T [S(ps) — S(TS)] .

The energy differences of the subsystems may then be
expressed as

(B2)

(B3a)
(B3b)

AEs, = AFs, +T [S(ps,)
ABs, = AFs, +T [S(ps,)

- S(Tsl)} ’
- S(TSQ)} :

Finally, noting that S(7s,) + S(7s,) =
at

S(7s), one arrives

AF; = AFy, + AFs, + T [S(ps,) + S(ps,) —
= AFs, + AF,, + TT;
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which concludes the proof.

C: Optimal protocol for generating mutual
information

Let us now turn our attention to the protocol for the
optimal generation of correlations. We prove here that
the ultimate bound W = TZs s, can be achieved, by
first proving Eq. (12). The (minimal) energy cost W for
the first step, reducing the system temperature from T
to 11 < T, is given by

Wi = AFg (TS(B) - TS(ﬁI)) = E(TS(ﬁI))
- T [S(r(8) - S((9))]

For the second step we use a unitary operation, which
leaves the system entropy invariant, while the subsystems
become locally thermal at temperature Ty = 1/8y. The
average energy of the system after the transformation is
hence identical to that of a thermal state 75(0y). The
minimal energy cost Wy is hence given by

E(7s(Bu)) — E(rs(Br)) -

The correlations of the final state, as measured by the
mutual information, are then

Is,s, = S(Ts1 (511)) + 5(7-52 (/311))
= S(Ts(ﬂﬂ)) - S(Ts(ﬂl)) :

Using Eq. (C3), the energy costs for both steps can be
combined to arrive at

— E(TS(B))
(C1)

Wiy = (C2)

- S(Ts(ﬂl))
(C3)

W= Wi + Wi = E(7s(Bn)) —

[S(Ts M)
= AF, (’TS

E(Ts(ﬂ))
(TS<B)) 715152}
— Ts BH)) + TIsls2

T [S(Ts BH)”TS ) + Islsz} .

(C4)

Now, if W is split into the contributions W1 and Wy
such that Sy = S, one obtains T'Zs, s, = W, as desired.
Interestingly, this is not always achievable. Setting g =
B may require Wi to become larger than the energy that
is necessary to cool down to the ground state. This leads
to a surplus of energy for the correlation step. In such
a case, Ty is larger than the initial temperature 7. The
transition to this regime occurs when,

W=W=W; +Wn =TS(7:(8)), (C5)

where Wy = —F (Ts(ﬁ)) corresponds to the energy nec-

essary to cool down to the ground state and Wy =
E (Ts(ﬂ)) is the work necessary to correlate the systems



such that py = . After some rearranging, one obtains

BW if BW < S(s(8)) .
IS So = . C
15 S {S(TS(BH)) if pW > S(Ts(ﬁ)) , (C6)
where [y is given by the implicit relation
BE(1:(Bu)) = W + F(5(8)) - (C7)

There are thus two fundamentally different regimes for
the generation of mutual information.

D: Generation of mutual information between two
bosonic modes

Let us examine more closely the scaling of the gen-
erated correlations with the input energy. Since the
amount of energy that may be used to correlate two
fermionic modes is finite, we will focus on the system
of two bosonic modes as described in Section IV B. Re-
call that the system Hamiltonian is given by Hs; =
Hy +Hs,. Up to aconstant, the subsystem Hamiltonians
may be expressed in terms of the Fock states [ng, , ) =

(1/vnl)(al)" [0) as

Hs, (o) = an LENRIACN (D1)
n=0

and we use units where A = 1. Likewise, the initial ther-
mal state 75(8) = 75, (8) ®7s,(B) can be expressed in this
way, i.e.,

Tor (B) = D nl(B) Ins, ) ) (s, |

n=0

(D2)

where p, = (1 — e e ™8, with 8 = 1/T, and tem-
peratures in units of w. The energy and entropy of the
thermal state evaluates to

E(7(8)) = Tr(Hyrs(8)) = w[coth(8/2) — 1], (D)
S(ro(8)) = ~Te(rs In(rs)) = 2/ (coth(8/2)),  (D4)

where f(z) is the entropic function

@) = I—glln(x—;l)—x;lln(wgl).

(D5)

As we have argued in Eq. (13), the optimal mutual infor-
mation that may be generated from such a thermal state
using energies W smaller than S(7s(8)) /8 scales linearly
with W.

Let us now consider the regime where the supplied en-
ergy W is much larger than S(75(3))/B. After reaching
the ground state in the first step of the protocol, all of
the excess energy increases the correlations. The energy

of the final state is equal to the work invested into the
correlation step, i.e., E(7s(Bn)) = Wi. From Eq. (D3),
we hence find

coth(@) = % + 1.

. (D6)

From Eq. (C6) we infer that the mutual information is
given by Zs s, = S(7s(fy)). Inserting into Eq. (D4) and
expanding f((Wp/w)+ 1) into a Taylor-Maclaurin series
for (w/Wy) < 1, we find

To,s, = 2+21n(%%) +O0(), (D7)

Wn
where O(z) is a quantity such that O(x)/x remains finite
in the limit © — 0. We conclude that for large energy
supply, the optimally generated correlations increase only
logarithmically with increasing energy, in stark contrast
to the linear increase at small energies, see Fig. 4 (a).

E: Optimal protocol for fermionic entanglement of
formation

We now present a modification of our previous protocol
for the generation of entanglement between two fermionic
modes. To optimally convert the supplied energy into
fermionic entanglement of formation, the temperatures
of the two modes are allowed to change independently of
each other in the first step of the protocol. In particular,
this entails heating as well as cooling of the individual
modes, and the average particle numbers N! and Ngz
may be different from each other. As before, the energy
cost Wi for this step is given by the free energy difference
of the initial thermal and the transformed state.

For step II of the protocol, the two modes are corre-
lated using unitary operations on the system only. As
mentioned before, the superselection rules forbid coher-
ent superpositions between even and odd numbers of
fermions. In particular, the maximally entangled two-
mode pure states for the even parity subspace, ||¢*)) =
%(HO)} + ||15, )]|1s,))), and those for the odd parity
subspace, || T ) = %(H 1, )) £1/1s,)), may not be inter-
converted by parity conserving operations. These states
may hence be regarded as forming a maximally entan-
gled set [45]. Consequently, the optimally correlating
unitary Uceyr for two modes decomposes into a direct sum
of two SU(2) rotations. For each, only one real param-
eter, denoted by feven and O,qq, respectively, is relevant
for the amount of generated entanglement. We quan-
tify the entanglement by the superselected entanglement
of formation, i.e., the minimum number, per copy, of
the aforementioned maximally entangled states respect-
ing superselection rules, that are required to assemble a
given two-mode state.

However, note that the imposed superselection rules
also prevent local changes of basis for each fermionic
mode. The states ||¢T)) and ||1)*)) could therefore be



considered to be entangled only in a mathematical sense,
that is, the entanglement may not be directly used, for in-
stance, to violate a Bell inequality. Nonetheless, if the en-
tanglement is extracted by swapping it to a bosonic sys-
tem, it becomes useful in the conventional sense. Since a
swap using local unitaries cannot create entanglement,
its origin must lie in the original fermionic entanglement.
Keeping this argument in mind, a pure state decompo-
sition of the transformed state that requires the fewest
copies of the maximally entangled pure states ||¢%))
and ||%*)) may easily be found, yielding the entangle-
ment of formation

Eop = In(2)[|1 — N, — N§,| sin(20even)
+ [NL — NI |sin(200ad)] , (E1)

where 0 < Ooyen, foaa < m/4. Since the odd-subspace ro-
tation shifts excitations of equal frequency, 6,94 does not
contribute to the energy cost of the second step, which
is given by

= 21 N - N s Bon) . (D

We may hence set ,q9 = 7/4 at no additional expense
in energy. We note that this suggests a tradeoff between
creating entanglement in the even and odd subspace by
heating one mode, while the other is cooled. The en-
tanglement of formation becomes maximal when enough
energy is supplied to cool one mode, we assume here S,
to the ground state, while Ooyen = 4. The minimum en-
ergy Wopt for which this is the case is obtained when the
reduced state of the second mode S5 is maximally mixed.
If less energy than Wy, is supplied, it is split between
cooling and heating the modes S; and Sy, respectively, in
step I, before correlating them in step II. The resulting
state is a mixed state that is entangled both in the even
and odd subspace. When W = W, the weights of the
even and odd subspace entangled states are equal.

As more energy is provided, it may be used to shift
the entanglement to one of the subspaces, obtaining a
final state with higher purity. When W = Wy, ., where
Winax = Wopt + TIn(2) = 2T In(e? + 1) — w, the final
overall state is pure, but the entropy of both subsystems
is maximal. The exact values of Ngl, NSIQ, and Oeyen may
be determined by numerical optimization for fixed values
of W and T'. In Fig. 5, the protocol is illustrated for vari-
ous temperatures, where the excess energy between Wy
and Wiay is used to shift the entanglement towards the
even subspace.

Note that the single-mode marginals of the superse-
lected fermionic modes after step I of the protocol are
fully determined by the corresponding average particle
numbers. In principle, one may therefore consider the
first step to involve the preparation of more general, un-
correlated states, for which 1/2 < N} ) < 1. However,
we find that optimality is achieved for particles numbers
that are compatible with thermal marginals.
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FIG. 5. Optimal fermionic entanglement: The solid

curves in Fig. 5 (a) show the amount of entanglement (of
formation) that can maximally be generated between two
fermionic modes, S1 and S, that are initially in a thermal
state of temperature T, for a given energy cost W. The
horizontal axis shows the relative energy cost, i.e., the frac-
tion of W and the energy cost Wnax. Fig. 5 (b) shows the
average particle numbers Ni (dashed lines) and Ng, (solid
lines) after the first step of the protocol, where we have as-
sumed Néz > Nél without loss of generality. The curves in
both Fig. 5 (a) and (b) are plotted for initial temperatures
varying from T = 0 to 7" = 1 in steps of 0.1 and for the
limit T — oo (bottom to top) in units hw/ks. The dashed
curves in Fig. 5 (a) show the corresponding curves of Fig. 3 (a)
for temperatures varying from 7"=0 to T'= 1 in steps of 0.1
(top to bottom) as a comparison.

F: Optimality of Gaussian operations

Finally, we investigate the optimality of Gaussian op-
erations for the generation of entanglement. As for the
mutual information, we identify two energy regimes with
qualitatively different behavior. In a certain low-energy
regime, we are able to show that Gaussian operations
are not optimal. To achieve this, we construct a protocol
using specific non-Gaussian unitaries, which outperforms
our previously established protocol for Gaussian opera-
tions. Nevertheless, in the high-energy regime, Gaussian



operations perform better. Indeed, we show that the en-
tanglement generated by the Gaussian protocol scales op-
timally with the available energy in this case.

Low-energy regime

Instead of the previously established protocol based
on Gaussian operations, we now introduce a scheme to
generate entanglement using non-Gaussian operations in
the correlation step. That is, after cooling the system
to the temperature Ty = 1/f; using the energy Wi, we
perform a unitary transformation that rotates in the sub-
space of the two-mode Fock space that is spanned by
|0s,) |0s,) and |ng, ) |ns,), where we recall the notation of
Appendix D. One may think of this operation as gener-
ating Bell states in the four-dimensional subspace. We
conveniently parametrize this rotation by a single, real
parameter «, where 0 < « < 7/4, such that

|0s,)[0s,) = cos(a) |0s,)|0s,) + sin(a) [ns, )|ns,) ,  (F1)
Ins,)|ns,) = cos(a) |ns, )[ns,) — sin(a) |0s,)[0s,) . (F2)

The energy cost Wy of this rotation is given by
Wi = 2nw (pg — pi) sin?(a), (F3)

where we now have p,, = (1—e~P1)e 81, with g; = 1/Tj,
and temperatures in units of w. Here, the entanglement
of formation of the transformed state can be quanti-
fied by way of the concurrence[46] of the (unnormalized)
state of the subspace spanned by |0g,) [0s,), |0s,) [7s,),
[ns,) 0s,), and |ng, ) |ns, ), see Refs. [47, 48]. For the con-
currence C, we obtain the expression

C= (pg _pi) SiIl(QOé) — 2popn (F4)
1 (g p2) — B app,.

Whenever C > 0, entanglement is present, which trans-
lates to the condition

1% 1 W
J( 2 _ 2 L (F5)

—p2— =B > 2np?pR.
w Po = Pn 2n w) "PoPn

It can easily be seen that this condition can always be
satisfied by choosing n to be large enough. Therefore,
some entanglement can be generated at an arbitrarily
low energy cost given two infinite-dimensional systems.
Recall that Gaussian operations require at least the en-
ergy ¢ (v! —1)? to leave the separable set. Consequently,
Gaussian operations cannot be optimal for entanglement
generation in all regimes, although they are optimal for
the generation of total correlations. Specifically, the uni-
tary of Eq. (11) can be implemented with Gaussian op-
erations. On the other hand, the amount of entangle-
ment generated by the non-Gaussian protocol we have
presented here is bounded. For fixed n, the maximal
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amount of energy useful for this protocol is n(p% — p%),
and the corresponding maximal concurrence is given by
2

Crmax = (pO - pn) . (F6)

In contrast, the entanglement that may be generated by
Gaussian operations is unbounded. Our considerations
are illustrated in Fig. 6.

E()F

25F
Gaussian protocol (solid)
20F

non—Gaussian Protocol for n = 5 (dashed)

0 2 4 6 8 10

FIG. 6. Comparison of Gaussian and non-Gaussian
operations: The plot shows the amount of entanglement
(of formation) that can maximally be generated between two
bosonic modes in step II of the protocol. Both modes are
assumed to have been cooled to temperature 77 in the first
step. Using the energy Wi, the solid curves show the optimal
entanglement generated by Gaussian operations, while the
dashed curves show the amount of entanglement generated
by the non-Gaussian protocol. In both cases, the curves are
plotted for temperatures varying from 71 = 0 to 71 = 1 in
steps of 0.1 (top to bottom) in units Aw/ksg.

High-energy regime

To study the regime of large energies, we first show
that Gaussian operations are optimal to generate entan-
glement from the ground state. If the state is pure, the
entanglement of formation is simply given by the entropy
of the local state. For a given amount of work, the uni-
tary maximizing F,r will then be precisely the expression
of Eq. (11), as the thermal state maximizes the entropy
for a given energy. Given two bosonic modes, this op-
eration can be implemented by a two-mode squeezing
operation. In the protocols that we have considered, the
first step consists of cooling. Whenever the ground state
is reached, the Gaussian correlating operation is optimal.
This occurs when Wi > —F(75(3)), and we conclude that

the protocol is certainly optimal when W > —F (75(8)).

Wu
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A fundamental connection between thermodynamics and information theory arises from the fact
that correlations exhibit an inherent work value. For noninteracting systems this translates to a work
cost for establishing correlations. Here we investigate the relationship between work and correlations
in the presence of interactions that cannot be controlled or removed. For such naturally coupled
systems, which are correlated even in thermal equilibrium, we determine general strategies that
can reduce the work cost of correlations, and illustrate these for a selection of exemplary physical

systems.

I. INTRODUCTION

Quantum information (QI) and quantum thermody-
namics (QT) can both be framed as resource theories [1].
Based on the fundamental laws of quantum physics, these
theories describe the (minimal) resources needed to per-
form certain tasks of interest. In order to identify the
relevant resources, one first determines which states and
operations are freely available, taking into account practi-
cal limitations on physical operations. Within QT, ther-
mal systems and energy preserving operations are consid-
ered to be “for free”, whereas systems out of equilibrium
and operations that require external energy constitute
resources [2, 3]. In QI, on the other hand, the paradig-
matic task is efficient communication. In this context
one assumes local operations and classical communica-
tion (LOCC) to be for free, whereas entangled quantum
systems are resources that enable tasks beyond the re-
strictions of LOCC [4, 5].

Both of these resource theories can be considered to be
simplifications of a more general physical framework: In
either case only the restrictions of one area are taken into
account. However, especially in quantum systems limi-
tations from both thermodynamics and information the-
ory present themselves simultaneously, which has greatly
stimulated investigations of the connection between QI
and QT (see Refs. [6—8] for recent reviews). For instance,
locality restrictions on the allowed operations can limit
the efficiency of thermodynamic processes [9—14], while
correlations can enhance the performance of thermody-
namic tasks [10, 15-21], and may even change the natural
direction of the heat flow [22, 23]. Conversely, a nonzero
ambient temperature induces a nonzero entropy, which
limits the capacity for establishing (quantum) correla-
tions [24, 25]. To overcome the constraints of LOCC, QI
tasks hence require a supply of thermodynamic resources
in the form of free energy.
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Here, we aim to study the exchange between energy
and correlations in the particularly transparent setting
considered in Refs. [24, 25]: Given a collection of uncor-
related thermal states at the same temperature T', one
is interested in determining the minimal energy W that
is needed to create (quantum) correlations. For a bipar-
tite system with access to an auxiliary thermal bath at
temperature 7', one finds the relation [15, 25-27]

W > TAL,,, (1)

where AZg g, is the gain of correlations between the sub-
systems S7 and Ss as measured by the mutual infor-
mation, and we note that we work in units such that
h = kg = 1 throughout this paper. The expression in
Eq. (1) represents a fundamental bound on the exchange
between energy and correlations, if the subsystems S
and Sy are not interacting, that is, if the systems Hamil-
tonian is of the form Hy = H, + Hg,. In this work we
relax this assumption, and explore how the relation in
Eq. (1) is modified for interacting systems.

An important difference to previous results lies in the
fact that thermal states of interacting Hamiltonians are
generally already correlated, and may potentially even
be entangled [28]. This naturally raises the question of
whether the presence of interactions provides advantages
for the generation of (additional) correlations. We an-
swer this question affirmatively, by constructing explicit
strategies to achieve W < T'AZ, 4, for some energy range
in any finite-dimensional system with arbitrary interact-
ing Hamiltonian. While these procedures can improve on
the best protocols for non-interacting systems, they are
not necessarily optimal in the sense that other protocols
may exist that generate more correlations at the same en-
ergy cost. To complement this approach we therefore de-
velop optimal strategies for two physically relevant cases:
two interacting, fermionic or bosonic modes.

This paper is structured as follows. We first provide
a short summary of the framework for this investiga-
tion in Sec. II. We then approach the problem of gen-
erating correlations in interacting systems in Sec. III,
where we develop general strategies to use the energy
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contained in the interactions to improve upon the bound
in Eq. (1), and explicitly demonstrate their applicabil-
ity in a system of two qubits. In Sec. IV, we then turn
to another finite-dimensional example, two interacting,
fermionic modes. This system, restricted by superselec-
tion rules, is amenable to a numerical approach that we
use to determine the optimal conversion of energy into
correlations. Finally, in Sec. V, we study the generation
of correlations in the infinite-dimensional system of two
interacting, bosonic modes.

II. FRAMEWORK

We consider a bipartite system S, made up of sub-
systems S; and Ss, initially at thermal equilibrium at
ambient temperature 7' = 1/, described by a thermal
state

() = Z271(B) e, (2)

where Z(8) = Tr(e#Hs) is the partition function, and
Hy is the system Hamiltonian. We further assume the
presence of an auxiliary heat bath B, that is, an arbi-
trarily large system in thermal equilibrium with S. The
total Hamiltonian is H = Hg + Hjy , and the initial state
can be written as 755(8) = 7(8) ® 75(5). In order to
transform this equilibrium state, we consider arbitrary
unitary operations Ugg on SB. Since the joint systems
S B is closed, these unitaries correspond to the most gen-
eral operations permissable in this situation. The average
work cost of transforming the state of S from 7(5) to a

final state p = Tr, (Uss 7o (8)Udy) is given by,

W= Tr(H[Uss oo (B) UL = 75(8)] ), (3)

which corresponds to the total external energy input (see,
e.g., Refs. [29, 30]). In Ref. [27] (see also Refs. [31-33] for
the same result in related frameworks), it is shown that
W can be bounded by the (nonequilibrium) free energy
difference,

W(r = p) > AF, = F(p) - F(7), (4)

where the free energy with respect to the reservoir at
temperature T is

F(p) = Ep) — TS(p). (5)

Here, E(p) = Tr(Hsp) is the average energy, and S(p) =
—Tr(pln(p)) is the von Neumann entropy. Note that
F(p) depends only on the state of S and the tempera-
ture of B. Equality in (4) can be obtained in a quasistatic
process [31-33], in which case the work cost becomes min-
imal.

We now wish to invest some work W to increase the
correlations within the bipartite state of S as much as
possible. (Note that B is only an auxiliary system and

we do not wish to create correlations between S and B.)
In Refs. [24, 25] this problem was considered for nonin-
teracting Hamiltonians, Hs = Hg, + Hg,. Here, we want
to depart from this paradigm and consider an interacting
Hamiltonian of the form

He= Hy, + He, + H, . (6)

As discussed above, the work cost of transforming 7(8) to
a final state p satisfies, W (1 — p) > AFy = F(p)—F(7),
and equality can be achieved in a quasi-static process and
with a sufficiently large bath [31-33]. The task is then
to maximize the correlations of p under the constraint
F(p) — F(1) < W, where W is the amount of available
work.

Before continuing, note that the main ingredients of
the investigations in Refs. [24, 25] are preserved:

(i) The initial state is in thermal equilibrium, and there-
fore, the energy cost of transforming 7(83) to any final
state p is nonnegative, W > 0.

(ii) We assume arbitrary (in particular, unitary) oper-
ations can be performed on S and the auxiliary
thermal bath, which allows obtaining fundamental
bounds on the work cost of correlations.

We quantify the amount of correlations between the sub-
systems by the mutual information,

Ts,s,(p) = S(ps,) + S(ps,) — S(p) s (7)

where pg, s,y = Trs,(s,)(p) are the reduced states of the
subsystems. The main quantity of interest throughout
this paper will be the correlations gain,

AIS132 = Is,s, (p) — s, s, (7). (8)

That is, we take a point of view inspired by Landauer’s
principle, and ask how many units of correlations AZg, g,
can be newly generated (on top of the preexisting corre-
lations) at the expense of one unit of energy. Note that,
in the noninteracting case, AZg s, and Zg, 5, coincide, as
the initial thermal state of the Hamiltonian Hg, + Hj,
is an uncorrelated product state. In the interacting case,
AZs s, and Iy g, still arise from the same optimization
procedure, but Zg, 5, > AZg s,. Since AZg s, quantifies
the amount of correlations generated through the invest-
ment of W, we first focus on AZ;, 4, , establishing strate-
gies to achieve W < T'AZg 5. in Sec. III.
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III. GENERAL CONSIDERATIONS
A. Work cost of generating correlations

Let us now relate the correlation gain AZg g, to the
minimal work cost AFs. Inserting the Hamiltonian from



Eq. (6) into (4) one obtains

AFy = Tr(Hs, [p— 7] + Hs,[p—7]) + Tx(H,[p—7])
+ T [S(r) = S(p)]. 9)

On the other hand, for the difference in mutual infor-
mation from Eq. (8) one finds TAZy s, = T [S(T) -
S(p)} +T [S(psl) - S(Tsl)] +T [S(psz) - S(TSZ)]' After

some straightforward manipulations we then arrive at
AFs = TAZ; s, + Tr(H,[p — 7]) + AFs, + AF,,, (10)

where the quantities Fsl(s2) correspond to nonequilib-
rium free energies with respect to the local Hamiltonians,
ie.,

Fsl(p) = Tr(HSip) = T'S(ps,) (11)

with ps, s,y = Trg, 5 ,p. Here, it is important to note
that the marginals 75, (s,) = Trg 7 of the initial ther-
mal state are not themselves thermal states with respect
to the local Hamiltonians, 7, (s,, # Z;il exp(—fHs,). Tt
can therefore be inferred that, while AF; > 0 since the
initial state 7 is at thermal equilibrium with the bath,
the quantities AFg, may have either sign. Only when H,
vanishes are the marginals of 7 also thermal states with
minimal free energy and ), AFSi is nonnegative. In this
case one obtains (see Ref. [25] for a detailed derivation)
the bound

TATZs s,(p) <AFs <W, if H =0, (12)
which shows that, for noninteracting systems, at least
TAZs, s, units of work have to be invested to increase

the correlations of the systems by the amount AZg ,.

B. Strategies to utilize the interactions

In this section we determine strategies that can poten-
tially outperform the bound of Eq. (12) by making use
of the energy provided by the interactions. We formu-
late these strategies for arbitrary Hamiltonians of bipar-
tite systems, whose subsystems S; and Sy can be arbi-
trary finite-dimensional quantum systems, qudits, with
Hilbert spaces Hs, and Hs,, and dimensions d; and dy,
respectively. The density operators for such systems
can be written in a generalized Bloch-Fano decomposi-
tion [34, 35], that is

d2—1 d2—1
1
p= (]l +Zama ® 1s, + Zb]l51®a2
d1d2 =
d?—1 d§71

+ Y o 0o, (13)

m=1 n=1

where the Hermitean operators o, satisfy Tr(onion') =
20,5 and Tr(om:) = 0, and the real coefficients a,,, b,

and t,,, are subject to constraints arising from the pos-
itivity of p. The reduced states are then immediately
obtained as

d2—1

Ps; = (]151 + Z am O, m)v (14&)
d§ 1

Psy = (1152 + Z b, 052) . (14b)

The Hermitean interaction Hamiltonian can similarly be
written as

d?-1d3-1

Z Z Emn Tpt ® 002, (15)

m=1 n=1

with real coefficients €,,,. Any terms of the form 1, Qo2
and o5l @ 15, that may appear in such a decomposition
of H; can be absorbed into the local Hamiltonians Hs,.

Returning to the relation of Eq. (10), notice that the
interactions allow surpassing the bound in Eq. (12) when-
ever Tr(H,[p—7])+>; AFy, is negative. The expansion
of Eq. (13) further permits treating each of these terms
independently: The terms AZ*:’Si depend only on the local
Bloch vector components a.,, and b, for i =1 and i = 2,
respectively, whereas the interaction term Tr(H o — T])
depends only on the correlation tensor ¢,,,. With this we
can formulate two complementary strategies. However,
it is important to keep in mind that any choice of the
coefficients ¢,,n, an and b, is subject to the positivity
constraint p > 0.

First, we focus on the local terms Ang. Defining
the local Gibbs states as vs, = Z;'e —BHs;  which are
generically different from the local 1n1t1a1 states Ts, (s,) =

Trg, 5,7, it is useful to rewrite AFi as,
= S(ps, 17s,) — S( ) (16)

where S(p||7) = —S(p)—Tr(pIn7) is the relative entropy.
Here, we have used that 3[F(p)—F (7(8))] = S(p|7(8)).
which can easily be shown using Eqs. (2) and (5). Since
S(.]l.) is a measure of distance between two quantum
states, the quantities AFSi are negative whenever the fi-
nal reduced states ps, are closer to the local Gibbs states
7s, than the initial state marginals 75,. This provides
a simple strategy to minimize Aﬁ‘si: The Bloch coeffi-
cients a(p ) and b(p ) of the final state p should to be chosen

as close as possible to a(v) and bsz), respectively, where
oy = DTy (g, 0m ) and by =

i % Ty (vy,002). This strat-
egy ensures that AF; < 0.
The second strategy entails the minimization of the

term Tr(H,[p — 7]). Using Eqgs. (13) and (15), we can

express it in terms of the correlation tensors c£,§’21 and



c,(%,)l of p and 7, respectively, obtaining

d?—1d3-1

Tr(Hilp—7]) = > > () —ci))emn.  (17)

m=1 n=1

This relation has a clear geometrical interpretation.

Mapping cg,%, cgﬂl, and €,,, to vectors ¢, ¢(7) and €

in a Euclidean vector space of dimension (d? —1)(d3 —1),
the condition of Eq. (17) becomes

Te(Hifp—7]) = (@ — ™) €. (18)

To minimize the expression in (18) it is hence desirable
to select the vector (c(”) —c(7)) to be as antiparallel as
possible to €.

The considerations discussed in this section hence pro-
vide two complementary strategies to obtain SW <
AT, s,, as desired. In general, the choices of agﬁ), bgﬁ),

and 07(7% are limited by the positivity constraint, p > 0

(and of course also by the amount of available work, ).
In the next section we illustrate possible issues with the
positivity of p in more detail for a particular example of
two interacting qubits.

C. Improved generation of correlations for two
qubits

We consider a system of two qubits, coupled by the
Hamiltonian

H,=w (Ufl + 052) + e€0i1®@032, (19)

where w > 0 and € € R can take either sign. In this
simple example, the presence of the interaction Hamil-
tonian H, = €05'® 032 does not change the eigenstates
of Hg, but the eigenvalues of the noninteracting system
are modified to (e £ 2w) and —e (twice degenerate). The
initial thermal state 7(3) = e#Hs / Z is hence of the form

7(8) = 27 diag{e= P29, e, oe (=H2)}y (90

with 2 = Tr(e‘ﬁHS) > (0. The nonzero coeflicients of
the Bloch decomposition of 7(3) are

al? = b = —22 e Fsinh(26w) < 0,  (21a)

() —1 - . 21
c > (21b)

To correlate the system, we apply a two-step protocol
based on the strategies discussed in Sec. IIIB. In the
first phase of the protocol, step I, we aim to minimize
the term Tr(H,[p — 7]). To do this, we transform the
state T to p;, such that the local Bloch vector components

(p1) — bgpl) — ag")

remain invariant, a; , while the (nonzero)

correlation tensor coefficient is mapped to
) = D — sgn(e) o, (22)

for a, > 0. With this, one finds Tr(H,[p, — 7]) = —|€|a,
and from Eq. (10) we obtain

Wi = TAL s, — |elay, (23)

where we assumed that the process is quasistatic, so that
W = AF;,. (Note that the same assumption is made also
later in step II.) The correlations are hence generated
at a work cost that is lower than in the noninteracting
case, Wi < T'AZg s,. However, it is crucial to note that
the transformation in Eq. (22) is limited by the positivity
constraint, p; > 0, requiring 2|ag)| —-1< cgf?) < 1. De-
pending on the sign of the interaction term, one of these

bounds is reached, when enough energy is supplied. That
(p1)

is, ¢z

or ci@l)

eventually tends towards either cg’?) = 2\ag) |—1
=1 for € > 0 or € < 0, respectively.

If more energy is available than is needed to saturate
the positivity constrain in step I, we may employ the
complementary strategy discussed in Sec. III B in step II,
the second phase of the protocol. Now, we keep the corre-
lation tensor fixed, while changing the local Bloch vector
components to minimize AF, s,- This entails moving the
marginals closer to the states s, that are locally thermal
with respect to Hg,. These local Gibbs states are here
given by

eiﬁHSi 1 S;
Vs, = . = 5(]12 — tanh(ﬁw)azl), (24)
with ag) = —tanh(Bw) < 0. We hence map p, to the

state p, with Bloch vector components given by

a,(fn) =(1-ay) al™ + Qg al” , (25)

z z

where 0 < a; < 1. Again, the positivity constraint p; >
0 must still be taken into account. For € < 0 we find that
the full range of a; is compatible with the positivity of
pu- The work cost of step II is given by Wy = TAZg, s, +

AFSI +AF52 , and, as illustrated in Fig. 1, we indeed find
that AFy, < 0 for all values of T'> 0, 0 < ay; < 1, and
e < 0.

For ¢ > 0, on the other hand, the positivity con-
straints require that |a£'“H)\ < |a — 2(7)|. Since af”’ <0
and ! = —tanh(Bw) < 0, Eq. (25) yields |a(Zp“)| =
(1—- aH)|a,(ZT)| + ay tanh(fw) > |a§7)|. Unfortunately,
since |a§T)| = sinh(26w)/ (cosh(2Bw)+e~7¢) < tanh(Bw),
one finds that |a£p“)| > |a — 2(7)], that is, the positivity
constraint does not allow for step II of the protocol to be
carried out for € > 0.

In addition to the strategies discussed here, the states
obtained after steps I and II may be further correlated
until the maximal value of correlation is reached. How-
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FIG. 1. Advantage in correlation cost: During step II of
the protocol to generate correlations between two qubits, an
advantage over the noninteracting case arises when AFs, from
Eq. (11) becomes negative. Aﬁ'si is plotted here against the
temperature 7' in units of w (recall that we use units where

h = ks = 1) for ay = 0.5, and the different curves corre-
spond to values of € (also in units of w) from € = 0 (top) to
e = —1 (bottom) in steps of 0.1. The advantage increases

with increasing coupling strength ¢, but does not monotoni-
cally decrease with the temperature. Instead, the advantage
becomes maximal at a finite temperature. Although curves
are only shown for a fixed value a; = 0.5, we have checked
that other values yield analogous behaviour and the advan-
tage increases monotonically with a.

ever, the work cost per newly generated unit of correla-
tion beyond this point may be the same, or even higher
than in the noninteracting case. We shall shed light on
this possibility in the next sections, by studying in detail
protocols to correlate bipartite systems of fermions and
bosons.

IV. TWO FERMIONIC MODES

In this section, we consider the two systems S; and
S, which are to be correlated, to be two fermionic modes
with ladder operators b, bI and b,, bl, respectively. Such
fermionic systems have been well studied in the context
of quantum information processing, see, e.g., Refs. [36—
38], but we shall briefly review some key features. The
annihilation and creation operators satisfy the usual anti-
commutation relations {b,_,b!} = &, and {b, b, } = 0.
While the Pauli exclusion principle limits the dimen-
sion of the corresponding two-mode Fock space to 4,
the anticommutation relations nonetheless imply a dif-
ferent subsystem structure as compared to a two-qubit
Hilbert space [39]. Despite this inequivalence' of qubits

I Note that n-mode fermionic Fock spaces are isomorphic to n-
qubit Hilbert spaces via maps such as the Jordan-Wigner trans-
formation. However, local operators in one space are generally
mapped to nonlocal ones in the other. The marginals of an n-

and fermionic modes, the marginals and correlation mea-
sures for the fermionic system are well-defined when im-
posing a superselection rule that forbids superpositions
of even and odd numbers of fermions [40, 41].

The fermionic system is hence of interest for the follow-
ing reasons: First, the anticommutation relations and the
restrictions of the superselection rule provide a qualita-
tive difference to the qubit case, which makes for an inter-
esting comparison. Second, the low-dimensional Hilbert
space is amenable to a numerical treatment, allowing a
rather general approach to optimal protocols for the gen-
eration of correlations. Third, fermionic fields form a
conceptually fundamental ingredient in the current view
of matter in the universe in terms of relativistic quantum

field theory.

A. Hamiltonian and initial thermal state

Let us now turn to the specific system Hamiltonian
that we consider in this section, H = Hg, + Hg, + H;.
For the noninteracting part, we consider the standard
Hamiltonian for two modes of the same frequency w, i.e.,

Hs, + Hs, = w (blb, + blb,). (26)

For the interaction between the modes, we will em-
ploy the most general two-mode coupling term that is
quadratic in the mode operators, given by

HI = Heven + Hodd
= €even(b,b, + bIbT) + €oaa(blb, + bib), (27)

where Heyen couples only the states [[0) and
| 11 ) || 12 ) = bTb] || 0 ) in the even subspace, while Hoqq
acts in the odd subspace spanned by || 1; )) = bl 0))
and || 12) = bl || 0). Here ||0)) is the vacuum state
satisfying b, ]| 0)) = 0 V 4, and the double-lined ket no-
tation indicates the antisymmetrized tensor product for
the excited states, ie., [1a )| La) =|L1 ) A 12 ) =
=l La W]l 11 ) (see, e.g., Ref. [39] for more information).

The thermal state 7(8) of H can be computed straight-
forwardly. The eigenvalues of H read,

w? + €2

AMg=w = Sven 1 (28a)

A23 = w £ €dd, (28b)

where the labels 3, 4 refer to the negative relative sign,

mode fermionic state p are hence generally not isomorphic to
those of the m-qubit state p, even if p is related to p via an
isomorphism.



and the corresponding eigenstates are given by

|4 ) = ezven1+ o (coven 1103 = A I 11 ) 12 )

(29a)

| Mo ) = %(n L)+ 1)), (29b)
Then, 7(8) can the be written as,

T(B)= 27X B Y e PN, (30)

%

where the partition function is Z(8) = >, e . It
is important to note that 7(8) already contains corre-
lations, which are computed in detail in the Appendix.

B. Generation of Correlations

We now consider the task of correlating 7(53) fur-
ther. The simple structure of the system (an only four-
dimensional Hilbert space that is further restricted by su-
perselection rules) allows us to consider the most general
protocols beyond the strategies discussed in Sec. IIIB.
That is, given some available work W, we consider
the possibility to transform 7 to any state p, provided
AFs(t — p) < W is satisfied. In order to maxi-
mize the created correlations, AZs s,, we conveniently
parametrize the final state p, and numerically optimize
its mutual information Zs s, (p) under the constraint of a
maximally available free energy.

Since the final state needs to respect the superselection
rule that forbids superpositions of even and odd numbers
of fermions [40], the four-dimensional Fock space splits
into two two-dimensional spaces. An arbitrary two-mode
final state may therefore be written as a convex combina-
tion of two density operators, peven and podq, correspond-
ing to the subspaces of even and odd fermion numbers,
respectively. We hence write

P = DPeven + (1 - p) Podd 5 (31)
where 0 < p < 1. For each of the two subspaces, we then
use a single-qubit Bloch representation, i.e.,

peven = % ([1+ Zeven] 1001 (32a)

1= 2oven] 1L L) (L2 1 |
(even = ioven) 10N (211 | + . c.])

[
[

Podd = é([l + zodd] 112 Y12l + [1 = zoaa] 11 D11
[

where the coefficients satisfy |Zeven,odd| < 1, |Yeven,odd| <

17 |20vcn,odd| < 1, and

2 2 2 2
reven = xeven +yeven +Zevell S 1’ (33&)
244 = Toga T Yead + Zeaa < 1. (33b)

In this parametrization, the entropy of the final state
can easily be obtained via its eigenvalues £(1 & reven)

and 1%]”(1 +70dd). The energy of the final state, in turn,
is

E(p) = w(l - pzeven) — P €evenTeven + (1 - p)eoddxodd-

(34)
Lastly, the final state marginals are of the form
ps; = 3(1+Pzeven + (1= P)zoaa) [ON(O]  (35a)
+ 5 (1 = pZeven = (1 = p)Zoaa) 11 ) (11l ,
pos = 31+ peven — (1 =)o) 0D O] (35)
1

+ 3 (1 = pzeven + (1 = P)2oaa) [ 12) (121 -

For the illustration of the results, it is convenient to spec-
ify the amount of available input energy in units of Wiy,
the minimal free energy difference? to a maximally cor-
related state. Taking into account that such a maximally
correlated state must be pure, and that the free energy
of the initial state is F'(7) = =T In(Z), we find
Winin = w — max{|€even|, |€0ad|} + T In(Z).  (36)
With this, we may numerically evaluate the maximal
amount of correlations that can be created at a fixed
temperature T and a fixed energy input W/Wyi,. The
results of the optimization allows us to compare the en-
ergy cost of optimal protocols to generate correlations,
for both interacting (€even,odd 7 0) and noninteracting
systems (€even,odd = 0). The results are shown in Fig. 2.
In agreement with our considerations in Sec. III B, one
observes an initial regime where the interactions provide
an advantage. However, at some point, the energy cost
of AZg s, becomes higher for interacting systems than
for noninteracting ones. This is to be expected: Since
the interacting system is correlated initially, the maximal
value of AZg o is always lower than in the noninteracting
case.
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2 Note that the minimal energy for maximal correlations (Whnin)
depends on the coupling strength. Therefore, the functions
AT and AZ.—o, whose difference is plotted in Fig. 2, would
be multiplied by different values when converting the plots of
Fig. 2 to absolute energy costs. This would result in shifted in-
tersections with the horizontal axes. Nonetheless, since Wy, is
maximal in the absence of interactions, the intersections would
all shift to the left, leaving the conclusion unchanged, that the
presence of interactions may make the creation of new correla-
tions more expensive, even if the overall amount of correlations
is larger in the end.
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FIG. 2. Fermionic newly generated correlation cost:
The difference in correlations that can be newly generated
for an available energy W (in units of Wiin) in the presence
(AZcz0) and absence (AZ.—o) of interactions is shown for tem-
peratures T' = 0.1,...,1 (in units of fw/kp) in steps of 0.1
(blue to red, top to bottom) for the ratios €even/€odd = 2,1,
and 0.5 in (a),(b), and (c), respectively.

For a complete picture of the situation, it is also en-
lightening to study the behaviour of the total correlations
Ts, s, (p) for interacting and noninteracting systems, as
shown in Fig. 3. In all cases that we have considered, the
presence of the interactions leads to a larger amount of
final state correlations Zg, s, (p), irrespective of the (rela-
tive) size and sign of the coupling constants.
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FIG. 3. Fermionic correlation cost: The maximal corre-
lation of the final state that is achievable for a fixed input
energy W [in units of Wiin from Eq. (36)] is shown for tem-
peratures 7' = 0.1,...,1 (in units of fiw/kg) in steps of 0.1
(blue to red, top to bottom) for the ratios €even/€oda = 2,1,
and 0.5 in (a),(b), and (c), respectively. In all cases, the
achievable final correlation is larger in the presence of inter-
actions (solid lines) than in their absence (dashed lines). In
(a) this can be seen from the inset plot, where the horizontal
axis is not scaled with Wiin. For (b) and (c) one may deduce
this directly from the plots, since the solid lines are strictly
above their corresponding dashed lines, and Wiy, is maximal
when €even = €odqa = 0.

V. TWO BOSONIC MODES

In this section we study the creation of correlations for
two bosonic modes. We present an example for which
we explicitly show that the overall final-state correlation
Zs,s,(p) is always larger in the presence of interactions.
This complements the observations made in Fig. 3, where



we come to same conclusion using a numerical approach.

Let us now consider the simple, yet versatile system of
two bosonic modes with creation and annihilation op-

erators a, and aI (i = 1,2), respectively. The mode
operators satisfy the canonical commutation relations
[a,i,a;] = 6;; and [a;,a;] = 0. Such systems of two

(or more) harmonics oscillators are of fundamental im-
portance to quantum optics and quantum field theory.
The correlations between bosonic modes have been ex-
tensively studied in continuous variable quantum infor-
mation (see, e.g., Refs. [42, 43]) but they are also of in-
terest in more specialized lines of research, such as, e.g.,
studies of entanglement in relativistic quantum field the-
ory, see for example Refs. [44-46]. In addition to the
usual free Hamiltonian

H,, + Hs, = w(ala, + aiaz) , (37)

where we have assumed that the two modes have the
same frequency w, we will consider the interaction term

H, = €(a,a, + alal), (38)

with € € R. Since the system Hamiltonian Hy = Hg, +
H, + H; is quadratic in the mode operators, any thermal
state 7 of Hg is a Gaussian state that is fully described
by its second moments, that is, its covariance matrix I'g
with components

(Ts),. = Tr(r[XmXn + X X)) (39)

with the quadrature operators Xo,_1 = (an + aL)/\/i
and Xo,, = —i(a, —al ) /v2. The first moments Tr(7X,,),
which would normally also enter into Eq. (39), vanish for
the state 7. This can easily be seen by diagonalizing Hg
using the Bogoliubov transformation

¢, = cosh(u)a, + sinh(u)a], (40a)
¢, = cosh(u)a, + sinh(u)al, (40b)
where u = 1 artanh(e/w), such that [ci,c;] = §;; and

[c;sc;] = 0. With this transformation, the system
Hamiltonian becomes

s = @ (cle, + cle,) — 2wsinh®(u), (41)

where @ = vw? — 2. The eigenstates of Hy are therefore
the eigenstates of c‘Lc1 and CZ%' Expanding the thermal
state 7 = Z71e~P#Hs in terms of these eigenstates one
quickly obtains Tr(7¢;) = Tr(Tcl-L) = 0. Since the Bo-
;
¢ c;- is linear, this implies that also TY(Tai) ="Tr (Taj) =
0. The first moments vanish and I's completely describes
the state 7.

To assess the properties of the initial state, we then de-

fine the covariance matrix Féc) with respect to the opera-

tors ¢;, in complete analogy to Eq. (39). For the thermal

goliubov transformation relating the operators a,, a; and

state 7, this 4 x 4 matrix is proportional to the identity,
that is,

e — v(T)1y = coth(z5) 14, (42)

where the identity 1,4 is the covariance matrix of the pure
two-mode vacuum state with respect to the operators c,.
The mixedness of the state is hence captured solely by the
prefactor v(T) = coth(55). The matrices I''” and Ts are
related by a symplectic transformation S corresponding
to the unitary Bogoliubov transformation of Eq. (40),
such that

I,=SrsT. (43)

The transformation S leaves the symplectic form €2, with
components Q; = —i[X,X;] invariant, SQST = Q.
Consequently, also the eigenvalues v(T') of |iQL|, the
symplectic eigenvalues are left unchanged by the trans-
formation S. This means that, up to the prefactor v(T'),
the covariance matrix I's = v(T)SST represents a pure
two-mode state, which is hence locally equivalent to two-
mode squeezed state [47]. Due to the presence of v(T),
the overall state is nonetheless mixed and correlated, but
may or may not be entangled, depending on the size of
v(T) [25, 48].

Any available energy W may then be used to further
correlate the system by a combination of cooling [i.e.,
reducing v(7T')] and two-mode squeezing along the di-
rection in phase space corresponding to the two-mode
squeezed state SST. These transformations leave the
subsystems in local thermal states with respect to Hg,
and Hy, and therefore optimally correlate® the subsys-
tems at any given work cost [24]. Consequently, the pres-
ence of the interaction Hamiltonian H, is here equivalent
to an increased energy supply in the noninteracting case,
and the overall correlations Zs, s, (p) are always larger
than in the noninteracting case at a fixed work cost W.

The correlations that can in principle be generated in
this infinite-dimensional Hilbert space are unbounded.
However, the energy cost of creating additional correla-
tions increases as the state becomes more correlated. The
newly generated correlations AZg, s, may hence be more
or less expensive than in the noninteracting case, depend-
ing on the initial temperature, coupling strength e, and
the available energy.

VI. CONCLUSION

We have investigated the work cost of creating corre-
lations between interacting quantum systems and com-
pared our results to previous studies [24, 25] of the corre-

3 Note that two-mode squeezing is generally not the optimal entan-
gling transformation and may be outperformed by non-Gaussian
transformations [25].



lation cost in noninteracting systems. While the notion of
isolated, noninteracting systems may appear more natu-
ral from the perspective of quantum communication sce-
narios, our approach here is motivated by the ubiquity of
interactions present in nature. Hence, assuming that the
presence of the interactions cannot be avoided or con-
trolled, we find that the interactions can nonetheless be
harnessed.

For such naturally occurring interactions we have iden-
tified general strategies for finite-dimensional systems to
reduce the energy cost of creating correlations. These
strategies, which apply to any finite-dimensional bipar-
tite system with arbitrary interaction Hamiltonian, im-
prove on previous bounds for non-interacting systems, at
least in some low-energy regime. Nevertheless, the exact
relation between the interactions and the correlation cost
is complicated. The work cost of correlations strongly de-
pends on the exact configuration of the interaction terms
and thus on the underlying physics. To illustrate the gen-
eral strategies, we therefore choose some exemplary phys-
ical systems — qubits, as well as fermionic and bosonic
modes — to showcase the usefulness of the interactions.

In our examination, we have focused on the mutual
information as a measure of the generated correlations,
capturing both classical and genuine quantum correla-
tions. The notoriously difficult case of characterizing the
cost of entangling interacting quantum systems, which
would provide further insight into the relation between
the practically motivated resource theories of QI and QT,
is hence left open for future investigation.

Moreover, while we have here considered arbitrary op-
erations on the system, inevitable noise and practical de-

sign may favor operations that can be directly imple-
mented through the natural interactions present in the
underlying systems. It would hence be interesting to
compare such physically motivated protocols with the
optimal protocols derived here, including also noncyclic
processes where the interactions can be switched on or
off at will. Further open questions include the general
cost and impact of interactions on single-shot informa-
tion processing capabilities.
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Appendix: Correlations in a fermionic thermal state

Here we study the correlations present in the ini-
tial thermal state 753 of two fermionic modes, given by
Eq. (30). Whereas the thermal states of the noninter-
acting Hamiltonian (i.e., for €sven,0da = 0) are uncorre-
lated, the thermal states of interacting Hamiltonians fea-
ture some correlations. For instance, consider the ground
state, that is, the limit T — 0 (8 — o), which arises as
the eigenstate of the Hamiltonian with the smallest eigen-
value. As can be seen from Eq. (28), this can be either
|| A3 ) or || Ay ), depending on the relative sizes of |€oqd|

and \/w? + €2,,,. That is,
03 if |eoad] > Vw? + €2en
T(B—00) = < 2(ps + p1) if |€oad| = Vw? + Epen
P4 if |eoda| < V/w? + €2yen
(A1)
with p3 = [[A3 ) As || and ps = || A4 ) Aa[]. Both

|| As ) and || A4 )) are correlated, but only the former state
is maximally correlated. It is hence expected that the
relative sizes of the coupling constants strongly influence
the initial amount of correlations, see Fig. 4. To evaluate
the mutual information of Eq. (7), we still need to spec-
ify the reduced density operators. These are found to be
diagonal, with matching matrix elements, i.e.,

7o, (B) = 3(1+70) [0} + 31 —70) 11 P La ]I,
(A.2a)
T, (B) = 3(L+70) [0)CO + 5(1—70) [ 12 ){( L2 ,
(A.2b)

with the coefficient 7y given by

2 2
w2+ €2, )

w sinh(f

TO =
(A.3)

With the eigenvalues of the thermal state given by e~
and those of the marginals by %(lim) one can then easily
evaluate the entropies S(7), S(7s,) and S(7s,), and hence
the mutual information, shown in Fig. 4.
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FIG. 4. Fermionic thermal state correlation: The cor-
relation of the initial thermal state 7(3), as measured by the
mutual information Zs, s,, depend on the (relative) and ab-
solute sizes of the couplings €even and €oqq. The correlation
is plotted for temperatures T = 0(0.01),...,1 (in units of
hw/kg) in steps of 0.05 (blue to red, top to bottom) for the
ratios €even/€oda = 2,1, and 0.5 in (a),(b), and (c), respec-
tively.
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Quantum states that can yield work in a cyclical Hamiltonian process form one of the primary
resources in the context of quantum thermodynamics. Conversely, states whose average energy
cannot be lowered by unitary transformations are called passive. However, while work may be
extracted from non-passive states using arbitrary unitaries, the latter may be hard to realize in
practice. It is therefore pertinent to consider the passivity of states under restricted classes of
operations that can be feasibly implemented. Here, we ask how restrictive the class of Gaussian
unitaries is for the task of work extraction. We investigate the notion of Gaussian passivity, that
is, we present necessary and sufficient criteria identifying all states whose energy cannot be lowered
by Gaussian unitaries. For all other states we give a prescription for the Gaussian operations
that extract the maximal amount of energy. Finally, we show that the gap between passivity and
Gaussian passivity is maximal, i.e., Gaussian-passive states may still have a maximal amount of

energy that is extractable by arbitrary unitaries, even under entropy constraints.

I. INTRODUCTION

At the very core of quantum thermodynamics — which
has recently seen a surge in interest from the quantum
information community [1-3]— lies the task of extract-
ing work from quantum systems. Ideally, this is achieved
by reversible cyclic processes that can be represented by
unitary transformations, which, in turn, form the most
basic primitive of a cyclically operating engine. How-
ever, from so-called passive states [4] no work can be
extracted unitarily if only a single copy of the system
is available. Viewing quantum thermodynamics as a re-
source theory of work extraction [5, 0], it is therefore
tempting to view passive states as being freely available.
Curiously, most passive states still contain extractable
work, that can only be accessed by processing multiple
copies using entangling operations [7]. This has sparked
interested in the role of entanglement in work extrac-
tion [8] and more generally in the structure of passive
states [9]. States from which no energy can be extracted
unitarily, no matter how many copies are available, are
called completely passive, and without further conserved
charges the unique completely passive state is the so-
called thermal state. Naturally, the extraction of work
from non-passive quantum states using arbitrary uni-
taries has therefore been the subject of many fruitful
investigations (see, e.g., Refs. [10-13]). This has pro-
vided useful insights into the role of coherence, correla-
tions, and entanglement for work extraction [14-17], and
conversely, about the work cost for establishing correla-
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tions [18-20] and coherence [21].

However, the unitary operations that extract the max-
imal amount of work from a given non-passive state may
be difficult to realize in practice. For example, the global
entangling unitaries required to extract work from pas-
sive but not completely passive states are not feasible un-
der realistic conditions, which already leads to a discrep-
ancy between theoretically extractable work and what
is practically achievable. Consequently, the character-
ization of states as non-completely passive may fail to
accurately represent how useful a quantum system is for
thermodynamical work extraction in practice. It is hence
of interest to study the ergotropy [10], i.e., the maxi-
mal amount of work that can be unitarily extracted in
a Hamiltonian process, under the restriction to practi-
cally realizable transformations. An important example
of such a constraint in continuous variable systems is the
class of Gaussian unitary operations, which, although be-
ing standard operations in quantum optical systems (see,
e.g., Refs. [22, 23]), represents a significant restriction of
the set of all possible transformations. This manifests,
amongst other things, in the fact that Gaussian opera-
tions are not universal for quantum computation [24].

It is the aim of this paper to investigate this interest-
ing dichotomy between what is possible in principle and
what is practically feasible within quantum thermody-
namics, focusing on Gaussian unitary transformations.
We provide a full characterization of Gaussian passivity
for multi-mode states, i.e., we give necessary and suffi-
cient conditions to identify all (not necessarily Gaussian)
quantum states from which no work can be extracted
using Gaussian transformations. This characterization
only requires knowledge of the first and second statisti-
cal moments of the state in question, independently of
whether the state itself is Gaussian or not, and imme-
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diately provides a protocol for optimal Gaussian work
extraction given any number of modes. Finally, we show
that the gap between passivity and Gaussian passivity
can be maximal if only the first and second moments of
the state are known. That is, we show that the first and
second moments of any Gaussian-passive state (which
need not be a Gaussian state, and hence is not to be
confused with a passive Gaussian state) are in principle
compatible with those of a state of maximal ergotropy,
even under entropy constraints.

To examine the usefulness of Gaussian transformations
in the context of thermodynamic work extraction, we
first review the notion of passivity in Section II. In Sec-
tion IIT we introduce the notion of Gaussian passivity
and formulate our main result, the characterization of all
Gaussian-passive states, before examining the ergotropic
gap in Section IV. In Section V we finally discuss the
consequences and applications of our results.

II. PASSIVE STATES

On an elementary level, controlled engines perform
their tasks based on repeated cycles, during which the
system dynamics are typically changed through an ex-
ternal control. The resulting time evolution of the sys-
tem is hence governed by a time-dependent Hamilto-
nian H(t). At the end of each cycle of duration 7
the system is returned to its initial Hamiltonian, i.e.,
H(nt) = H(0) = H, for any integer n, leading to unitary
dynamics perturbed only by the necessary interactions
with the environment. In this sense the unitary orbits
of the input quantum states determine the fundamen-
tal limits of operation of cyclic machines, which is one
of the reasons that unitary work extraction has recently
attracted attention [7-9, 17, 25, 20].

Within this paradigm, the elementary processes that
we consider here can in principle generate work if the av-
erage energy of a given system can be reduced by unitary
operations. That is, if for a system with Hilbert space H
described by a density operator p € L(#) there exists a
unitary operator U € L(H), such that

E= Tr(HoUpU') < Tr(Hop) = E. (1)

States for which the average energy cannot be reduced by
unitaries are called passive. All passive states ppass are
diagonal in the eigenbasis {|n)} of Hy with probability
weights decreasing (not necessarily strictly) with increas-
ing energy [4], that is, passive states ppass can be written
as

d—1
Ppass — an |n><n| ) (2>
n=0

where p, < p,, when E, > E,,, and d = dim(#), and,
as usual, 0 < p, <1 and >, p, = 1, while the energy

eigenstates satisfy
Ho [n) = Ey |n) . (3)

To see this, simply consider a two-dimensional subspace
spanned by |m) and |n) with E,, < E,. To decrease the
average energy using a unitary on this subspace, the cor-
responding probability weights must satisfy p,, < pn.
Any state for which this isn’t the case for any two-
dimensional subspace is passive, and is of the form of

Eq. (2).

An example for a passive state in continuous variable
systems is a product state of two thermal states of two
bosonic modes at the same frequency w and tempera-
ture T = 1/8 (in units where i = ks = 1). A bosonic
mode is represented by annihilation and creation opera-
tors a and af, satisfying [a,a’] = 1, and a Hamiltonian
Hy = wa'a. The operator a annihilates the vacuum
state, i.e., a]|0) = 0, and the eigenstates of the Hamil-
tonian, the Fock states, are obtained by applying the
creation operators |n) = (a!)”/v/n!|0). A thermal state
7(p) of temperature T'= 1/ is given by

e~ BHo

—, (4)

7(6) =

where Z = Tr(e #H0) is the partition function. In the
Fock basis the thermal state reads

()= (L= )Y e n)n| . ()

Since thermal states are the only completely passive
states, any resource state for a cyclic engine must be out
of thermal equilibrium. The most elementary engine is
hence a heat engine, which only needs access to two ther-
mal baths at different temperatures. This is arguably the
simplest out-of-equilibrium resource: Given two thermal
baths at equal temperature, increasing the temperature
of one of them can be achieved by increasing the energy
of one of the systems without requiring any knowledge of
its microstates.

At this point, it seems prudent to restate the above ob-
servation about these elementary heat engines in a more
technical manner by reminding the reader of the elemen-
tary fact that, for two bosonic modes at the same fre-
quency, the product state of two thermal states with dif-
ferent temperatures is not passive. Since we will refer to
it later in the manuscript, it is instructive to examine one
potential strategy to prove this statement. Consider two
bosonic modes at the same frequency w, with tempera-
tures T, and Ty, > T,, respectively. The product state of
the two thermal states is

T(Ta,Ty) = (1—e */T)(1
xS eI ) (m| @ [n)(n]. (6)

m,n

— e~@/Tr)



Up to a common prefactor, the matrix elements are

m., on w
et = T (Tt T (7)

The state is not passive if there exist pairs of non-negative
integers m, n and m’, n’, such that

mTy, +nTy>m'T, +n'T,, (8)

while m’ +n’ > m +n. Now consider, e.g., the case
where m = n = x/2, while m’ = 0 and n’ = z + 1
for some even non-negative integer x. In this case, the
second inequality is trivially true for all x and the first
condition is

v(To + Tp)/2> (x + 1) T, 9)

which implies z > 2T, /(T — T,) > 0. So by picking =
large enough, one can always find a two-dimensional sub-
space, in which a unitary can reduce the average energy,
proving that the state 7(T,,Tp) of Eq. (6) is not passive.

However, practically realizing these unitaries on arbi-
trary (two-dimensional) subspaces of the overall Hilbert
space may prove to be practically unachievable. There-
fore, it is of interest to investigate the limitations of
work extraction by operations that can be feasibly im-
plemented.

III. GAUSSIAN-PASSIVE STATES

While the fact that (T, Tp) of Eq. (6) is not passive in
principle allows the construction of a heat engine the nec-
essary unitaries to extract energy may be difficult to real-
ize in practice. A set of operations that are in general eas-
ier to implement are Gaussian unitaries, which are gen-
erated by Hamiltonians that are at most quadratic in the
mode operators, and transform Gaussian states to Gaus-
sian states. These, in turn, are states whose characteris-
tic Wigner function is Gaussian (see, e.g., Ref. [23] for a
detailed review). Such states are fully described by their
first and second statistical moments, that is, the expec-
tation values of linear and quadratic combinations of the
quadrature operators X;, where Xy, 1 = (an + a;fl)/\/i
and X, = —i(an - a;ﬂ)/\/ﬁ7 and n =1,2,..., N labels
the N modes of the system in question. The second mo-
ments are collected in the real, symmetric, and positive
definite 2N x 2N covariance matrix I', with components

Dij = (XaX5 + XX ) —2(X) (X ),  (10)

where (A) = Tr(Ap) is the expectation value of the op-
erator A in the state p. For example, the thermal state
of a single bosonic mode that we have encountered in
Eq. (5) belongs to the class of Gaussian states and is of
particular interest for us here. Its first moments van-
ish, (X;) = 0, while the covariance matrix is given by
Tihermal = COth(ﬂw/Q)]l.

Gaussian unitaries are described by affine maps (5,§) :

X — SX + ¢, where ¢ € R?Y represent phase space dis-
placements, and S are real, symplectic matrices. By defi-
nition, a symplectic operation S leaves invariant the sym-
plectic form Q with components Q. = i [ X, , X, ] =
5m,n71 - 5n,m+17 i.e.,

sQst =q. (11)

Displacements, represented by the unitary Weyl opera-
tors D(§) = exp (iﬂXTﬁf), do not affect the covariance
matrix but rather shift the first moments. While all of the
mentioned transformations preserve the Gaussian charac-
ter of Gaussian states, one can of course also consider the
effects of Gaussian transformations on any arbitrary state
via the effect on the corresponding covariance matrix and
vector of first moments. We are now interested in deter-
mining for which (not necessarily Gaussian) states of two
noninteracting bosonic modes with frequencies w, and wy
(w.lo.g. we assume w, > w,), energy can be extracted
using only Gaussian operations. In analogy to the previ-
ous terminology we call states Gaussian-passive if their
average energy cannot be reduced by Gaussian unitaries.
The first important step in analyzing this property is the
ability to identify Gaussian-passive states, which is es-
tablished by the following theorem.

Theorem 1. Any (not necessarily Gaussian) state of
two mnomninteracting bosonic modes with frequencies w,
and wy > w, s Gaussian-passive if and only if its first
moments vanish, { X ) = 0, and its covariance matriz T’
is either

(i) in Williamson normal form [27]
I' = diag{va, va, Vb, Vb }

with vg, > vy for w, < wp. Or, in the case of equal
frequencies w, = wy, the state may also be

(it) in standard form [28, 29]
al C
I= (c b]1>
with C = cl, if w, = wp.

Proof. To prove Theorem 1, we will proceed in the fol-
lowing way. We will start with the most general combi-
nation of first moments ( X ) and second moments I" that
any initial state may have, before successively applying
Gaussian operations (steps P1-P4) to reduce the average
energy. When we reach a state whose energy cannot be
further reduced by Gaussian unitaries, we compare its en-
ergy to that of the initial state and identify under which
conditions the energy has been lowered with respect to
the initial state. These conditions will finally result in the
identification of the characteristics of Gaussian-passive
states as stated in clauses (i) and (ii) above.

(P1) Displacements: As we consider noninteracting
bosonic modes, the average energy of a two-mode



(P2)

state is given by the sum of the average energies of
the individual modes. For a single mode with fre-
quency w, and ladder operators a and af, a state
described by the density operator p has the average
energy E(p) = w,Tr(pata), which can be written in
terms of the state’s covariance matrix I', and vector
of first moments ( X, ) as

Blp) = wa({[T(T0) ~ 2] + HXDP) . (12)
where || - | is the (Euclidean) norm. Since dis-
placements change the first moments but leave the
second moments invariant, the energy of the state
can always be decreased by shifting ( X,) to the
null vector. Conversely, every state with nonvan-
ishing first moments cannot be Gaussian-passive,
since its energy can be lowered by appropriate dis-
placements. From here on we may hence consider
only states for which the energy has been reduced
by displacements as much as possible, such that for
each mode one has (X, ) = 0. In the following, one
may then apply Gaussian unitaries represented by
symplectic transformations S, which leave the zero
first moments invariant.

Local symplectic operations: In the next step,
we note that every two-mode covariance matrix I"
can be brought to the standard form Ty [28, 29]
by local symplectic operations Sioc = Sioc,a @ Sioc,b,
that is,

SIOCFS{EC - I‘s,t - (aclvl bC]’l> ) (13)

where C = diag{c1,c2}. Each of the single-mode
symplectic operations Sioc ; (¢ = a,b) can be decom-
posed into phase rotations and single-mode squeez-
ing as

Stoc,i = R(0;) S(r:i) R(¢i) - (14)

For some real angles 6; and ¢;, and real squeezing
parameters 7;, these local operations take the form

cosf; sinb; (e 0
R(0:) = (—sin@i Cos@i) » S(r) = < 0 e”) )
(15)

Conversely, this means that we can write the co-
variance matrix I' as

= (Sjoe) et (Sice)” (16)

loc

where the inverse operations are also local sym-

plectic transformations Slgcl = Sl;i,a P Slgéb. The
single-mode inverses Sl;;,i are simply
Sioei = R(=¢i) S(=r:) R(—0;). (17)

This allows us to express the energy of the state
described by the covariance matrix I' as

ET) = %(a cosh(2r,) — 1) + %(b cosh(2r) — 1) .
(18)

Since cosh(2r;) > 1, it becomes clear that the en-
ergy of a state with covariance matrix I' can be low-
ered by local symplectic operations until I" reaches
the standard form. Consequently, states for which
I' # Tyt are not Gaussian-passive, whereas states
with covariance matrices in the standard form may
still have energy that can be reduced by global sym-
plectic transformations.

(P3) Two-mode squeezing: After using local Gaussian

operations to extract as much energy as possible,
one is hence left with a state whose covariance ma-
trix is in the standard form of Eq. (13). The lo-
cal covariance matrices of each mode are then pro-
portional to the identity, al and b1, but the off-
diagonal block C' may have two different diagonal
elements c¢; and cs. If this is the case, we can apply
a two-mode squeezing operation to reduce the en-
ergy and bring the covariance matrix to a form in
which the off-diagonal block is proportional to the
identity as well. The symplectic representation of
this global transformation is
cosh(r)1 sinh(r)o,
Stms = <sinh(7‘)az cosh(r)]l) ’ (19)

where o, = diag{1l,—1} is the usual Pauli matrix
and the squeezing parameter r that achieves equal
off-diagonal elements is given by

1 1 —C2
— —}artanh( ). 20
r g artanh( = —— (20)
To show that this transformation always reduces
the average energy, we compute the energy F(I") as-

sociated to the two-mode squeezed covariance ma-
trix I' = STMSI’StS%MS and find

E() = % [a cosh?(r) + bsinhQ(r)]

+ % [bcosh®(r) + asinh?(r)]

Wq + Wy

1 [(c1 — c2)sinh(2r) —1] . (21)

We then take the derivative with respect to r and
set OE(I')/Or = 0, which provides the condition

(a+b)sinh(2r) + (c1 — c2) cosh(2r) = 0, (22)

which in turn is solved by r from Eq. (20). It is
then easy to check that for this value of r we have
0?E(T)/0r? > 0, indicating that the energy is min-
imal for the specified value of the squeezing param-



(P4)

eter. The two-mode squeezing transformation with
this strength hence reduces the energy. While the
off-diagonal block of the covariance matrix is pro-
portional to the identity after this operation, the
local covariance matrices are generally not of this
form, albeit still being diagonal. We can then use
local rotations R(3, ) = R(¥) @ R(y), which leave
the energy invariant, to bring the covariance ma-
trix back to the standard form where every 2 x 2
subblock is now proportional to the identity, i.e.,

T = R(9,) T R7(0, ) = (‘;]If lj) @)
In some circumstances, the third step of the proto-
col can be seen as the conversion of Gaussian en-
tanglement into work. Note that the previous two
steps consist of local unitaries, and hence leave any
entanglement measure invariant. If the initial state
is a Gaussian state, the form of I in Eq. (23) further
indicates that no more entanglement is present af-
ter step P3, since a nonnegative determinant of the
2 x 2 off-diagonal block is a sufficient separability
criterion for two-mode Gaussian states [29]. For any
Gaussian state, the presence of entanglement hence
indicates that the energy can be lowered by Gaus-
sian unitaries in the third step. However, the fact
that the energy of a Gaussian state can be lowered
in step P3, does not imply that the initial state is
entangled [19]. Moreover, if the initial state is not
Gaussian, the final state after step P3 may still be
entangled in general.

Beam splitting: Having reached a state with a co-
variance matrix as in Eq. (23), we have exhausted
all local Gaussian operations as well as two-mode
squeezing to lower the energy. In particular, at this
point we know that applying any local or global
squeezing transformation can only increase the en-
ergy. This leaves only the beam splitting transfor-
mation as a last Gaussian unitary that we still have
at our disposal. This transformation, represented
by the global orthogonal symplectic matrix
cos(f)1 sin(0)1
Sps(0) = <sin((9)) 1 - co(s()Q) 1[) (24)

for real values of 6, is an optically passive trans-
formation. That is, it leaves the average excitation
number unchanged. If the frequencies of the two
modes are the same, w, = wp, then such a trans-
formation obviously also leaves the average energy
unchanged. In this case, the energy of the state
cannot be further lowered by any Gaussian unitary
and we conclude that the state is hence Gaussian-
passive, which proves clause (ii) of Theorem 1.

If the frequencies are not the same we may assume
w.l.o.g. that w, < wy. Then, the energy can be low-
ered by shifting as many excitations as possible to

the lower frequency mode. To prove this rigorously,
we compute the average energy of

Tap = Sps(0) T SEs(0), (25)
for which we find

BE(Tgp) = % [a.cos(0) + bsinX(0) + csin(20) — 1]
Wh

3

[beosH(0) + asin®(@) — sin(26) — 1]. (26)

Similarly as for the two-mode squeezing we then set
OE('gp)00 = 0 and find that the energy is mini-
mized when

0 3 arctan(-2% ) ifa>b (27)
B farctan(2%)+ 73 ifa<b '

The resulting covariance matrix I'gp =
diag{ve,, va,vp, s} is in  Williamson normal
form [27], its eigenvalues coincide with its sym-
plectic eigenvalues, and the lower frequency mode
now has the higher population, v, > v,. Any
further Gaussian unitary applied to this final state
would bring the covariance matrix (and/or the
first moments) to a form that would allow reducing
the energy via one (or several) of the steps P1-P4.
The corresponding symplectic operations leave the
symplectic eigenvalues invariant. Consequently,
the second moments of the initial state uniquely de-
termine the associated Gaussian-passive covariance
matrix I'gp. That is, I'qp is the only covariance
matrix with symplectic spectrum {v,, Vg, Ve, Vb }
whose energy cannot be lowered by Gaussian uni-
taries. (If w, = wyp, the Gaussian-passive covariance
matrix is not unique, but is determined only up
to arbitrary optically passive transformations.)
We therefore arrive at the conclusion that the
state associated to the covariance matrix I'gp is
Gaussian-passive. ~ Any state whose covariance
matrix is not of this form can be subjected to one
(or several) of the steps P1-P4 to reduce its average
energy, and is hence not Gaussian-passive, which
concludes the proof. 0

Note that for any given initial state (which need not
be Gaussian), the corresponding Gaussian-passive state
is not unique, because the operations P1-P4 do not com-
mute. For instance, applying the operations of step P1
after any of the other steps leads to different final states
that have the same first and second moments, and hence
the same final energy. The symplectic eigenvalues of
the initial state hence uniquely define the lowest energy
that can be reached via Gaussian unitaries, but several
(non-Gaussian) states (equivalent up to energy conserv-
ing Gaussian unitaries) may be compatible with the cor-
responding Gaussian-passive covariance matrix.

A corollary that follows immediately from Theorem 1



concerns the extension to an arbitrary number of modes.

Corollary 1. An arbitrary state of n bosonic modes
is Gaussian-passive if and only if all of its two-mode
marginals are Gaussian-passive.

Proof. To prove this statement, simply note that all
Gaussian unitaries can be decomposed into sequences of
operations on one or two modes. Consequently, if a state
admits no two-mode marginal whose energy can be low-
ered by Gaussian unitaries, then the overall state must
be Gaussian-passive. O

An interesting example for a Gaussian-passive state of
two modes with different frequencies is that of a product
of single-mode thermal states, in which each mode has a
different temperature. In this case the symplectic eigen-
values are v; = coth(37-) and for T, # 0 the condition

2
v, > v for Gaussian passivity can be expressed as

we Ty

o T (28)
Now, recall from Section II that we know that within
the framework of general operations the product states
of two thermal states at different temperatures is not pas-
sive, regardless of the frequencies of the modes involved.
However, as we have seen, such a state may nonetheless
be Gaussian-passive depending on the relation between
the local temperatures and frequencies.

Here, a word of caution is in order. Since (Gaus-
sian) unitaries leave the purity Tr(p?) = 1/4/det(I") un-
changed, one may be tempted to (falsely) conclude that
the existence of (Gaussian) states that have the same pu-
rity as a given Gaussian-passive state but a lower average
energy means that one may further reduce the energy of
Gaussian-passive states beyond what is stated in Theo-
rem 1. For example, for v, < wp/w, the Gaussian state
with covariance matrix

I — (”@16’7]1 %) , (29)

has the same purity as the Gaussian-passive state spec-
ified in clause (i). However, such states cannot be
reached by Gaussian unitaries if their symplectic eigen-
values (v41p and 1 in the example) do not match those
of the original state. In general, there may not even
exist a non-Gaussian unitary (even if it preservers the
Gaussian character of the specific state in question) that
transforms the corresponding states into each other. Fi-
nally, note that all passive states are obviously Gaussian-
passive, but the converse is not true.

IV. THE GAP BETWEEN PASSIVITY AND
GAUSSIAN PASSIVITY

Given the characterization of a given state as Gaussian-
passive, it is now natural to ask how much extractable

energy is potentially sacrificed by the restriction to Gaus-
sian unitary orbits, rather than general unitary transfor-
mations. Suppose that one only has knowledge of and
access to the first and second moments of an arbitrary
state of two bosonic modes. With this information, which
can practically be easily obtained in several ways (see,
e.g., Ref. [30]), one may use Gaussian unitaries to lower
the energy of the state until reaching a Gaussian-passive
state. One may then wonder how much more energy
could have been extracted if general unitary operations
could be applied. The answer to this question of course
depends on the particular state in question. So far, we
have only fixed the first and second moments, which iden-
tifies states uniquely only if they are Gaussian. It is hence
crucial to understand which (non-Gaussian) states are in
general compatible with a given set of first and second
moments. A first important observation can be phrased
in the following lemma.

Lemma 1. The first and second moments of any
Gaussian-passive state are compatible with a (non-
Gaussian) pure state for which the entire energy is ex-
tractable by unitary transformations.

Proof. To prove the lemma first note that any Gaussian-
passive state of an arbitrary number of modes with
different frequencies (clause (i) of Theorem 1) has a
locally thermal covariance matrix with different effective
temperatures for each mode. In this case it is therefore
enough to consider a single mode in a thermal state
with arbitrary temperature, and show that there exists
a pure state with the same first and second moments.
If such a pure state exists for a single mode for any
temperature, then one can certainly find pairs of
states of this kind whose tensor product is compatible
with a Gaussian-passive, locally thermal two-mode state.

In the case that the covariance matrix has nonzero
off-diagonal blocks, i.e., if clause (ii) of Theorem 1
applies, the covariance matrix can be brought to the
locally thermal form by an energy conserving, Gaussian
unitary, that is, a beam splitting transformation with
angle 6 given by Eq. (27). Then, as before, one is
required to find a pure state that matches the resulting
locally thermal covariance matrix. Applying the inverse
of the beam splitting operation to this state, one finally
obtains a pure two-mode state compatible also for
Gaussian-passive states with non-diagonal covariance
matrices.

To identify the pure states in question, recall that
the first moments of a Gaussian-passive state must van-
ish. This is also the case for all Fock states |n) =
(a")"/v/n!|0). Indeed, this is even true for all superpo-
sitions of Fock states that differ by two or more excita-
tions, for instance, all states of the form ), ¢ |n + m k)
for any n,m € Ny and m > 2. Restricting to this family
of states we are interested in identifying those members
that also have the second moments of a thermal state.



This is achieved by considering states that are super-
positions of Fock states that differ by three (or more)
excitations (m > 3), for instance, \/p|n) + /I—p|n+3)
for 0 < p < 1. For such a state the covariance ma-
trix takes the form of a thermal state I' = v1, where
v = (2pn+2(1—p)(n+3)+1). By selecting the discrete
value n € INg and the continuous parameter p appropri-
ately, the second moments of this state can be chosen to
match those of the desired Gaussian-passive state. The
thus constructed state p is clearly pure, and its (non-
equilibrium) free energy F(p) = E(p) — TS(p), where
S(p) = —Tr[pIn(p)] is the von Neumann entropy, is
hence identical to its average energy FE(p). The latter
can of course be lowered to zero by a (non-Gaussian)
unitary by rotating the pure state towards the vacuum
state. O

As we have seen in Lemma 1, if only the first and
second moments of a state are known and the state is
Gaussian-passive, in principle all (or none) of the state’s
energy may be extractable. In other words the gap be-
tween the free energy, i.e., the energy extractable by gen-
eral unitary transformations, and the energy that can
be extracted using only Gaussian unitaries is maximal.
However, for such a maximal gap both the initial and fi-
nal state must be pure, since we are applying only (Gaus-
sian) unitary transformations, which leave the spectrum
(and hence the entropy) unchanged. As most machines
operate at an ambient temperature that is above zero
and the second law implies that it is highly unlikely for
any state to fall below the entropy of the corresponding
thermal state, a maximal gap in the above sense may not
occur in practice.

It is therefore reasonable to assume that, in addition
to the first and second moments, also a lower bound on
the entropy of the state is known. Given some nonzero
entropy S(p) = —Tr[p ln(p)], the average energy of the
state is bounded from below and may not be lowered ar-
bitrarily!. In such a case, it is of interest to ask whether
the free energy gap is still maximal. That is, we ask:
Does every Gaussian-passive state with entropy? Sy ad-
mit a state p that has the same entropy, S(p) = So,
and the same first and second moments (X ) = 0 and
I, but whose energy E(p) [which is determined by ( X')
and I' via Eq. (12)] may be lowered to the minimal value
Ey that is compatible with Sy using (arbitrary) unitary
transformations?

Theorem 2. The first and second moments of any
Gaussian-passive state with entropy Sy are compatible
with a (non-Gaussian) state of the same entropy for

1 We implicitly assume that the spectrum of the Hamiltonian is
bounded from below, i.e., a ground state exists.

2 Note that the entropy is not determined by the second moments
alone, since the Gaussian-passive state need not be a Gaussian
state.

which the mazimal amount of energy (the energy differ-
ence to the thermal state of entropy So) is extractable by
unitary transformations.

Proof. For a Gaussian-passive state with fixed first and
second moments (( X) = 0 and I'), the energy is also
fixed, see Eq. (12). In addition, we assume that the
entropy of the initial (Gaussian-passive) state is Sp.
Clearly, any previous Gaussian unitaries or possible gen-
eral unitary transformations on the closed system that
are yet to be carried out must leave this entropy invari-
ant. On the other hand, the state p that minimizes the
energy E(p) at a fixed entropy Sp is the thermal state
of Eq. (4). Since we cannot change the spectrum using
unitary transformations, we hence have to show that for
every Gaussian-passive state at entropy Sy there exists
a state p that has the same spectrum as a thermal state
of entropy Sp, but whose first and second moments (and
hence its energy) match those of the Gaussian-passive
state.

The strategy to show that this is possible is to start
from the thermal state and manipulate it using unitary
transformations to reach the desired first and second mo-
ments. In this way the spectrum of the state is preserved.
In particular, we know that the spectrum is also invariant
under the possible application of an energy-conserving
beam splitting operation in the case that the covari-
ance matrix of the Gaussian-passive state is not diagonal
(clause (ii) of Theorem 1). Consequently, we can again
focus on proving the statement of Theorem 2 for single-
mode Gaussian-passive states with thermal covariance
matrices, as we have argued in the proof of Lemma 1.
For each of these local single-mode covariance matrices
the diagonal elements are identical and linear functions
of the energy, see Eq. (12). The first moments as well
as the off-diagonals of the covariance matrix of both the
thermal state and the initial state vanish. We therefore
restrict to rotations in subspaces of Fock states that differ
by three (or more) excitations to keep it that way.

We now just have to show that this method allows
increasing the energy of the thermal state to reach the
energy of any single-mode Gaussian-passive state, which
also fixes the desired nonzero second moments. For any
specified energy this can be achieved by continuously ro-
tating in the subspace spanned by the states |0) and |n)
for some sufficiently large n > 3. Since the thermal
state is (i) diagonal in the Fock basis, (ii) the eigenval-
ues are strictly decreasing with increasing n, and (iii)
the Hilbert space is infinite-dimensional, one may reach
arbitrarily large energies at a fixed entropy. Finally, be-
cause a Gaussian-passive state with the same first and
second moments (and therefore same energy), and with
the same entropy Sy as the Gaussian-passive initial state
can be reached unitarily from the minimal energy ther-
mal state, the converse must also be true. O

It is quite remarkable to note that the proof of The-
orem 2 makes use of the infinite-dimensionality of the
Hilbert space, which is reminiscent of the famous Hilbert



hotel paradox (see, e.g., Ref. [31, p. 17]). The fact that
the Hilbert space is infinite-dimensional is crucial to give
the necessary freedom to be able to unitarily increase the
energy of any thermal state to arbitrary values without
introducing nonzero first moments or off-diagonal second
moments. In any finite dimension this is not possible. In
practice, one may encounter systems that are effectively
finite-dimensional, which would place limitations on the
applicability of Theorem 2. This could lead to a potential
reduction of the ergotropy gap.

Nonetheless, it is interesting to observe that the infinite
dimensions of the Hilbert space may even allow extending
the statement of Theorem 2 to cases where more than
the first two statistical moments of the Gaussian-passive
state are known. For instance, suppose an expectation
value of a cubic combination of mode operators such as
( a®) was known. In this example, one could rotate in a
subspace spanned by two Fock states separated by three
excitations (e.g., |k) and |k + 3) for some appropriate
value of k) to arrange for the desired expectation value
without changing the lower order moments, energy, or
entropy.

V. CONCLUSION

In this article, we have investigated the funda-
mental thermodynamic problem of work extraction
from continuous-variable quantum systems under the
restriction to Gaussian unitaries. These operations
can typically be easily implemented in quantum optics
experiments, whereas the general unitary transforma-
tions that may be required to extract work from a
given non-passive state may be extremely challenging
to realize. To capture the limitations of this restricted
class of operations for the task at hand we have in-
troduced the notion of Gaussian passivity. We have
given necessary and sufficient criteria for identifying
Gaussian-passive states (whose energy may not be
reduced by Gaussian unitaries) based on the first and
second statistical moments of an arbitrary number of
modes. Furthermore, we have shown that although
the first two statistical moments provide complete
information about the Gaussian ergotropy (the maximal
amount of energy extractable in a Gaussian unitary
process), the gap to the non-Gaussian ergotropy may

always be maximal if the state is not fully known, even
under entropy constraints.

This trade-off between usefulness and severe limita-
tion of Gaussian operations comes as no surprise and
is a recurring feature in continuous-variable quantum
information.  For instance, Gaussian operations are
known not to be universal for computational tasks [24].
Similar properties have also been described in a quantum
thermodynamical framework of converting work and
correlations. There it was found that, while Gaussian
operations provide optimal scaling for the creation of
entanglement using large input energies, they cannot
create entanglement with finite energy at arbitrary
temperatures [19, 32].

While uncovering and quantifying the restrictiveness of
Gaussian operations in the thermodynamic context, our
results also provide practical strategies for the implemen-
tation of quantum heat engines based on Gaussian oper-
ations in quantum optical architectures. In particular,
the steps P1-P4 of the proof of Theorem 1 can be viewed
as a set of instructions for Gaussian work extraction.
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One of the most fundamental tasks in quan-
tum thermodynamics is extracting energy
from one system and subsequently storing this
energy in an appropriate battery. Both of
these steps, work extraction and charging, can
be viewed as cyclic Hamiltonian processes act-
ing on individual quantum systems. Inter-
estingly, so-called passive states exist, whose
energy cannot be lowered by unitary opera-
tions, but it is safe to assume that the energy
of any not fully charged battery may be in-
creased unitarily. However, unitaries raising
the average energy by the same amount may
differ in qualities such as their precision, fluc-
tuations, and charging power. Moreover, some
unitaries may be extremely difficult to realize
in practice. It is hence of crucial importance
to understand the qualities that can be ex-
pected from practically implementable trans-
formations. Here, we consider the limitations
on charging batteries when restricting to the
feasibly realizable family of Gaussian unitaries.
We derive optimal protocols for general uni-
tary operations as well as for the restriction to
easier implementable Gaussian unitaries. We
find that practical Gaussian battery charging,
while performing significantly less well than is
possible in principle, still offers asymptotically
vanishing relative charge variances and fluctu-
ations.

1 Introduction

Quantum thermodynamics (QT) deals with the ma-
nipulation and transfer of energy and entropy at the
quantum scale. How well one can transfer energy de-
pends greatly on the information one has about a
system [1, 2, 3]. Consequently, the system entropy
quantifying this information is rendered an impor-
tant quantity for achievable state transformations [4].
At fixed energy, the entropy is maximized for ther-
mal states, which allows for the definition of thermal

Nicolai Friis: nicolai.friis@univie.ac.at
Marcus Huber: marcus.huber@univie.ac.at

equilibrium characterized by the emergent notion of
temperature. A system in such a thermal equilib-
rium with an environment at temperature 7' is ther-
modynamically useless in the sense that its energy
cannot be extracted as work [5, 6]. Therefore, much
effort has been invested into understanding the emer-
gence of equilibration and thermalization in quan-
tum systems [7]. At the same time, quantifying ex-
tractable energy and identifying achievable transfor-
mations crucially depends on the control one assumes
to have about microscopic degrees of freedom. For
instance, acting only upon individual quantum sys-
tems from whom work is to be extracted gives rise
to the notion of passive states [8] which cannot yield
any work in cyclic Hamiltonian processes, even if the
entropy at a given energy is far below the thermal
entropy [9]. However, even non-passive states may
still require complex operations and precise control
over large Hilbert spaces that make them practically
unfeasible sources of work. A recent focus of ther-
modynamic resource theories has thus been to inves-
tigate the role of precise control and practically im-
plementable operations for achieving desired work ex-
traction [10, 11, 12, 13] and refrigeration [14].

The resource-theoretic view on quantum thermo-
dynamics of course extends beyond the task of work
extraction, and generally aims to identify the ulti-
mate limitations of all single-shot processes [5, 15, 16].
More specifically, viewing quantum thermodynamics
as a resource theory entails either the ability to per-
form any unitary operation induced by a Hamilto-
nian H(t) with control parameter ¢ (i.e., the case of
“driven" or controlled operations), or applying arbi-
trary “thermal operations", i.e., global energy con-
serving operations on the chosen system and arbitrary
many auxiliary systems. When these auxiliary sys-
tems can feature coherence w.r.t. the energy eigen-
basis (i.e., if coherent “batteries" are provided), these
paradigms become equivalent [17, 18]. However, nei-
ther paradigm limits the complexity of the allowed
operations, requiring arbitrary coherent energy shifts
in subsystems from which energy is extracted or in
which energy is stored [19, 20]. This can lead to gen-
uine quantum advantages, e.g., for the charging power
of N-qubit batteries [21, 22] and for small, finite-
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dimensional systems (e.g., few-qubit registers) such
full control over the quantum systems may reason-
ably be expected. However, for larger systems such as
registers of many qubits, arbitrary global operations
may be difficult to realize and call for more special-
ized practical solutions [23]. In particular, this applies
to infinite-dimensional quantum systems such as (en-
sembles of ) harmonic oscillators. Besides the paradig-
matic two-dimensional Hilbert spaces of qubits of-
ten favoured in information-theoretic approaches to
quantum mechanics, harmonic oscillators play a cru-
cial role for the description of physical systems in
quantum optics and quantum field theory. Indeed,
all current realistic proposals for and implementa-
tions of quantum machines involve at least one Hilbert
space corresponding to a harmonic oscillator. Ex-
amples for such systems include superconducting res-
onators [24, 25], modes of the electromagnetic field
in a cavity [26], or vibrational modes of trapped
ions [27, 28]. It is hence of conceptual significance to
understand the fundamental as well as the practical
limitations for thermodynamic tasks in such infinite-
dimensional continuous-variable (CV) systems. In
particular, full control over such systems automati-
cally implies the ability to create coherence between
energy levels with arbitrarily large separation.

In contrast, a class of operations that can typically
be realized comparatively simply in quantum optical
realizations of CV systems is that of Gaussian uni-
taries [29]. In the context of driven quantum systems
these operations naturally appear as most straight-
forwardly implementable in the hierarchy of driving
Hamiltonians since they require H(t) to be at most
quadratic in the system’s creation and annihilation
operators. Indeed, most natural interactions are ap-
propriately described by such “bipartite terms" (usu-
ally resonant energy exchanges), whereas the creation
of higher order terms is a challenge that is usually
addressed only in a perturbative way. For the task of
work extraction, the restriction of thermodynamic op-
erations on CV systems to Gaussian transformations
brings about the notion of Gaussian passivity [10],
which encompasses states that are potentially non-
passive, but are passive w.r.t. Gaussian transforma-
tions. Once work has been extracted, one would of
course also like to put it to use, potentially at a later
time. This requires the previously obtained energy
to be stored and distributed. It is hence expected
that practical limitations applying to work extraction
—in particular, the restriction to Gaussian operations
—will also be relevant for these tasks.

Following the full characterization of Gaussian pas-
sivity [10], we hence aim to quantify the limitations
imposed by the restriction to Gaussian unitaries on
the task of energy transfer to suitable quantum op-
tical storage devices, i.e., charging batteries. More
precisely, we consider ensembles of harmonic oscil-
lators as batteries. These batteries are assumed to

=D I >
U, AE -_—
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E :
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Figure 1: Quantum battery charging: The average energy
of an initially thermal battery is unitarily increased by AF.
The fluctuations of the final charge and of the energy supply
can be quantified by the variance V' of the energy distribu-
tion in the final battery, and by the average square deviation
(AW)? of the transitions Wy,—n = E — E,, between the
levels m and n from the average energy supply AFE.

be initially uncharged in the sense that they contain
no extractable work. That is, we consider the empty
batteries to be in thermal equilibrium with the en-
vironment, and describe them by thermal states at
the ambient temperature. We then study the task
of unitarily increasing their energy by a fixed incre-
ment AFE. Although such unitaries always exist in
infinite-dimensional Hilbert spaces, unitaries achiev-
ing a given energy increase are not uniquely deter-
mined by AFE, and may offer different charging preci-
sion, speed, and energy fluctuations during the charg-
ing process.

Here, we focus on two quantities characterizing the
reliability of the charging process, as illustrated in
Fig. 1. First, the charging precision, represented by
the energy variance V' of the battery, which is of in-
terest since it is desirable that a charged battery is
able to deliver the expected energy, not hazardously
much more energy or disappointingly much less. Sec-
ond, we consider the fluctuations during the charg-
ing process, captured by (AW)? the average square
deviation of the energy transitions from the average
energy supply. While the variance quantifies the use-
fulness of the battery in terms of potential fluctua-
tions occurring when discharging the loaded battery,
the variance loosely speaking only captures half of the
problem. That is, taking into account the initial dis-
tribution of energies one may also be interested in
the energy fluctuations during the charging process.
The resulting distribution is often called “fluctuating
work" [30, 31, 32] and characterizes the distribution
of work if one were to measure the battery in the
energy eigenbasis at the beginning and end of the
charging protocol. For both of these characteristics
we determine the ultimate limitations during arbi-
trary unitary charging processes by designing optimal
protocols. We then specialize to Gaussian unitaries,
for which we identify the optimal and worst charging
protocols. In comparison, we find that Gaussian uni-
taries perform significantly less well than is possible
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in principle. Nonetheless, Gaussian battery charging
can asymptotically achieve vanishing relative fluctua-
tions V/AE and (AW)?/AFE for large input energies
by way of simple combinations of displacements and
single-mode squeezing. Our results hence provide in-
sights into both the fundamental and practical limi-
tations of charging quantum optical batteries.

This article is structured as follows. In Sec. 2, we
set the stage for the investigation and define the quan-
tities of interest. We then present an investigation of
the fundamental limitation of charging quantum bat-
teries using arbitrary unitaries in Sec. 3, before we re-
strict to Gaussian transformations in Sec. 4. Finally,
we draw conclusions in Sec. 5.

2 Charging a quantum battery

As battery systems to be charged we consider a
number of bosonic modes (i.e., an ensemble of har-
monic oscillators) initially in thermal states 7(8) =
exp(—pH)/Z, where Z = Tr(exp(fﬁH)) is the par-
tition function, 8 = 1/T is the inverse temperature of
the battery (we use units where i = kz = 1 through-
out), and H =3, wja;r.aj is the system Hamiltonian.
The mode operators a; and a;r- satisfy the usual com-
mutation relations [a; ,aL] = J;; and [a;j,a;] = 0.
For such a non-interacting Hamiltonian, the initial
state is a product state 7(5) = @), 7:(5). The single-
mode Gibbs states 7;(5) can be written as

n(B) = (L= )3 e fnn] (1)

with respect to their respective Fock bases {|n;)},
where a;|n;) = /m;|(n—1);) and al|ng) =
vV (n+1);|(n+1);). This choice of initial state en-
sures that the batteries are truly empty at first, i.e.,
the initial state is passive for any number of such bat-
teries because the Gibbs state is completely passive
(uniquely at fixed energy).

We are then interested in applying a unitary trans-
formation U to raise the average energy by AF,
transforming the initial state 7(5) to a final state
p=UrU", ie.,

AE = E(p) — E(7(8)) = Te(H[p —7(8)])
= Tr(Hp) - ) e (2)

n

We quantify the charging precision via the increase
of the standard deviation of the system Hamiltonian,
that is, one of the quantities that we are interested in
is

Ao = /V(p) = VVI(7), (3)

where the variance w.r.t. H is given by

Vip) = (AH(p)® = Te(H?p) — (Tx(Hp))".  (4)

Besides the precision of the final battery charge, one
may also care about other quantities, for instance, the
energy fluctuations’ of the charging process. That is,
we consider the average squared deviation from the
average energy increase, given by

(AW)z = me%n(wm%n - AE)z ) (5)

where W,,—,, = E, — E,, is the work relating the
m-th and n-th energy levels, with H|n) = E, |n),
and

Pmsn = Pm | (0| U [m)[* (6)

is the probability of a transition from the m-th to
the n-th energy eigenstate starting from the initial
state 7(8) with diagonal elements p,, = (n|7|n). To
better understand the quantity AW it is useful to
note that we can write the squared work fluctuation
as the variance of the operator Hn = H — H in the
thermal state, where H = UTHU, i.e.,

(AW)? = (HX), — (Ha )2
= (AH.)? 4 (AH,)*-2Cov(H,H), (7)

where the covariance is given by
Cov(H,H) = Y ({H,H}, )~ (H)(H), (8)

and {H,H}, = HH + HH denotes the anticommu-
tator. In general, the operators H and H need not
commute, but since the initial thermal state is diago-
nal in the energy eigenbasis, we can further simplify
Eq. (7) and obtain

(AW)? = V(p) + V(1) — 2 [Te(HHT) — E(7)E(p)].
(9)
The squared increase of the standard deviation, in
comparison, can be written as

(Ac)* = V(p) + V(1) =2/ V(p)V(r).  (10)

Since one can write E(1)E(p) = Te(UTHU (H)_T),
it is easy to see the charging precision and fluctuations
coincide when the initial state is an eigenstate of the
Hamiltonian, because ( H) 7 = E,, |n)(n| = Ht and
V(r) = 0. In this case (which, in our scenario only
occurs for the ground state since our initial state is a
thermal state), one has (AW)? = (Ac)? = V(p).

3 Fundamental Limits for Battery

Charging

In this section, we investigate the fundamental lim-
its on the charging precision and fluctuations. As

INote that we use a definition for energy fluctuations suit-
able for the task at hand, which differs from fluctuations in the
sense of thermodynamical fluctuation relations [33].
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we shall see, optimal protocols can be constructed
that minimize either the variance of the final energy
or the fluctuations during the charging process, but
these do not coincide for finite temperatures. How-
ever, the involved operations are often rather com-
plicated in the sense that they require very specific
interventions in particular subspaces of the infinite-
dimensional Hilbert space, tailored to the initial tem-
perature and energy supply. The results obtained in
this section hence illustrate what is in principle pos-
sible and provide a benchmark for the precision and
fluctuations achievable with Gaussian unitaries.

3.A  Fundamental limits for zero temperature
Let us first consider a simple example to set the stage
for a further, in-depth investigation. To this end, we
consider a single-mode battery that is initially in the
ground state, i.e., H = wa'a and 7 = [0)(0]. In
this case, the work fluctuations and charging precision
coincide and are given by

(A0)? = (AW)? = (AH(p))?, (11)

and p = U |0)(0|UT = |+)(1)| is a pure state. Since
the Hilbert space in question is infinite-dimensional
the energy variance of the final state is not bounded
from above. This can be seen by choosing a super-

position of the form [¢) = \/q|0) + /T —¢|k) with
k = (1—q)~'Ae¢, such that Hy

v o= AE = Ae A
w w
simple calculation then reveals that

(82)2 = Ae(k — Ae). (12)

w

In other words, for any chosen energy AFE one can
make k (and hence Ac = AW) arbitrarily large by si-
multaneously choosing ¢ sufficiently close to 1. So for
arbitrarily small energies, the energy variance and the
fluctuations during the charging process may increase
by an arbitrary amount. However, it is also clear that
this is an artefact of the infinite-dimensional charac-
ter of the system. If the dimension d of the system is
finite (or there is some cutoff energy), then the max-
imal variance is obtained for a superposition of the
eigenstates |0) and |d — 1), with minimal and maxi-
mal eigenvalues, respectively, resulting in

(Amema)® — Ae((d— 1) — Ac). (13)

w2

The minimal achievable variance for any given energy
is obtained by unitarily rotating to a superposition of
the two energy eigenstates |n) and |n + 1) that are
closest to the available energy, i.e., such that n <
Ae < n+1. More specifically, we have |¢) =U |0) =

VP|n) ++/1—pln+1) with
p=TA€] - A, (14)
resulting, after some algebra, in a variance of

(Aomm)? = (Ac— [Ac)) ([Ac] — A).  (15)

A”—nm\_(l,mm [w]

AE [w]

Figure 2: Unrestricted battery charging: The maximal and
minimal variances of the energy that are in principle possi-
ble for a battery that starts in its ground state and is be-
ing charged by AFE are shown (in units of w, with A = 1)
for a system of dimension d = 6. When the Hilbert space
is infinite-dimensional, the lower bound periodically repeats,
but the upper bound is no longer finite for any value of AE.
Since the initial temperature vanishes, the bounds shown also
apply to the charging fluctuation AW.

Crucially, Aopin, = 0 whenever AFE is an integer
multiple of the oscillator frequency, and the maximal

value of Aoy, is §, as illustrated in Fig. 2.

3.B  Fundamental precision limits for arbitrary
temperatures

Having understood the simple case of optimally charg-
ing a battery initially in the ground state, we now
want to move on to the case of thermal battery
states. On the one hand, the worst-case scenario im-
mediately carries over from the situation discussed
in the previous section. That is, in an infinite-
dimensional system one may always find a unitary
transformation that increases the energy by an arbi-
trarily small amount, while increasing the variance
arbitrarily strongly. This can be seen by just noting
that the two-level rotation used to rotate between the
ground state and the level | k) can also be applied to
thermal states. The only difference is that the corre-
sponding probability weights are now different from
1 and O initially. In contrast, the upper bound for
the variance in a finite-dimensional system is always
finite.

The optimally achievable charging precision, on the
other hand, requires a more intricate analysis. The
task at hand is to specify the state of minimal energy
variance V(p) at a fixed average energy within the
unitary orbit of a thermal state at a given tempera-
ture. In general, we cannot give a closed expression
relating this minimal variance to the energy input and
the initial temperature. However, one may formu-
late a protocol that provides (one of) these minimal
variance states. Here, we will give a short, intuitive
description of this protocol, and provide a detailed
step-by-step account in Appendix A.1.
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Figure 3: Optimal precision charging of thermal battery:
The minimal variance V(p) (in units of w?) and the optimal
standard deviation change Ao (in units of w) that are in
principle achievable for charging a quantum battery at initial
temperature "= 0.1 to T'=1 (in steps of 0.1 and units of
w, bottom to top in (a) and top to bottom in (b)) are plotted
against the energy input AE/w in (a) and (b), respectively.

Let us now briefly explain the working principle of
the optimal-precision charging protocol. First, recall
that the initial thermal state has a density operator
7(B) that is diagonal in the energy eigenbasis with
probability weights p,, decreasing with increasing en-
ergies E,,. The average energy F(7(f3)) is determined
by the initial temperature and we hence know the
target energy E(p) = E(7) + AFE for any energy in-
put. We can then naively apply two-level rotations
to reorder the probability weights on the diagonal
such that the largest weight py is shifted to the eigen-
state whose energy is closest to the target energy, the
second largest weight is shifted to the second-closest
eigenstate to E(p), and so on. This procedure results
in the unique state p(83) within the unitary orbit of
7(B) whose average squared deviation V from the tar-
get energy is minimal.

Unfortunately, this state does not generally have
the desired target average energy, ie., E = E(p) #
E(p). Consequently, the average squared devia-
tion from E(p) is generally not equal to the energy-
variance, V # V. Moreover, both the cases E > E
and E < E can occur and one therefore has to ad-
just the energy accordingly. This can be done by se-
quences of two-level rotations that change the energy

by AE and increase the average squared deviation
from E by AV. An ordering of these operations that
is optimal is obtained when performing them in the
order of increasing values of AV /|AE|, starting with
the smallest, i.e., when the increase of V per unit en-
ergy change is as small as possible. One carries on
with this protocol until the desired target energy is
reached, in which case the final value of V' becomes
the variance of the energy V. The resulting variances
for given energy input for a harmonic oscillator are
illustrated in Fig. 3. It can be seen that for higher
initial temperatures this optimal protocol can lead to
decreasing variances in the battery state. Also note
that the working principle of this optimal protocol is
unchanged if one considers a finite-dimensional sys-
tem instead and differences only arise because of the
finite maximal energy input at any given temperature.

3.C Fundamental precision limits for multi-
mode batteries

After obtaining the fundamental limits on the preci-
sion of charging a single-mode battery, it is of course
natural to ask which possibilities arise when several
such batteries are available. The worst case scenario
for multiple modes trivially translates from our previ-
ous analysis. Since the variance for any given energy
input is not bounded from above for single-mode bat-
teries, the same is also true for many modes.

To understand what can be achieved in the best
case for multiple batteries, let us first consider the
two-mode case, i.e., two batteries labelled A and B
that are initially in a thermal state 7, ® 75. We
are now interested in an increase of the average en-
ergy E(p) = Tr(pH) w.r.t. E(t), where the bipartite

Hamiltonian is H = H, + Hz = wAaEaA + wBaLaB.

The energy variance is then given by

(AH)? = (AH,)? + (AH,)? +2Cov(H,, Hy),
(16)

where the covariance of Eq. (8) for the local (and
hence commuting) operators H, and Hj is
Cov(Hy,Hpz)= (H,®Hg)—(H,)(Hg). (17)
For a local unitary charging protocol, i.e., where
U =U,®Upg, the initial thermal states remain uncor-
related and the covariance vanishes. That is, the final
state p,p is a product state p,z = ps ® ps. In such
a case not only the average energies but also the vari-
ances are additive. Inspection of Fig. 3 then shows
that having two or more batteries available can be
beneficial even when they are charged independently.
For instance, when the supplied energy would lead to
a local maximum of the variance if all energy is stored
in one battery, it may be prudent to reduce the energy
supply to this battery to reach a (local) minimum in-
stead. The remnant energy can then be stored in a
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Figure 4: Precision improvement for two-mode batteries:
The charging precision in terms of the overall variance V' (p)
(in units of w?) is shown for a battery consisting of two modes
with equal frequencies w for sample temperatures of 7' = 0.1
(red, bottom), T' = 0.7 (purple, middle) to T' = 1 (blue,
top) in units of w. For each temperature, three curves are
shown corresponding to different local unitary charging pro-
tocols pertaining to different distribution of the overall energy
input AE into the energy increases AE4 and AEp of the
two modes labelled A and B, respectively. The solid curves
indicate that all energy is stored in one of the modes only,
AFE, = AFE, AE>; = 0. Dotted lines correspond to equal
charging energies for both modes, AE4 = AEg = AE/2,
and dashed lines represent optimally splitting the charge be-
tween both modes. For the sake of numerical optimization
we have chosen integer multiples of w/20 as indivisible units
of energy charge, meaning optimality here means the optimal
choice of m,n € No such that AE4 = mg5, AEp = nsg,
and (m+n)s5 = AE. Note that for the lowest temperature
shown (7' = 0.1), the solid and dashed lines are virtually
indistinguishable, meaning that there is no (distinguishable)
advantage in splitting the energy between the modes. How-
ever, such an advantage is clearly visible for higher tempera-
tures.

second battery. When the two modes have the same
frequency and the initial temperature is nonzero the
resulting overall variance is then smaller than or equal
to that of charging only one battery, as we can see
from Fig. 4. In short, the availability of several bat-
tery modes at potentially different frequencies hence
provides a certain flexibility to reach local minima of
the variances of the individual batteries, but the exact
performance for a given set of battery modes requires
to be worked out on a case-by-case basis.

For unitaries that are not local and can correlate
the two batteries, the situation is even more involved
but in principle such unitaries may help to achieve
an even better performance. To see this, let us re-
turn to the optimal protocol of the last section. In
the first step of this protocol, the probability weights
of the initial thermal state are reordered to create
a distribution that is as narrow as possible around
the target energy. The resulting state is diagonal in
the energy eigenbasis. Since this is a product basis
w.r.t the tensor product structure of different modes,
the state is still uncorrelated. However, in the sec-

ond step, where the energy of the distribution is ad-
justed to the target energy, two-level rotations with
optimal ratios AV /|AE| may occur between states
|m,n) and |m/,n") with m # m’ and n # n’ and
hence correlate the systems. For batteries at different
frequencies there can thus be an advantage in intro-
ducing (specific) correlations, whereas a situation as
just described can always be avoided for batteries with
equal frequencies. In the general case of arbitrary fre-
quencies it is interesting to note though, that the cre-
ation of correlations may be marginally helpful but is
not the key ingredient. This is in contrast to recent
results on the charging power, where the ability to
create quantum correlations, i.e., access to entangling
operations (albeit not necessarily the actual creation
of entanglement) can be extremely useful [21, 22].

To reach optimality it nonetheless remains to be
determined how the energy can be optimally split be-
tween the oscillators, or invested in correlations. Un-
fortunately, this is difficult to answer in general, and is
even rather complicated for uncorrelated charging due
to the non-monotonic behaviour of the optimal single-
mode charging protocol illustrated in Fig. 3, which
is illustrated in Fig. 4. There, the specific optimal
splitting depends on the initial temperature, the spe-
cific energy input, and the (number and) frequencies
of the battery modes involved. The optimal perfor-
mance hence has to be determined on a case-by-case
basis. However, one can state quite generally that
the optimal final variance of the joint system is never
larger than the optimal variance when all the energy
is stored only in one of the modes. In other words,
having several battery modes available is never detri-
mental. Indeed, having more empty batteries at dif-
ferent frequencies at one’s disposal can be considered
a nontrivial resource for precise charging.

Having discussed which charging precisions can be
achieved in principle, let us briefly turn to the fun-
damental limitations arising for the charging fluctua-
tions.

3.0 Fundamental fluctuation limits for arbi-
trary temperatures

To complete the investigation of the fundamental re-
strictions of charging a quantum battery, let us con-
sider a protocol that minimizes the fluctuations AW.
For simplicity, let us start with the case where the
input energy is exactly one unit, Ae = 1. Then
the infinite-dimensional Hilbert space allows keep-
ing the fluctuations arbitrarily small. To achieve
this, we perform a unitary permutation operation
on the first IV energy levels that shifts the weight
pn = (1 — e P9)e A% from the level n to the level
n+1forn =0,...,N — 1, while the last weight
pn is shifted to the ground state level. In the limit
N — o0, the energy is increased by AF = w and since
(m|U|n) = dmnt1, the fluctuations vanish.
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When the input energy is less than one unit, i.e.,
when 0 < Ae < 1, the fluctuations do not vanish,
but can be minimized in a simple way. Suppose that
we perform the same permutation as before, but start
shifting weights upwards at some finite n = k rather
than at n = 0, such that a vanishingly small weight
is placed on the k-th level. The corresponding final
state energy (in units of w) would be

~ k—1 oo oo o]
€= €0 + Ae :Z npn+z N Pn—1 :Z npn+z Pn,
n=0 n=k+1 n=0 n=~k
(18)

where €y = >0 np, = E(7)/w. The increase w.r.t.
the initial state would hence be

Ae :an :Z(l — e Py = gmkBw (19)
n=k n=k

Now, generally, (Bw) ™! In(1/A¢) is not an integer and,
consequently, the energy shift upwards starting from
k =k = [(Bw) '1In(1/A€)] is not enough, Ae :=
e~kBw < Ae. However, if we perform the shift from k
onwards nonetheless, the difference Aey = Ae — Aeg
can be obtained by continuously rotating between the
level k& — 1 and the (now effectively unoccupied) level
k, ie., by a mapping

(Pi_1,0) = (cos29p,571,sin29p,;71). (20)

The corresponding rotation angle 6 is given by

A k8w Ae — 1
T _ aresing| =202 (21)
Prp—1 efw —1

This protocol is optimal since each (finite size) weight
is shifted by either 0 or 1 units of energy, i.e., the shifts
closest to Ae since 0 < Ae < 1. Explicitly, we can
calculate the corresponding fluctuations by splitting
the contributions for the differently shifted weights,
ie.,

(AW)? = (AW_;_5)? + (AW _4)? + (AWp)%
(22)

0 = arcsin

For n = 0,...,l~c — 2 we have p,,_n :~pm5mn and
Win—n = 0 and hence (AW_;_,)? = Zﬁ;?)pn(Ae)2.
For the level k& — 1 we have

AWE 2
w

pl}—l—ﬂé—l(Ae)Z + pl}—l—)fe(l - AE)Q

= pp_1 ((A6)* +sin?0 [1 — 2A]),  (23)

where we have used (20). The remaining shifts from %
upwards give rise to (AW, ;)2 =307 p(1—A€)? =
Aer(1—A€)?. When summing up these contributions,
substituting sin’ = Aey/p;_, from Eq. (21), and
noting that Ae = Ae; + Aep, we find

(AWnin)® = Ac(1 — Ae) (24)

for 0 < Ae < 1. Finally, consider the case where
Ae > 1. Then we perform the protocol just described,
but replace Ae with the difference Ae — [A¢] to the
lower integer value. The remaining energy is now an
integer multiple of w and can be gained by shifting
the entire distribution upwards by |Ae| units, whilst
filling the gaps with vanishing contributions from ar-
bitrarily high levels (as described for Ae = 1 at the
beginning of this section). Since the last integer shift
does not add any fluctuations, we arrive at the opti-
mal value

(M%) = (A€ — |Ac]) ([A€] — Ae).  (25)

Note that this expression for the minimal fluctuations
at arbitrary temperatures coincides with the expres-
sion for the minimal variance (Ao, /w)? achievable
at zero temperature, as given in Eq. (15) and illus-
trated (by the lower curve) in Fig. 3, but for finite
temperatures the protocol minimizing the fluctuations
does not minimize the variance, and vice versa. As a
remark, note that in contrast to the optimal precision
protocol, the protocol for minimal fluctuations does
not translate directly to the finite-dimensional case.

As for the case of the variance, let us now turn to
the case of several modes, starting with two. Here it
is first important to note that a second battery can
be added without increasing the fluctuations since for
local unitaries one finds

(AW)’[AE] = (AWL)?[AEL] + (AWR)*[AE,),
(26)

where AE = AE, + AFE5. Second, one may note
that the protocol described above can now achieve
vanishing fluctuations also for energies AE = mw4 +
nwp for m,n € Ny, not just for integer multiples of
a single frequency. In addition, the optimization of
the energy splitting between the two modes can lead
to lower fluctuations as compared to only charging
one of the batteries also for energy values that lie in
between two choices of m and n. All of this can be
done using only local unitary charging. Correlating
unitaries again only play a minor role in the sense
that they may be employed in optimizing the second
part of the protocol, where the missing energy Aey is
added. The presence of multiple modes as batteries
to be charged can hence be considered to be helpful.

However, as before, the exact optimal protocols for
multiple modes depend on the respective frequencies,
temperatures, and on the input energy, and hence
require case-by-case analyses. It thus becomes ever
more clear that the operations to optimize either the
variance or fluctuations are generally complicated and
require extreme levels of control over the infinite-
dimensional systems we consider here. It is hence of
great interest to turn to practical operations such as
Gaussian unitaries, and investigate their limitations
for realistic battery charging.
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4 Battery Charging Using Gaussian
Unitaries

4. A Preliminaries: Phase space and Gaussian
states

In the following, we want to study the restrictions
imposed on the battery charging scenario when only
Gaussian unitaries are used, i.e., unitary operations
that map Gaussian states to Gaussian states. To ex-
amine this class of states, note that any quantum state
p in the Hilbert space Lo(RY,dz), i.e., the space of
square-integrable (with respect to the Lebesque mea-
sure dx) functions over RY, can be assigned a Wigner
function W(x,p) given by

1 .

(27)
where x,y,p € RV, with 2 = (z1,22,...,2x5)7 and
p = (p1,p2,...,pN) are appropriate position and mo-
mentum coordinates and & = (£1,29,...,4x)7 and
p = (P1,P2,-..,pn)T are the corresponding position
and momentum operators, respectively. The eigen-
states |z) and |p) of these operators, respectively,
satisfy

=

|2) = z|x), (28)
plp) = plp). (29)

It is convenient to collect = and p into a single phase
space coordinate ¢ = (x1,p1,%2,D2,...,TN,PN). €
R2N . and corresponding quadrature operators X,
where

X2nfl = i’n - %(an +a’:rz)7 (30)
Xo, = Pn = :/—%(an - an). (31)
The commutation relation [a,, ,al,] = 6, then im-

plies the canonical commutator [Z., , Pn | = i0mn, and
vice versa. For the Wigner function, the normaliza-
tion of the density operator translates to the condition

/d:rde(x,p) = /de({) =1. (32)

Expectation values of Hilbert space operators G can
be computed from the Wigner function via

(G, = Te(Gp) = [dedpWiep)glep), (33)

where the Wigner transform g(z, p) of the operator G
is given by

g<x,p>:/dyeipy<x—%|é|x+%>. (34)

With these basic definitions at hand, we can now re-
turn to Gaussian states and operations.

Gaussian states are defined as those states in H
whose Wigner function is a multivariate Gaussian,
i.e., of the form

W() = W exp[—(¢ - X)"T7' (¢ -X)],
(35)

for some vector X € R?N and a real, symmetric 2N x
2N matrix I'. These quantities are called the first and
second statistical moments of a quantum state, where
the vector of first moments is simply X = (X ), and
the components of the covariance matrix are given by

Lij = (X0X; + XX ) — 2(X5)(X5) . (36)

Note that we have included a conventional factor of
2 in the definition of the covariance matrix w.r.t. the
actual covariances of the operators, compare, e.g.,
Eq. (17). Via Eq. (35) Gaussian states are hence fully
determined by X and T.

Gaussian unitaries, which map the set of Gaus-
sian states onto itself, are represented by affine maps
(S,6) : X+ SX +£. Here ¢ € R2V are displacements
in phase space represented by the unitary Weyl oper-
ators D(§) = exp(iXTQ¢), which can shift the first
moments, but leave the covariance matrix unchanged.
The objects S are real, symplectic 2N x 2N matrices
which leave the symplectic form (2 invariant, i.e.,

50ST = Q. (37)

The components of Q are given by Q,,, =
[ X, Xpn] = dmn—1 — I my1. For more infor-
mation on Gaussian operations and states see, e.g.,
Refs. [34, 29].

4.B Charging precision for single-mode Gaus-
sian unitaries

We now want to study the previous situation of pre-
cisely charging quantum batteries based on harmonic
oscillators under the restriction to Gaussian unitaries.
To this end, first note that any initial thermal state
7(5) is Gaussian for all temperatures (for the usual
Hamiltonian H = )" wnN,, with N,, = alay,). The
corresponding first moments vanish, X = 0 and the
covariance matrix is diagonal,

N
I'(r(8)) = Pra.(8), (38)

where the single-mode covariance matrices are given
by I'n(8) = coth(Bw,/2)1,. In particular, when the
temperature is zero, we have the ground state with
I'vac = 1, and the corresponding Wigner function
W(zx,p) = % exp[—(z* + p?)].

To determine the energy of any Gaussian state for
the Hamiltonian H = Y w,a,a, we do not need to
use Eq. (33). Inspection of the first moments X" =

Accepted in { Xuantum 2018-04-18, click title to verify



(Xa2p -1, Xon)T = ((#n,Pn)T ) of each mode and local
covariances simply reveals® that
)

N
(39)

B(p) = 3w (G0 ~2] + 51K

n=1

However, to compute the variance V(p) we require
also the expectation value of H2. For our single-
mode example (for notational convenience we drop
the mode label n on all quantities from now on) we
have H = wN with N = afa. We hence need to find
the Wigner transform of N2. With some straightfor-
ward calculations which are shown in detail in Ap-
pendix A.2, one obtains the expression

N2(z,p) = L(@®+p* —1)" = L. (40)
With this, we can compute the expectation value
(N?) for arbitrary single-mode Gaussian states in
terms of the corresponding first and second moments.
Since we are dealing with a mode-local operator, we
can use the single-mode version of Eq. (35) to do so,
i.e., using only the vector X € R? and the 2 x 2 covari-
ance matrix I'. After some lengthy but straightfor-
ward algebra we find that for any single-mode Gaus-
sian state

(N2 /dxde<x,p>N2<:c7p>

= (4o — 2] + 3IXPR)”
+ sX'TX + §[Tr(I%) —2]. (41)

Since the first term on the right-hand side of Eq. (41)
is just the squared expectation value of N for a Gaus-
sian state [compare with Eq. (39)], we immediately
obtain the variance

(AN)? = IXTTX + {[Tr(I?) - 2. (42)

With this knowledge at hand, we can now return to
our problem of raising the energy of a single-mode bat-
tery using Gaussian unitaries. For single-mode bat-
teries that are initially at a finite temperature, the
initial energy and corresponding variance can be cal-
culated from Egs. (39) and (42) by noting that the
corresponding first moments vanish, X = 0 and the
covariance matrix is I'(3) = coth(Bw/2)1,. With this
we have

E(r(B) = ¢ [coth(%d) -1], (43)

V(r) = (AH(M)" = g eoth®(52) 1] (44)

We can then apply Gaussian unitaries to these
states. For instance, we may consider single-mode
displacements to raise the energy of initial thermal

72Note that there is a typographical error in the prefactor of
X2 in Ref. [10, Eq. (12)].

A max/min (@]

Gaussian maximum
(squeezing only)

displacements only

Gaussian minimum
general unitary minimum

AE [w]

Figure 5: Ground state battery charging: The maximal
and minimal variances of the energy that are possible using
Gaussian unitaries for a battery that has been charged by
AFE and starting in its ground state are shown (in units of
w, with i = 1). For reference, the performance of pure
displacements and the lower bound for arbitrary unitaries are
also shown.

states. For vanishing temperature, the action of the
corresponding Weyl displacement operators D(&) on
the vacuum creates coherent states D(§) |0) = |«) =

e/ 55 e 17), where € = VA(Re(a), Im(a)" €

R2 and o € C. Since displacements do not alter the
covariance matrix, the latter remains that of a single-
mode thermal state, while the first moments are trans-
formed to X; = &;. We hence have

AE _ L)% = |of?, (45a)
(AN)? = L coth(22)|X]? + Z3. (45b)

For displaced thermal states we consequently find

% = \/Coth(%”)g + Vin) _ \/m (46)

w w2 w2

i.e., an asymptotic increase of the energy standard
deviation with the square-root of the energy increase.
As we shall see, pure displacements are neither opti-
mal (minimal Ao for given AFE), nor the worst pos-
sible Gaussian operations for battery charging, but
nonetheless, make for an interesting comparison. This
is illustrated in Fig. 5, where we have also included
results for the optimal and worst operations, which
we shall derive next.

4.C  Optimal and worst-case Gaussian charging
precision

Let us now investigate these best-case and worst-
case Gaussian operations. The action of an arbi-
trary local Gaussian unitary U, results in some (gen-
erally nonzero) first moments ¢ = X (U,7U.), while
I'(B) is mapped to the covariance matrix T' of an
arbitrary single-mode Gaussian state with the same
mixedness via a local symplectic operation Sy, i.e.,

I = SiocI'ST .. Any single-mode symplectic operation
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can be decomposed [35, 29] into (phase) rotations R
and single-mode squeezing transformations S(r) as

Sloc = R(a) S(T) R(¢) ) (47)

where 6, ¢ are real rotation angles, r € R is the squeez-
ing parameter, and

cosf sinf e" 0
R(9) = (— sin @ 0059) , S(r) = ( 0 er) )

With this, the transformed covariance matrix can be
written as

T = coth(22) R(9) S(2r) R(9)", (49)

and the corresponding average energy of the state p =
UGTUC;r evaluates to

E(p) = %[coth(52) cosh(2r) — 1+ [€]*].  (50)

Combining this with Eq. (43), we then have the
energy input

AE = E(p) — E(r)
= ¢ [coth(Z2) (cosh(2r) — 1) + ¢[?] . (51)

For the variance of the energy of the final state we first
inspect the term ¢7T¢ and note that for our intents
we can absorb the rotation R(6) into the choice of the
first moments, since [|€[? = |RT (6)¢]|?>. We hence find

Vip) = (AH(p))2 = “’72 [cothz(%") cosh(4r) — 1
+ 2coth(&2) €7S(2r)¢] . (52)

We then proceed in the following way. First, we
note that AE is a function of 7 and ||£]|?, whereas V (p)
depends on ¢ only via the term £7.5(2r)¢ = 272" +
f%eQT. Since e72" < e?" for r > 0, the maximal and
minimal values of V(p) for fixed AE and T = 1/
must be attained for combinations of r > 0 and £
with & = 0 and & = 0, respectively. Conversely,
this means that the remaining quantities ¢ and £2 in
Eq. (52) can be identified with [£]?, i.e., from Eq. (51)
we have

2 if . ]
28E _ coth(22)(cosh(2r) — 1) = 13 : %4 maximal,
’ ¢2 if V minimal.

(53)

We can thus define two functions Vi (r) and V_(r),
given by

Yaln) _ %[coth(%)z cosh(4r) — 1] (54)
+ e [AE L coth(52)(cosh(2r) —1)],

which correspond to the respective restrictions of the
final state variance V' (p). Moreover, when the initial

temperature and input energy are fixed these func-
tions depend only on r, allowing one to straightfor-
wardly determine the maxima max, Vy (r) = max, V
and minima min, V_(r) = min, V, respectively. As
we show in detail in Appendix A.3, for every fixed
AFE >0 and T > 0, there exist unique values r4 > 0,
such that max, Vi (r) = Vi(r,) = max, V = V(r,)
and min, V_(r) = V_(r_) = min, V =V (r_).

IV.C.1 Worst-case Gaussian charging precision

In particular, we find (see Appendix A.3.I for details)
that for any temperature and energy input, the maxi-
mal values of Ao are obtained for £ = 0, that is, when
all energy is transferred to the battery via single-mode
squeezing. In this case both AF and Ao are functions
of r only, and we can use Eq. (51)to relate the two
quantities directly. In other words, we find

r, = %arcosh (22£/ coth(Bw/2) + 1) . (55)

along with the maximal variance increase

= \/2%(% + coth(22)) +¥o \/M

w? w?

(56)

Agmax
w

As we see, in this case the energy standard deviation
increases linearly with the energy input in the asymp-
totic regime (as AE — o).

IV.C.2 Optimal Gaussian charging precision

While the worst-case Gaussian unitary transforma-
tion has thus been identified as pure single-mode
squeezing, the Gaussian unitary transformation that
minimizes the variance of the energy can be identified
as a combination of squeezing and displacement that
depends on the input energy and temperature, see
Appendix A.3.IL. That is, in our conventions, the op-
timal performance is achieved for £; = 0 and generally
nonzero values of & and r = r_, where the latter is
determined by the condition OV_/0r|._, =0, which
implies
% = %coth(%")(e%— cosh(4r_) —1). (57)
Inserting Eq. (57) into V_ from Eq. (54) then permits
us to write
V’LT‘) = %cothQ(%") [e*"sinh(2r_)+1 (cosh(4r_)—1)].
(58)

Although a closed expression for r_(AE, 8) cannot be
given, we show in Appendix A.3.1T that »_(AFE, () >0
exists and is unique and can thus easily be determined
numerically for any given AE and T = 1/ via the
implicit formula in Eq. (57). The value r_ obtained in
this way can then be inserted into Eq. (58) to arrive
at the minimal variance. Results for the bounds on
Ao for a initial thermal states are shown in Fig. 6 for
a range of temperatures and input energies.
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gt TT:_ 190 worst Gaussian »
T=38 (squeezing only) =
T=7 ==
6rT=6 o
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T=4 - . .
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T=1 —
== AE [w]
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Figure 6: Gaussian vs. optimal precision charging: The
standard deviation change Ao (in units of w) is shown as a
function of the input energy AE (in units of w) for the worst-
case (squeezing only, upper group of curves) and optimal
(middle group of curves) single-mode Gaussian unitaries, as
compared with the corresponding optimal non-Gaussian val-
ues (lower group of curves) obtained via the optimal protocol
discussed in Section 3.B. Each group of curves corresponds
to temperatures 7' = 0 to 10 in steps of 1 (in units of w).

Here it is interesting to note that, while the upper
bound is achieved for pure squeezing transformations,
the lower bound is a combination of squeezing and
displacements. In the optimal case, the energies AFEq
and AFEy invested into squeezing and displacement,
respectively, are expressed via the optimal squeezing
parameter r_ as
ABy _ 18 = %coth(%‘))e‘l“ sinh(2r_), (59)

w

Afsq = AE;AE" = %coth(%")(cosh@n) - 1) .
(60)

In the limit of large energy supplies, AE — oo (at
fixed temperature this implies r_. — 00), we hence
have AATE; — e~ That is, the energy invested into
squeezing grows much less strongly than that invested
into displacements.

Moreover, note that while pure displacement
asymptotically (i.e., for AE — o0) leads to a lin-
ear scaling of the final variance with AFE, that is,
V(p)/AE — wcoth(%") as AE — oo, see Eq. (46),
the optimal local strategy provides a more favourable
scaling behaviour even though most of the energy is
invested into displacement. More specifically, con-
sidering the relative variance V_/AFE by combining
Egs. (57) and (58), and taking the limit AE — oo
(corresponding to r_ — o0), one finds that V_ /AFE —
0, i.e., the optimal variance scales sub-linearly with
the input energy.

4.D Charging precision for multi-mode Gaus-
sian unitaries

Let us now finally turn to the case of bounding the
charging precision of a multi-mode battery under the

restriction to Gaussian unitaries. As we have dis-
cussed in Section 3.C, in a general optimal protocol
for the charging precision, correlations between the in-
dividual battery systems can be helpful in principle.
However, this appears to be the case only if one can
selectively rotate between specific energetically desir-
able levels. For Gaussian unitaries, such specialized
operations with, in a manner of speaking, surgical pre-
cision are out of the question. In particular, one may
view any multi-mode Gaussian operation as a com-
bination of local operations and beam splitting [35].
The latter may shift the average excitation numbers
between the modes but may do little more. Another
aspect of introducing correlations during the charging
process is that any energy stored in this way also has
to be extracted globally from the joint system if op-
timality is to be preserved. In other words, introduc-
ing correlations raises the effective local temperatures
(and hence the local entropies), reducing the local free
energy. In the spirit of restricting to practical oper-
ations, we shall hence consider only local Gaussian
operations from now on.

Nonetheless, it may sometimes be useful to split
the energy supply between different modes in specific
ways, depending on the initial temperature and en-
ergy supply. To understand why it is useful, consider
the (non-optimal) case of charging two modes labelled
A and B (with frequencies w4 and wp, respectively)
via pure displacements. For such local operations, no
correlations are introduced. If the energy is split in
such a way that for some real p € [0,1] the energy
pAF is stored in the mode A and (1 — p)AE in the
mode B, inspection of Eq. (46) reveals that the vari-
ance of the final state p,; behaves as

V(pas) = (pVAwA+(17p)I/BwB)AE+V(TA)+V(TB))
61

with v; = coth(%) for i = A, B. When the two
modes have the same frequencies, w, = wp, the
variance becomes independent of p, i.e., V(p,s) =
Vaw AE + 2V (1,) = vgwsAE + 2V (15), and it does
not matter how the energy is split. Otherwise, that
is, when w, # wp, it becomes beneficial to store all
the energy in the lower frequency mode. Now, recall
that this is the case for pure displacements, which
are not optimal. The optimal strategy, in contrast,
provides an increase of the variance that is sub-linear
with the input energy. In this case it matters how the
energy is split for all frequency combinations. E.g.,
for w, = wy it becomes optimal to evenly divide the
energy between the two batteries. In general, the op-
timal energy per battery is determined by the number
and temperature of the batteries and their respective
frequencies.

The worst case local scenario is obtained when the
energy is used only for single-mode squeezing, where
the splitting of the energy between the modes again
depends on the specific situation. For instance, when
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the frequencies of both modes are the same, investing
the same energy in both batteries via squeezing will
lead to the largest variance. This is because the lo-
cal variances increase stronger than linearly with the
input energy for single-mode squeezing.

4.E Charging fluctuations for
Gaussian unitaries

At last, let us turn to the question of bounding the
possible fluctuations that may appear in Gaussian
battery charging. From Eq. (9) we already know
how to express the energies and variances of p and
7 in terms of the temperature and final first and sec-
ond moments. However, we still need to calculate
Tr(HHT) for arbitrary Gaussian unitaries, where we
restrict to local operations, as before. For a single
mode with frequency w we may write the term in
question as

single-mode

ﬁTr(FIHT):ann<n|UTaTaU|n> . (62)

In principle, an arbitrary single-mode Gaussian uni-
tary U, may be decomposed into a combination of
single-mode squeezing operations, local rotations, and
displacements, none of which commute with each
other. In spite of this, for any unitary and any initial
state p, we can find a single-mode Gaussian unitary
U, = D(—¢)U,, such that the first moments of U p, U}
vanish. Conversely, this means that for the purpose
of calculating (n|Ufa’aU|n) we may assume that
U, may be written as U, = D(£)U,,, where D() is
a pure displacement and UG leaves the origin of the
phase space invariant. Consequently, we can use the
Bloch-Messiah decomposition [35] to write U, as a
combination of single-mode squeezing Us(r) and lo-
cal rotations R(0), i.e.,

Us = R(0)Us(r)R(¢). (63)

Inserting into Eq. (62) we then find that the rotations
either act on the rotationally invariant Fock states
(the phases cancel), or can be absorbed into the di-
rection of the displacement (using the same symbol &
in a slight abuse of notation). We hence find

(n|Ula'aUs|n)=(n|Us(r)' D(€)a’a D(&)Us(r)n).

We then use the simple relations

Us(r)'aUs(r) = cosh(r) a + sinh(r)a',

D)'aD(€) = a + 55

(64a)
(64Db)

to obtain the desired matrix element

(n|UlaTaU, |n) = n cosh(2r) + sinh*(r) + 1€,

squared work fluctuations of Eq. (9), and combining
this with the expressions for the variances and average
energies from Eqs. (43), (44), and (51) we obtain

(220)7 = ¥l Y2 B0 (1 £ conh2r),
(66)

where V(p) is given by Eq. (52). Here, we note that,
apart from V(p), no dependency on the displacement
¢ appears in Eq. (66). Consequently, we may ar-
gue as in Section 4.B, that for any given value of
r, the maximal and minimal function values (here of
(AW /w)?) for fixed initial temperature and fixed AE
are attained for combinations of (single-mode) squeez-
ing r > 0 and displacements £ with &, = 0 and & =0,
respectively. In other words, we are interested in de-
termining the maximum of AW, (r) and the minimum
of AW_(r), where

(Awim)Q = Va0 V) 9E() (14 BO cogn(ar)),
(67)

and Vi (r) is given by Eq. (54). As we show in de-
tail in Appendices A.3.11T and A.3.IV, both extremal
values exist and are unique for any given initial tem-
perature T = 1/8 and input energy AE > 0. Once
again, the corresponding extremal squeezing param-
eters 7, (which are in general different from the op-
timal squeezing parameters r, for the charging preci-
sion) are only given implicitly, i.e., by the conditions
OAW. [Or|,_; =0, which can be expressed as

&E - 1 {Coth(ﬁw/Q) (e¥?™ cosh(47,) — 1)  (68)

2 ~
+ % e sinh(2fi)} )
respectively. Nonetheless, 77, and hence the exact op-
timal and worst single-mode Gaussian fluctuations
can easily be obtained numerically, which we have
done for some sample values shown in Fig. 7. Inter-
estingly, the additional terms appearing in Eq. (66)
besides the variances lead not only to a different op-
timum in terms of the relative strengths of squeezing
and displacements, but also mean that the worst case
is now also attained for nonzero displacements. In
particular, we find that the energy AE;E invested into
displacement in the extremal cases is given by

ABY _ 127 [ (coth(Bw/2)—1)> Buw  F27
wd - 2 [Cocothzuﬁw/Q) —COth(7)€¥ ir(]6’9)

while the energy invested into squeezing is AES{E1 =
AE — AEdi. In the limit of large energy supplies,
i.e., AE — oo (corresponding to 7, — oo at fixed
temperature), we have

(65)
2
We can then reinsert this result into Eq. (62) and lim AFL _ (coth(Bw/2) — 1) = const., (70)
evaluate the sum over n. Further inserting into the fy—oo ¥ 4 coth(Bw/2)
Accepted in { Xuantum 2018-04-18, click title to verify 12



AW [w]

AE [w]

. 2 3 .
optimal non—Gaussian

Figure 7: Gaussian vs. optimal fluctuation charging: The
minimal (solid) and maximal (dashed) fluctuations AW (in
units of w) achievable with Gaussian unitaries are shown for
charging quantum batteries initially at temperatures T' =
0 (red) to T" = 10 (blue) (in steps of 1) for given energy
input AE (in units of w). The periodic purple curve at
the bottom indicates the minimal fluctuations that are in
principle achievable, as described in Section 3.D.

while AEf — oo. One thus finds that the worst-
case Gaussian strategy invests almost all energy
into squeezing asymptotically. Conversely, for the
minimal fluctuations we have AE] /AE; — e~ %"~ as
7 — 00. In the limit of large input energies it is thus
optimal to invest almost all energy into displacement
to minimize the fluctuations.

The crucial feature to note is that the optimal
Gaussian strategy results in a sub-linear increase of
the fluctuations with the input energy. Similarly as
before for the Gaussian strategy optimizing the charg-
ing precision, we can consider the limit AE — oo of
the relative fluctuations AW?2/AE. For the optimal
strategy, Eq. (68) tells us that this corresponds to the
limit # — oo, for which AW?/AE(F ) — 0, since
AW? and AE grow as e*™* and %™+, respectively, in
this limit.

Finally, let us briefly comment on the Gaussian
multi-mode scenario. Much like before for the charg-
ing precision, using Gaussian operations that generate
correlations seems to be practically irrelevant since
any energy stored in such global correlations could
not be accessed locally. Nonetheless it can again be
useful to split the energy in specific ways (depending
on the respective frequencies) between two (or more)
batteries, since the optimal protocol brings about a
sublinear increase of (AW)? with the input energy.

5 Conclusion

In this work, we have investigated fundamental and
practical limitations on the precision of charging
quantum batteries and on the work fluctuations oc-
curring during the charging process. The battery sys-
tems we consider are infinite-dimensional bosonic sys-
tems, i.e., collections of harmonic oscillators, which

are paradigmatic in the theoretical description of
physical systems in quantum optics and quantum field
theory and are hence of high conceptual significance.
We assume these systems to be initially thermalized at
the ambient temperature. That is, from the point of
view of a resource theory of extractable work, empty
batteries are considered to be for free, as no work can
be extracted from them. We find that, on the one
hand, neither the fluctuations nor the precision of the
charge for any finite energy input are bounded from
above in principle when increasing the average energy
of such batteries. On the other hand, we are able
to provide lower bounds for both quantities, present-
ing the respective optimal protocols minimizing the
energy variance or fluctuations at given energies and
temperatures.

In general, these optimal protocols, though theo-
retically easily describable, are practically difficult to
realize, since they require sequences of precise inter-
ventions in particular subspaces of the correspond-
ing infinite-dimensional Hilbert spaces. Therefore, it
is interesting to understand which limitations apply
in scenarios where the energy storage is performed
using practically realizable transformation. A set of
operations that can usually be implemented compa-
rably simply in such systems is the family of Gaus-
sian unitaries. Here, we have determined the opti-
mal and worst-case Gaussian operations for charging
quantum batteries. We find that energy increase via
pure single-mode squeezing is the least favourable op-
eration if one wishes to obtain a precise charge for
single-mode batteries, whereas the optimal precision,
as well as the smallest and largest fluctuations within
the restricted set of Gaussian operations are obtained
for combinations of squeezing and displacements. For
multiple modes, the situation becomes more compli-
cated in principle, but it can be said that it is in
general useful to have access to multiple batteries,
and that correlations between them are not necessar-
ily detrimental, but also only helpful indirectly.

Overall, we conclude that while the optimal Gaus-
sian operations do not achieve results comparable
in quality with optimal non-Gaussian protocols, the
worst performance achieved with Gaussian opera-
tions still produces finite variances and fluctuations,
whereas this is not guaranteed in general. In par-
ticular, the relative variance and relative fluctuations
w.r.t. the energy input asymptotically vanish for large
energy supply for the optimal Gaussian charging oper-
ations. Gaussian unitaries are hence nonetheless prac-
tically useful for battery charging. In a sense, Gaus-
sian operations hence represent a trade-off between
performance versus reliability and practicality. This
is reminiscent of similar contrasts between usefulness
and severe limitations of Gaussian operations for tasks
in quantum information, e.g., the non-universality of
Gaussian operations for quantum computation [36].
Another observation of this kind can also be made in
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a different quantum thermodynamical context, where
Gaussian operations achieve optimal scaling for the
entanglement creation for large energy inputs, but fail
to create entanglement in thermal states of finite tem-
peratures when the energy input is too small [37, 38].
This work hence adds to recent efforts [10] of un-
derstanding the usefulness of Gaussian operations for
quantum thermodynamical tasks, providing investiga-
tions of Gaussian unitary work extraction and energy
increase. Nonetheless, future work may expand on a
number of open questions. For instance, we have here
mostly focused on individual batteries since any work
stored in joint systems would also require joint extrac-
tion. In other words, the role of correlations for work
fluctuations and charging precision may be of inter-
est, in particular, in relation to recent results on the
work-cost of creating correlations [37, 39, 40, 41, 42].
In addition, it would also be of interest to consider the
consequences of restricting to Gaussian operations for
the charging speed (or charging power) as considered
in Ref. [21, 22]. Finally, we note that, while some
of the results presented here (e.g., the optimal pre-
cision charging protocol) directly translate to finite-
dimensional systems, other aspects of this work are
applicable only to the infinite-dimensional case. An
in-depth investigation of the fundamental and practi-
cal limitations of precision and fluctuations in charg-
ing finite-dimensional systems, although certainly of
interest [23], goes beyond the scope of this paper.
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Appendix

A.1 Optimal precision charging protocol

In this appendix, we give a detailed description of a
unitary battery charging protocol that raises the av-
erage energy of an initial single-mode thermal state
whilst keeping the energy variance of the final state
minimal. The initial thermal state with density op-
erator 7(f) is diagonal in the energy basis. The
corresponding diagonal elements are the probability
weights p, = (1 — e #¥)e "% which are decreasing
with increasing energies E,, = nw. The initial average
energy E(7(B)) = €,w, where €, = e #¥(1 — e=#w)~1
and the initial energy variance V (7(8)) = w?e=#*(1—
e #)=2 are determined by the initial temperature
T = 1/8. We are then interested in increasing the

average energy by an amount AF = wAe to reach
a state p with F(p) = we = E(7) + AE. In particu-
lar, we aim to achieve this increase unitarily, i.e., such
that p = UrUT. Moreover, we want to keep the en-
ergy variance of p minimal. In other words, we would
like to determine the (non-unique) minimal energy-
variance state p with given average energy we in the
unitary orbit of 7(/3).

The protocol that we present here to obtain such
a state consists of two parts (I & II). Each of these
parts can be described as a series of (unitary) two-
level rotations, ensuring that the final state is within
the unitary orbit of the initial state. The two-level ro-
tations between pairs of energy levels are used to ap-
propriately shift and reorder the probability weights
py of the initial state. As we shall explain, part I of
the protocol reaches the unique state p in the unitary
orbit of 7(f) that minimizes the average squared dis-
tance to the target energy. The state p is diagonal in
the energy eigenbasis, and arises from a permutation
of the weights p,, that assigns positions with increas-
ing distance to the target energy to weights with de-
creasing size. However, the state obtained in this way
does not have the desired target energy, i.e., in gen-
eral E(p) # E(p). During part II of the protocol, this
deviation of the average energy is corrected in such
a way that the target energy is reached whilst only
minimally increasing the average squared distance to
it.

A.1.l Part | of the protocol

In part I, we first identify the energy level (labelled
k) that is closest to the desired target energy, i.e., we

define
k:{m
[€]

where we distinguish between two cases, depending
on whether € is closer to the energy level above or
below its value. The probability weights for the case
where k = |e| are illustrated in Fig. A.1 (a). Part I
of the protocol then consists of a reordering of the
weights p,, such that the largest weight pg is moved to
the energy level k, the second largest weight p; to the
second closest level to €, and so forth. After part I, the
density operator is still diagonal, but the probability
weights on the diagonal are now either given by

if e—le] < el —¢

, Al
if e—|e]>Je]—c¢ (A1)
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D2(k—n) for n=0,...,k
Pn = { Patn—k)—1 for n=Fk+1,... max{l,2k},
Dn for n > max{2,2k+ 1}
(A.2)
if k = |€], or, in case that k = [€] by
Po(k—n)—1 for n=0,....k—1
Pn = § P2(n—k) for n==Fk,...,.2k—1. (A.3)
Pn for n > 2k
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The resulting probability distribution, illustrated in
Fig. A.1 (b) for the case k& = |e], has an average
energy € = y . pnn and its average squared distance
from the target € is minimal, i.e., we have arrived at
the unique state p in the unitary orbit of the initial
state 7 that minimizes Vi = 3" p,(n — €)2. However,
as € in general does not match e, which implies that
Vi also is not equal to the energy variance, we are not
yet done. Interestingly, for both k = |¢] and k = [€]
one may encounter combinations of 7" and Ae such
that €1 < € or é; > e.

A.L.Il Part Il of the protocol

In part T of the protocol we hence have to appro-
priately adjust the average energy. This can again be
done by a sequence of two-level rotations. Each of this
transformations will bring the average energy closer to
€, but since we start from a minimum of the average
squared deviation from e, the value of the latter will
increase. We are hence interested in selecting the op-
timal sequence of these two-level rotations. To start,
consider a rotation between the levels m and n with
weights p,, and p, by an angle 6. This corresponds
to the map

(Prm, Pn) — (00529 P + sin%0 iy, cos?0 P, + sin’d Dm)s
(A.4)

and leads to a change in energy given by

AE = sin® (P, — pm)(m — n). (A.5)
Meanwhile, the increase of the mean squared devia-
tion from € can be written as

AV = w?sin (5, — pm) ((m—e)* = (n—e)?).
(A.6)

Now, let us pick two such values on either side of ¢, i.e.,
m=k—1land n=k+1+ 7, where | € Ny determines
the distance from the level k, and j € Z quantifies
the difference in distances to k (or equivalently to €)
between the levels m and n. More specifically, we
have

d(n,e) —d(m,e) = (n—¢€) — (e—m) =2(k —¢€) + j.
(A.7)

Moreover, this implies that the energy change from
Eq. (A.5) is given by

AE = sin® (P, — P ) (20 + 7). (A.8)

With this we further find that the changes of the en-
ergy and of V have the relation

LAV — 9k —e) + 4. (A.9)

With this knowledge, we come to a more detailed
description of the protocol. First, we set € = € and

/)Il
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Figure A.1: Optimal precision battery charging: The pro-
tocol for optimal precision battery charging is illustrated for
an initial thermal state of temperature 7" = 3 (in units of
w). (a) The probability weights p,, of the initial state de-
crease with increasing energy. The initial average energy ¢,
(we use the dimensionless variables here for simplicity) is to
be raised by Ae to a value ¢, that is closer to the energy
level k = |e|] = 4 rather than [e¢] = 5. (b) Part I: Af-
ter rearranging the probability weights to place the largest
weights closest to k, one obtains a distribution {p,} with
an average energy of é > €. The numbers m = 0,...,10
above the vertical lines at horizontal position n indicate that
the corresponding weight p,, corresponds to the value of the
original weight p,,. (c) Part Il: Additional two-level rotations
adjust the energy to the target €. The first two of these ro-
tations (corresponding to ¢ =1 with j =0 and I = 1,2, see
Sec. A.1.1l) have angles % and hence completely exchange
the populations of the levels (m,n) = (3,5) and (2,6). The
third rotation between levels 1 and 7 requires only a smaller
angle 0 < @ < 5 until reaching the target energy.
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V = V4, and we distinguish between the two situations
€ < eand € > €. On the one hand, when € < ¢, we need
to increase the energy, which means picking levels m
and n such that p,, > P, and 2/ + j > 0, whilst
choosing j as small as possible to minimize AAY On
the other hand, when € > ¢, we need to decrease the
energy, suggesting that one should select levels m and
n such that p,, < p, and 2[+j > 0 whilst choosing j
as large as possible to minimize A~ When such levels
are chosen and the potential energy change exceeds
what is needed to reach the target, one appropriately
fixes the rotation angle 6 such that € + Aé = e. If the
energy change achievable with a specific such rotation
is not sufficient to reach the target, one rotates by
=73 updates ¢V, and {ﬁn} and continues with the

. Inspection
of all cases then reveals that the (first phase) of part IT
consists of k£ or k + 1 two-level rotations labelled by
k, where

= loins - - -

l 0 if k=le],é<e
R B otherwise 7

and for each of these rotations we choose

(A.10)

+1 if k= |e|,é<e
0 if k=|e|,é>e¢

j= . (A.11)
0 if k=Jel,é<e

-1 if k=le],é>e€

Since AA\g does not depend on [ and the rotations all
commute (they pertain to different subspaces), the
order of these operations within the first phase is ir-
relevant. However, not even all k (or k + 1) rotations
may generally be enough to sufficiently adjust the av-
erage energy. Consequently, part II may consist of an
arbitrary number of phases labelled by ¢ = 1,2,.. .,
where

(p,—[£]1+1) ifk=le|,e<e

, (—p+L[8]) ifk=le],é>e
7lmin - .
(96 kel ) (p—1,—[£]+1)if k= [e],e<e
(=, 18] +1) ifk=Te|,é>e

(A.12)

Let us now give a more compact description of
part II. After part I, set {p} as the initial distribu-
tion, and further set € = &, V = V4, and ¢ = 1. Then
perform the following steps:

(i) Set j = j((ﬂ), and [ = lmin(@)'

(iii) If € < €, then A€}

Hax > 0 and 6; is set to the
value

if €4+ Ael

jus
2 max

0, = .
arcsin /xzm— if €+ A, > €
xnax

<€

(A.13)
If € > ¢, then A€l < 0 and §; is set to the
value
; 3 if €4+ Ael, >€
"7 ) arcsin \/ A ‘Eax if e+Ae!  <e
(A.14)

Then continue with step (iv).
(iv) Perform the following updates:

P > COS20; P + SIN0; P,

P > COS20; P, + SIN%0; P,

€ — E+sin® A&l = AE",

Vo V4 A2k —€) +5),

Finally, increase [ by one and start over from
step (ii).

After the conclusion of part II, the target energy has
been reached, € = €, and the average squared devia-
tion from e hence becomes the energy variance. The
second part of the protocol is illustrated in Fig. A.1 (c)
and the variances resulting from the protocol for dif-
ferent temperatures and input energies are shown in
Fig. 3 of the main text.

A.2  Wigner representation of squared number
operator

We do this by using the formulas of Egs. (33) and (35).
To this end, we start by rewriting N? in terms of the
local position and momentum operators as

N2 = 1(3% 5% —1) (A.16)

(&% +p" + 2% + p*2% — 2(2% + p°) — 1).

L L o

We then insert term by term into Eq. (34) and calcu-
late

(z—5f(@)]z+5)
(i) fe£eand I <k, set m=Fk—1,n="hk+1+7, g o ,
A€l .« = (Pm — Dn)(2l + j), and continue with =(z-3[fle+3) [z +3)
step (iii). If € # € and | > k, increase ¢ by one, =fla+Y(z—Yz+Y)
ie., ¢ — ¢+ 1 and start again with step (i). If ”
€ = ¢ the protocol concludes. = [z +35)d(y), (A.17)
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— (o= $14) [a5' 1§ ) (¥ |2+ §)
:/dp'f<p’><x— L W+ 8

= L [dp f(p) e, (A.18)

for functions f of the operators & and p, where we
have used that

(z]a') = & [dpe?=2) = §(z —2'), (A.19)

<$|p> = (2751/2 e’ (AQO)

After some algebra we then find the phase space rep-
resentation of the operator N2 to be given by

La® 4+ p2—1)°

16ﬂ/dqdpq2 520i(P—P)q_

N?(z,p) =

(A.21)

The second term on the right-hand side can be un-
derstood in the distributional sense. That is, defining
the distribution [g(p)] via the function y(p) given by

_ /dq q2 672ipq

one finds that for any Schwartz function g(p) we have

(A.22)

V[g(p)] :/dpv(p)g(p) = -2 2g(p)

p=0
(A.23)

Then note that the wave function ¥(z) = (x| ) of

every single-mode pure state |1 ) can be expanded in
terms of the Hermite polynomials H;(x) as

U(@) = e *””Q/QZ it (A.24)

with lcj|* = 1. Using Eq. (A.19) we can then write
the Wigner function for an arbitrary single-mode pure
state as

W(w,p) = —re® /dy hry)  (A25)

with the function

Z\/% x+y)Hk( )

and find

167r dx dpW(x p/dqdqupZel(p P)a

2 2
= 167T%L,)/z/dsce*gﬂ /dyefy h(z,y)
X/dﬁﬁQ/d(j(jQG 1ﬁl§/dpeip(§—2y)

e 2 —
:——8Tr11/2/dxe v 6‘97 Ze yh(x y))‘

where we have integrate over p using Eq. (A.19), fol-
lowed by an integral over the delta function §(G— 2y),
and finally made use of Eqs. (A.22) and (A.23). It
is then easy to see that only the term 2h(z,0) re-
mains after taking the derivatives and evaluating at
y = 0. Using the normalization of the wave function
in Eq. (A.24) and arrive at

g 1/2/clave 2 p = i/dxzﬂ(x)w () ==z

Due to the linearity of the Wigner function in p, this
computation extends from |v) to arbitrary single-
mode mixed states, and since the number operator
of each mode is a local observable also to arbitrary
N-mode states. We can hence rewrite Eq. (A.21) as

N2(m p) = )2 — i.

A.3 Extremal Gaussian precision and fluctua-
tions

y=0

1(2* +p° - (A.26)

In this appendix, we give detailed proofs for the ex-
istence and uniqueness of the extremal values of the
charging precision and fluctuations when restricting
to single-mode Gaussian unitaries at fixed initial tem-
perature and energy input. The corresponding results
are presented and discussed in Sections 4.C and 4.E.

A.3. Maximal variance

We begin with the maximally possible variance that
single-mode Gaussian unitaries allow for, i.e., the
worst-case scenario. Here, one is interested in de-
termining the maximum of the function V, (r) from
Eq. (54) over all r > 0. For brevity, we will (again)
use the notation Ae = AF/w and v = coth(%2), as
well as define V; := 4V, /w?, such that the function
that we wish to maximize can be written as

Vi = v?cosh(4r) — 1+ 2ve® (2Ae — v[cosh(2r) — 1])
= —v*[sinh(4r) — 2@27’(2% +1)] - (¥ +1).
(A.27)

To determine the extremal points, we calculate the
first and second partial derivatives of V w.r.t. r, i.e.,

oV,

o = —4v? [cosh(4r) — (2% +1)e*], (A.28)
Finally, we can compute the integral of W(zx, p) with Vs — 82 [2ginh(4r) — (22¢€ 4 1)e2" A.29
the second term on the right-hand side of Eq. (A.21) a2 [2sinh(dr) — (25 + 1)e*]. (A.29)
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The condition a+ lr=rou. = 0 at the extremal points
T = Textr. ylelds

(255 +1) = e cosh(4rexe.) - (A.30)

Now note that the left-hand side is greater or equal
than 1, while the function f(r) = e~2" cosh(4r) ap-
pearing on the right-hand side satisfies f(r = 0) =1
and has a minimum at » = In(3)/8 > 0 (as can be
seen by setting df(r)/0r = 0), and f(r)"25°c0. Con-
sequently, Eq. (A.30) has two solutions 7=, , with
rdr. > In(3)/8 > 0 and ro,, < 0. Inserting (28<+1)
from Eq. (A.30) back into the second partial deriva-
tive gives

92V,
or?

= —qp?[etresr — 3e~rexn] - (A.31)

T=Textr.

which is negative for rJ,, (which is > In(3)/8) and
positive for r_ . < 0. We thus have a local maximum
atr =l , whiler_,, isalocal minimum. Then, re-
call that we are interested in non-negative solutions (a
negative squeezing parameter would reverse the roles
of & and & in our treatment, see Section 4.C), and
can thus discard r_, . Moreover, this eliminates all
values of V+( ) for r < 7, , which can become larger
than V, (rl,, ). In other words, in the relevant range
r >0, a (global) maximum of V(r) can be found at
7 - Nevertheless, this is not the sought-after max-
imum for the variance, as we shall explain next.

If v}, > 0, implicitly determined by Eq. (A.30),
were the correct solution, we could express the total
input energy as

AE — Z(e_z :;tr COSh(4Textr ) - 1) :

v (A.32)

Since the energy (in units of w) invested into squeezing
as a function of the squeezing parameter is given by
Aegq = 4 (cosh(2r) — 1), see Eq. (51), we could then

write the energy invested into squeezing for r = rif,
as

(Aed) . = (Ae - Aesq)r_ +

extr. — Textr.

2extr)<0

(A.33)

= %(6_67";;“. —e
In other words, the (local) maximum of the function
Vi (r) at r = rJ,, is not physically realizable, since
we must require Aeq > 0. Put simply, the max-
imum at r» = rJ, would require more energy to
be invested into squeezing than is available overall,
Ae€sq > Ae. Since Aeyq is strictly increasing with in-
creasing squeezing parameter, we are hence looking
for a solution for some r = r, < rl,  that maximizes
V., within the physically allowed range. Our previ-
ous analysis informs us that such a solution exists
uniquely. The function V4 (r) has one local minimum
at a negative argument, and one local maximum for
r >0, and must hence be strictly increasing between

r and r, . The solution we are looking for is thus

unique and found for the maximal value r = r,_ al-
lowed by the global energy constraint, that is

Aegq = Ae = ¥(cosh(2r,) — 1). (A.34)
Expressing r, as a function of Ae and v then yields the
result presented in Eq. (55), i.e., the worst precision

for Gaussian single-mode unitaries is achieved when
all energy is invested into single-mode squeezing.

A.3.Il ' Minimal variance

Next we are interested in determining the optimal
strategy using Gaussian single-mode unitaries. To
this end, we similarly define V_ := 4V_ /w? with V_
as in Eq. (54), that is, we have to minimize

V_ = v?cosh(4r)—142ve 2" (2Ae—v[cosh(2r)—1])

— (V* +1).
(A.35)

= v?[sinh(4r) 4+ 22" (24 + 1)

The partial derivatives w.r.t. to r yield

ov-

5 = 4% [cosh(4r) — (28 + 1)e™ "], (A.36)
0V 279 o Ae —2r
57 = 8 [2sinh(4r) + (28€ + 1)e "], (A.37)

The extremal condition %V:rem. = 0 then yields

(28¢ +1) = ™ cosh(4rexsr.) , (A.38)
which has a unique solution 7y, = r_ for rexer. >
0 since the function e?” cosh(4r) is greater or equal
than 1 and is strictly increasing for r > 0. Therefore,
we have one and only one solution r_ > 0 for every
value of (28€+1). Moreover, inserting into the second

derivative gives

9?V_
or?

T=T_

= 4% [3e" —e V-], (A.39)

which is positive for 7. > —1In(3)/8 and hence in par-
ticular when r»_ > 0. Inserting rext;, = r_ into the
condition of Eq. (A.38) and expressing Ae one thus
arrives at the result of Eq. (57), i.e.,

Ae= %(e*= cosh(4r_ ) —1). (A.40)

Moreover, for the minimum we find that the energy
input splits into squeezing and displacement accord-
ing to

Aegq = ¥(cosh(2r_) — 1),
Aeqg = Ae — Aegq = %e4r— sinh(2r_) >0,

(A41)
(A.42)
such that, unlike the maximum at r}, discussed be-

fore, the desu"ed minimum can be physically realized
for all Ae and v.
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A.3.11l  Maximal fluctuations

Let us now determine the maximal fluctuations that
are possible during a charging process at fixed input
energy via single-mode Gaussian unitaries. That is,
we are interested in finding the maximum value of
(AW, (1) /w)? from Eq. (67) over all r for fixed Ae and
v. To simplify this task, we note that this is equivalent
to the maximization problem for the function W, (r),
given by

Wy(r) =31V, — I(v— 1) cosh(2r), (A.43)

which, up to terms independent of r, corresponds to
(AW, (r)/w)? from Eq. (67). The first two partial

derivatives w.r.t. r are

3)8/V+ _ iagf — (v —1)2sinh(2r) (A.44)
r T
= 12[(28% 1 1)e? — cosh(dr) — (451)” sinh(2r)]
2 2
38);\24 - 3887]“); —2(v — 1)% cosh(2r) (A.45)

=% [(2% +1)e* — 2sinh(4r) — (”7_1)2 COSh(?T)}

where we have inserted for the partial derivatives of
V; from Egs. (A.28) and (A.29). For the purpose of
solving the maximization problem, we introduce the
notation x := (24€+1) > L and A = (v — 1)2/12,
with 0 < A < 1 since v > 1, such that the extremal
condition (OW; /87")T:7:+ = 0 at the extremal point

r =7, reads

)\%(1 —e ) 4 %(627:+ + 67671) = X. (A.46)
We then define u := e~2" along with a family of func-
tions fy(u) via

Alw) =23 (1—u?) + 3(2 +u%). (A.AT)

The maximization problem for W, (r) can thus be
formulated as the question: Does there exist a u = u,,
with 0 < u, <1, for every pair of A and x, such that
falu = uy) = x? To answer this question, we first
determine the extremal point uy of fy, i.e., such that

Ofa(u)
ou

= —Auy — (g7 —3u}) =0, (A48)

U=U )

which implies g(uy) = %(?ﬂu — %) = X for uy > 0.
Since g(uy) is a continuous, strictly increasing func-
tion of uy that can take the values g(uy = 371/4) =0
and g(uy = 1) = 1, there is exactly one uy that satis-
fies g(uy) = A for any A between 0 and 1, suggesting
that fy(u) always has a unique local extremal point
within the interval ]0,1[. Inspection of the second
partial derivative, i.e.,

an)\ (u)
Ou?

(A.49)

U=uy

then reveals that the local extremum is a local min-
imum. Moreover, since fy(u = 1) = 1, this means
that the minimal value is below one, fy(uy) < 1. In
contrast, we have fy(u)“Z 00, suggesting that fy(u)
is strictly decreasing on the interval [0,uy[ and can
there take any value between fj(uy) < 1 and oo (in
particular, any value x). We have thus found that
there is a unique u, < uy for every A and x such that
faluy) = x.

In other words, Eq. (A.46) has a unique solution 7,
for every valid A and x. To check that this solution is
a maximum, we calculate

2
88V\2}+ = 2v%[xe®™ — 2sinh(47,) — A cosh (27, )]
r .
r=f

= 21/2[%

- % +ui — %(i +uy)], (A50)

where we have substituted e 2™+ = Uy. Further in-
serting for x = fi(uy) from Eq. (A.47), and compar-
ing with Eq. (A.48), we arrive at

PW,
or2 = 2° {_)‘UX - %( 2 —3ui)}
=T, X
0 fx(u)
2
= 2u U | < 0, (A.51)

which is negative since u,, < uy is below the minimum
uy of fa(u). Consequently, the extremal value of W,
is a maximum, which we have thus shown exists and
is unique for any fixed A and x corresponding to fixed
values of AF and T

A.3.1V  Minimal fluctuations

Similarly, we now wish to determine the minimal fluc-
tuations that are possible during a single-mode Gaus-
sian unitary charging process at fixed input energy,
i.e., we want to minimize (AW_(r)/w)? from Eq. (67)
over all r for fixed Ae and v. As in the previous
section, we simplify the problem by considering the
equivalent minimization of the function W_(r), given
by

W_(r) =3V_ — L(v — 1)? cosh(2r). (A.52)

Up to terms independent of 7, this function corre-
sponds to (AW_(r)/w)? from Eq. (67). The first two
partial derivatives w.r.t. r are then

ow_  10V_ 2 .
5 = 16 (v —1)“sinh(2r)

— 2 {7 (2% + 1)6727‘ + cosh(4r) — (L—l)Q sinh(??‘)] ,

(A.53)

v

PW_ 1PV
or2 4 o2
=22 {(2% +1)e 2" + 2sinh(4r) — (”7_1)2 cosh(?r)} ,

—2(v — 1) cosh(2r) (A.54)

where we have inserted for the partial derivatives of
V_ from Eqgs. (A.36) and (A.37). We then proceed
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as in Appendix A.3.ITI, and formulate the extremal
condition (OW_ /(’“)r)r:hr = 0 at the extremal point

7 =7_in terms of the constants y := (25¢ +1) > 1
and X := (v —1)?/v%, with 0 <\ <1, as

MA=—e™)+ (e +e) = x. (A.55)
To verify, that this condition can be met for all A
and x, we again define a new variable v := e~?" with
0 <wv <1forr >0, and define a family of functions
ha(v) via

ha)=A3(1— %) +3(v+ &) (A.56)

The minimization problem for W_(r) can thus be
formulated as: Does there exist a v = vy, with
0 < v, <1, for every pair of A and x, such that
ha(v = vy) = x? To provide an answer, we start
again by determining if h) has any extremal points
in the allowed range of v. At such an extremal point
v = vy we would have

Oha(v)
oo |~ A +3(1=35) =0, (A5T)
which would imply A = (2 —v%) =: §(vs). How-

ever, the function g(vy) is strictly decreasing for
vy € [0,1], with the minimal value g(vy = 1) = 1.
Therefore, hy(v) has no local minima (or maxima)
on the open interval ]0,1[. Moreover, hy(v) diverges
as v — 0, and takes its minimum within the allowed
range of v for v = 1, i.e., hy(v = 1) = 1. We have
thus shown that hy(v) is a strictly decreasing func-
tion of v € [0,1] that can take any value between 1
and oco. There is thus a unique value v, such that
hx(v =wvy) = x for every x and A.

Finally, we check that we have indeed found a min-
imum of W_ by evaluating the second partial deriva-
tive at r = 7_ (corresponding to v = v, ), i.e.,

O*W_
or? .

T=7_

= 207 [xvy + é - vi - %(i +vy)], (A.58)

= 2v%[xe *™ + 2sinh(47 ) — Acosh(27 )]

where we have substituted e=*™ = v,. Inserting for
X = hx(vy) from Eq. (A.56), and comparing with

Eq. (A.57), we obtain

PW_ 9 2 1
| =P iy
dh(v)
2,2
= 207} D0 >0, (A.59)

V=Vy

which is nonnegative since h(v) is strictly decreasing
for 0 < v < 1, and hence has a negative first deriva-
tive on this interval. We can therefore finally conclude
that the extremal value of W_ is a minimum that ex-
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Overview: In this work, we consider the problem of optimal conversion of work into cor-
relations via unitary (realized by cyclic Hamiltonian processes) operations on pairs of sys-
tems in initial thermal states. For symmetric situations where both systems have the same
Hamiltonian, this question is tied to the existence of symmetrically thermalizing unitaries
(STUs). We develop a variety of approaches for investigating the problem of the existence
of STUs for arbitrary local dimensions and show how (and why) most of them successively
fail. However, as a main result, we use what we informally term the ‘geometric approach’
to show that STUs exist in local dimensions d = 3 and d = 4 for arbitrary symmetric Hamil-
tonians. For asymmetric Hamiltonians, we show that STUs do not exist in general, but they
are also not necessarily tied to the problem of optimal conversion of work into correlations

in this case.

Contribution: I helped to develop the ideas, discussed them with my coauthors and super-
vised the overall project. I proved the results for d = 3 and d = 4 for the geometric method

and helped writing the manuscript.
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Correlations lie at the heart of almost all scientific predictions. It is therefore of interest to ask whether
there exist general limitations to the amount of correlations that can be created at a finite amount of invested
energy. Within quantum thermodynamics such limitations can be derived from first principles. In particular,
it can be shown that establishing correlations between initially uncorrelated systems in a thermal background
has an energetic cost. This cost, which depends on the system dimension and the details of the energy-level
structure, can be bounded from below but whether these bounds are achievable is an open question. Here, we
put forward a framework for studying the process of optimally correlating identical (thermal) quantum systems.
The framework is based on decompositions into subspaces that each support only states with diagonal (classi-
cal) marginals. Using methods from stochastic majorisation theory, we show that the creation of correlations
at minimal energy cost is possible for all pairs of three- and four-dimensional quantum systems. For higher
dimensions we provide sufficient conditions for the existence of such optimally correlating operations, which

we conjecture to exist in all dimensions.

I. INTRODUCTION

Correlations can be regarded as the fundamental means of
obtaining information: From a physical perspective, obtaining
knowledge requires correlation of physical variables in an ob-
served system with physical variables in a measurement appa-
ratus [1]. As long as one regards system and measurement ap-
paratus as separate entities which are not persistently strongly
interacting [2], this correlation requires an investment of en-
ergy. Conversely, all correlations imply extractable work [3].
Since correlations and energy (work) can be considered to be
resources in (quantum) information theory and thermodynam-
ics, respectively, these observations establish one of the fun-
damental connections between these theories. Indeed, both
theories already share a common framework using statistical
ensembles to capture knowledge about collections of physical
systems. This knowledge can then be harnessed to facilitate
the most efficient use of the available resources, e.g., energy,
for the tasks at hand. The young field of quantum thermo-
dynamics combines features from both fields and investigates
their interplay in the quantum domain [4-6].

Here, we explore the specific quantitative relation between
correlations and energy [7]. While general qualitative in-
sights can help to understand some quandaries arising from
Maxwell’s demon or Szilard’s engine [8—10], and correla-
tions play various interesting roles in quantum thermody-
namics (see, e.g., [2, 3, 11-18]), precise quantitative state-
ments about the trade-off between work and correlations are
generally complicated. For example, by allowing arbitrar-
ily slow quasi-static operations and perfect control over ar-
bitrarily many auxiliary systems, one may provide tight lower

* These authors contributed equally to this work.
 marcus.huber @univie.ac.at
¥ nicolai.friis @univie.ac.at

bounds on the work cost of creating bipartite correlations as
measured by the mutual information [7, 11, 12, 19, 20]. How-
ever, for two identical systems, these bounds are tight only in
the case when specific so-called symmetrically thermalizing
unitaries (STUs) exist, i.e., unitaries that map initial thermal
states to locally thermal states at higher local effective tem-
peratures. Moreover, how well two systems can be correlated
for a given energy in finite time and with limited control is
generally not known. In particular, the possibility of optimal
conversion of energy into correlations for the interesting spe-
cial case of fully controlled, closed systems with two identical
subsystems rests entirely on the assumed existence of STUs.
In this sense, central open questions at the very foundations of
quantum thermodynamics concern the quantitative correspon-
dence between correlations and energy.

In this paper, we put forward a framework for investigating
potential marginal spectra in the unitary orbit of any quan-
tum state via decompositions into locally classical subspaces
(LCSs) and majorisation relations. Here, LCSs are subspaces
of a bipartite Hilbert space that support only states that are lo-
cally classical, i.e., states which have diagonal marginals with
respect to a chosen basis. We use this approach to investigate
the question of existence of STUs for arbitrary bipartite quan-
tum systems. In particular, we show that STUs exist for two
identical copies of arbitrary three- and four-dimensional sys-
tems, thereby extending previous results on the special case
of Hamiltonians with equally-spaced energy gaps [1 1, 20]. In
addition, we formulate sufficient conditions for the existence
of STUs for identical subsystems with arbitrary local dimen-
sion and for multiple copies of the initial state. Indeed, we
show that STUs exist in the limit of infinitely many copies.

This paper is structured as follows: In Sec. II, we describe
the conceptual framework of our investigation, formulate our
central question, and briefly review the state of the art. In
Sec. II.1.1, we further discuss that, while STUs do not in gen-
eral exist for asymmetric situations where the two systems
have different Hamiltonians, this does not resolve the problem
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of maximizing correlations for asymmetric systems. We then
focus on the open case of two identical subsystems in Sec. I1.2
and discuss a family of unitary transformations that result in
symmetric, diagonal marginals. These unitaries have a block-
diagonal structure with respect to a specific choice of LCSs,
and give rise to a rich structure of potential marginal transfor-
mations. In particular, they allow showing that STUs exist in
the asymptotic limit of infinitely many copies. In Sec. III, we
then formulate three alternative approaches to demonstrating
the existence of STUs based on unitaries in these LCSs. As
we show, all three approaches allow proving the existence of
STUs in local dimension d = 3. However, only two of these
approaches are successful (to different extent) in local dimen-
sion d = 4 and provide general sufficient conditions for the
existence of STUs for higher dimensions. Finally, in Sec. IV
we provide a summary and discussion and put forward a hy-
pothesis for general dimensions.

II. FRAMEWORK
II.1. Main question

Let us start our investigation with a detailed description of
the problem: We consider the process of correlating two pre-
viously uncorrelated quantum systems. More precisely, we
study the controlled interaction of two quantum systems A
and B with Hamiltonians H, and Hj, respectively, which
are initially in a tensor product state g, ® gz, with the goal
of increasing the correlations between them. As we want to
obtain optimal bounds, we consider optimal coherently con-
trolled systems, i.e. the ability to externally engineer and time
any interaction Hamiltonian between the two quantum sys-
tems, resulting in unitary dynamics on the system and we thus
study the global unitary orbit of product states. Furthermore,
we are interested in the energy needed to establish correlations
between these initially uncorrelated quantum systems.

One could generalise the question from perfect system con-
trol and thus unitaries on the system, to correlating maps
generated by unitaries on the system and arbitrary auxiliary
systems, inducing completely positive and trace preserving
(CPTP) maps on the system. However, some transforma-
tions (e.g., cooling to the ground state) may only be achiev-
able asymptotically (i.e., using infinite time or energy [2]1-
24]1). Moreover, the implementation of CPTP maps gener-
ally requires access to and control over auxiliary systems, re-
sulting in an implicit energy cost for preparation and manip-
ulation of the auxiliaries that is obscured by the use of the
CPTP maps instead of the explicit description of the corre-
sponding unitaries on the total Hilbert space. Consequently,
it is of interest to understand the limits of unitary correlating
processes, which allow for a complete account of all the en-
ergetic changes within the system. Moreover, to give a fair
account of the energy that needs to be supplied to the system,
it is important to consider initial states that do not implicitly
supply free energy. That is, we assume that the initial states
of the subsystems are thermal states at the same temperature
T, ie., 04 = T4a(B) and gz = 75(B) with 5 = 1/T (we use

units where k5, = 1 throughout), where 7(3) := ¢ ## /Z and
Z = Tr(e™PH). In this way, the initial state 7,(3) ® ()
minimises the local energies for given entropies and is also
completely passive [25], i.e., a state from which no energy
can be extracted unitarily even when taking multiple copies.

Correlations can be quantified in different ways. Qualita-
tively, one may describe correlations between two subsystems
as the feature that more information is available about prop-
erties of the joint system than about properties of the subsys-
tems. If there is no preference as to the specific properties that
are to be correlated, i.e., if one is interested in quantifying any
correlations, it is most useful to consider entropic measures.
The most paradigmatic among them is the mutual information
Z(045) = S(04) + S(0s) — S(045), based on the von Neu-
mann entropy S (o) := —Tr(gln g). Although we focus on the
von Neumann entropy, in principle one can replace it with any
other measure of local ‘mixedness’. And indeed, our methods
are framed in the context of majorisation relations, and thus in
principle also open an avenue towards studying other entropic
measures.

When focusing on the mutual information, the problem
of unitarily creating correlations can be reduced to the task
of maximising the sum of the marginal entropies under lo-
cal energy constraints. That is, the invested energy AE :=
Tr[HAB(UABTA(ﬁ) ® (B, - 1.(B) ® TB(B))], where
H,; = H, + Hjy, only depends on the local marginals,
while the global entropy is invariant under unitary opera-
tions. The change in mutual information thus reduces to
AT = AS, + AS;. We thus arrive at the following question:

Question 1: Maximal mutual information under en-

ergy constraint

For a given pair of local Hamiltonians H, and Hy and
initial temperature 7' = 1/3, what is the maximum value
of

AL =AS, +ASg (1)

for an invested energy of at most AE?

The fact that thermal states maximise the local entropies un-
der local energy constraints suggests that the maximal value
of AZ is always achieved when the final state marginals are
thermal at a higher temperature 7" > T (or, equivalently, for
B < B),ie., g4 = Ta(B8") and gz = 7:(8), provided that the
corresponding STUs exist. This is indeed the case as shown
in Appendix A.I and is what leads us to the question of the ex-
istence of STUs. While when H, = Hj, one might still hope
for STUs to exist for all dimensions, Hamiltonians and tem-
peratures, such a statement cannot be made when H, # H.
Before introducing our framework for constructing STUs, let
us therefore briefly discuss general bounds on the achievable
local entropies.



11.1.1. Asymmetric case

Let us consider Question 1 in the case H, # Hy. Al-
though the problem is in general complex, note that non-
trivial constraints on marginal spectra for given global spec-
tra exist in the form of entropy inequalities. In particular,
both the von Neumann entropy S(¢) and the Rényi 0-entropy
So(0) := —log,(rank(p)) satisfy subadditivity [26, 27], while
no other entropy satisfies (dimension independent) linear in-
equalities [28]. Since we are interested in thermodynamic
questions, where the rank of the involved states is typically
full, only subadditivity of the von Neumann entropy, which
we can write as

S(QAB)2|S(QA)_S(QB)|7 2

provides a nontrivial constraint. Also observe that, given an
initial state 7, () ® 75(8) subject to a unitary evolution, the
entropy of the total system is fixed to S(o45) = S(7.(8)) +
S(75(8)). If we assume that the final marginals are thermal
states with equal higher temperature i.e., 3’ < 3, inequality (2)
can be rewritten as

1S(7a(87) = S(7(8)| < S(7a(B)) + S(7a(B)).  B3)

This already implies a nontrivial constraint, and also provides
a counterargument to the naive assumption that two thermal
marginals at the same temperature are reachable in general.

While this makes the structure complicated to deal with in
general, one can still solve the optimisation in some special
cases. In particular, for a system initialised in the ground
state, i.e., a product of two pure states T,5(8 — o0) =
|04 05 X 04 05 |, the total state remains pure during the unitary
evolution and hence has a Schmidt decomposition. The final
state can therefore be written as

5 d
[9) =D Vpilel el ), 4)
i=0

for some probabilities p;, with d = min{d,,d5}, and d, and
dg the dimensions of the respective Hilbert spaces H, and H.
And the final marginals are

d-1 d-1

o1 = 2o oiloi Nl B =Y pilef NPl (5
=0 i=0

This already means that the marginals (since they have equal
rank) cannot both be thermal states if d, + dp.

However, in this case it is still possible to maximise the
amount of correlation subject to a given maximal amount of
energy consumption. In other words, one can find optimal
points of the following optimisation problem:

max S(04) +S(s)

QA,0B
subject to Tr(g,H,) + Tr(gs Hp) < ¢ ©)
04 and gz as in Eq. (5).

To do so one first solves the (loosely speaking) inverse prob-
lem of minimising the energy consumption for a given amount

of correlation. This problem can be turned into two instances
of the well-known passivity problem [25], for which passive
states are the solutions. Using this fact, the problem reduces to
a simple problem that can be solved using Lagrange multipli-
ers. One then shows that the solution found for that problem
is strictly monotonically increasing in the constraint, allowing
us to reverse the problem and show that it is a solution of the
problem in (6). For more details see Appendix A.IL. See also
Ref. [29] for an alternative approach to the energy minimisa-
tion problem. The solutions obtained for (6) are thermal states
at inverse temperature 3(c) (uniquely defined by the constant
¢) of the Hamiltonians H ', and H, 5, respectively, defined as

d-1
H, =Y (Ef + ED)|iXil,
i=0
o @)
Hy =Y (Ef + ED)|iily,
i=0
where
dAfl
A= Z EiA i)<i|A7 EiA < iﬁh
i=0
do-1 (8)
Hy= Y E7|iXil,, Ef<Ef.
i=0
The solutions hence take the form
_ ﬁAe—ﬁ(C)ﬁAﬁA
QOPl,A(/B(C)) - Tr(l:IAe_ﬁ(c)ﬁA)v (9)

- l:[Be_B(C)gBﬁB
fom (3(0) = 12

where [T, := Y00 |i X, ;5 The maximal amount of corre-
lation achievable given a maximal amount of energy c is then

25(6,) = 28(c)e+ 2 [Te(e POIN)] - (10)

11.1.2.  Symmetric case

Let us now consider the symmetric case H, = Hg.
Following our considerations in the previous section and
Appendix Al it is clear that an upper bound for AZ is in
this case achieved when AS, = ASj;, and since the states
with maximal entropy given a fixed energy are thermal states,
Question 1 can be substantially simplified to that of the
existence of symmetrically thermalizing unitaries.

Question 2: Existence of STUs

Does there exist a unitary U,z on H,5 such that

0a =Trp (UABTAB (/B)U,:B) = TA(ﬁl)a
O :TrA(UABTAB(ﬁ)U:B) :TB(ﬁl)a (11)
for every pair of local Hamiltonians H, = Hg, for all final

temperatures 7" = 1/’ and all initial temperatures T' =
1/6<T"?




If such STUs exist, then they are automatically the opti-
mally correlating unitaries for a given system. It is already
known that Question 1 can be answered affirmatively when
the subsystem Hamiltonians are equally spaced, i.e., H, =
H, =YY% E, |n)Yn|with By —E, =wVne{0,1,...,d-
1} for some constant w (with appropriate units) [11] (see also
the more recent formulation of the derivation in Ref. [30]).
In particular, this implies that such optimally correlating uni-
taries always exist for two qubits, i.e., when d = 2. However,
there is (yet) no answer for the general situation of arbitrary
Hamiltonians and dimensions. To fill this gap, we present a
framework that generalises previous approaches [11] and al-
lows investigating this general question in the symmetric cases
for any dimension. This approach is based on unitary opera-
tions in LCSs, as we will explain in Sec. I1.2, and enables us
to show that STUs exist for the simplest nontrivial cases of
two qutrits (d = 3) and two ququarts (d = 4).

I1.2. Unitary operations on locally classical subspaces

Let us now discuss our general framework for marginal
transformations. The central idea of this approach is to de-
compose the diagonal elements of the marginals into elements
originating from different subspaces, with the property that
any unitary that leaves the division into these subspaces in-
variant never creates local off-diagonal elements.

More precisely, we consider a pair of d-dimensional sys-
tems A and B with matching local Hamiltonians H, = Hy =
Y@L Ei|i)i|, where we set Ey = 0 without loss of gener-
ality. Moreover, let the energy eigenvalues, sorted in non-
decreasing order (with ;1 > E; Vi), be measured in units of
FE. The initial thermal states of A and B are

d-1
7a(B) = m(B) = Zg pi(B) liXil, (16)

where p;(3) = e #Fi/Z(B) and Z(B) = ¥, e . For con-
venience, we use the shorthand p; = p;(8). The joint initial
state 745 = 74 (8) ® 75(B) is also diagonal with respect to the
energy eigenbasis and its diagonal entries are products of the
diagonal entries of the reduced states, i.e., we write p;; = p;p;
such that 7,5 = Zﬁ;le pij i7){ij|. Since the unitaries that
we use throughout the manuscript do not create coherence
in the marginals, it is convenient to introduce a vectorised
notation for the diagonal entries of the reduced states. That
is, for arbitrary diagonal joint states p,s = diag{p;; f’;lo
where the p;; need not factorise with respect to ¢ and j, the
reduced states o, = Trz(0as) and gz = Try(0ap) are diag-
onal, and the diagonal entries can be collected into vectors
P4, Pz € R? with nonnegative components and unit 1-norm,

[pall = Tr(ea) = 1 = |ps].

11.2.1. Locally classical subspaces

Having expressed the diagonals of the marginals in this vec-
torised form, we further choose particular subspace vector de-

compositions, as we illustrate for d = 3 in Box 1. For general
local dimension d > 3, we write p, and p; as sums of d vec-
tors according to

d-1 d-1 d-1 d-1
Pa= 1) =>r, pp=y.ri=y 1y, (A7)
i=0 i=0 i=0 i=0

where I'iA =r; = Z?;& Pjj+i€j and I'iB = Z?;Ol Pj-ij€;. Here,
{e; }‘};& denotes the chosen orthonormal basis of R? and all
indices are to be taken modulo d. In the second equality, we
have further used the fact that the i-th vector r7 in the de-
composition of p, can be related to the i-th vector r;* in the
decomposition of p, via the i-th power of the cyclic permuta-
tion matrix IT = (II;;) with components IT;; = &; j+1modd-
One further observes that the decomposition of p, and pg
into these vectors corresponds to the selection of a total of d
subspaces H, and {H,, }¢-! of the joint Hilbert space H.,5,

Hq=Hr = span{]j5)}20, Ho, = span{]jj+i)}i,

(18)

with H,p = Hy erl;ll H,,, such that arbitrary unitaries U,
and U,, applied in either of the d subspaces cannot lead to
nonzero off-diagonal elements in the reduced states g, or gz,
provided that none are present to begin with. In other words,
any state on H,, that has support on only one of these sub-
spaces, or which has a block-diagonal structure with respect to
this subspace decomposition, is locally classical, i.e., has di-
agonal marginals with respect to the local bases {| j )}31;5 We
hence call these subspaces locally classical. However, note
that the choice of LCSs we make here is not unique, as dis-
cussed below in Sec. 11.2.2.

A unitary transformation g, ~ Ou5 = UoisU T with
U = U, ! U,, hence does not preclude off-diagonal ele-
ments from appearing in the joint state g, but leaves the re-
duced states diagonal, implying that we can directly read off
the spectra of the marginals. In such a case, it is still useful
to describe the marginals by d-component vectors p, and pg
collecting their diagonal elements, and the transformation of
these vectors can be represented as

d-1
Pa f)A = qu+ Z M’l“iria (19)
=1
-1
M,q+ > II'M,,r;, (20)

i=1

Pz~ DPs

where q = ry = r{, and M, and M, are unistochastic d x d
matrices, i.e., doubly stochastic (entries in rows and columns
sum to 1) square matrices M, (with « € {q,r;}) whose com-
ponents can be understood as the moduli squared of unitary
matrices, (M) r = |(Ua)ui|*

As a technical remark, note that the Schur-Horn theorem
implies a weak convexity property for unistochastic matrices,
namely that for any v € R%, the set of vectors obtained by ap-
plying the set of unistochastic d x d matrices to v is equivalent
to the set of vectors obtained by applying the set of doubly
stochastic d x d matrices to v, see Ref. [31]. This means that
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Box 1: Unitary operations on locally classical subspaces for two qutrits

marginals as entries in vectors

Poo + Po1 t Po2
Pa ==Ta =| P11 + P12 + P10
P22 + P20 + P21

=q+r; +ro,

Hg :=spanf|00),[11),]22)},

Pa = Mygq+ M, i+ M,,rs,

Ps =Myq+ M, ri+ M,,IIr,

For any tensor product of two identical states 7,5 = Zi j=oDij [ig)(ij|, we can separate the local diagonal elements (i.e.,
the eigenvalues, since the matrix is diagonal) through an economic notation where we denote the diagonal entries of the

Ps =T = | P11 +pa1 +por | =q+ 1P ro + 111y, (12)
where II = (II;;) is a cyclic permutation matrix with components IT;; = §; j+1mod3. Employing the unitary U, = Uy @
U, ®U,,, where Uy, U, , and U, act unitarily on the subspaces

H,, = span{|01),]12),]20)},
respectively, the transformation of the marginals can be described by unistochastic matrices

Ps = M,q+ 11> M,,ro + 11 M, 1;. (14)

The components of the unistochastic matrices are determined by the moduli squared of corresponding unitary matrices,
(Mo) k1 = |(Ua)ki|? for @ = g, 71, 72. Due to the symmetry p;; = pj;, we can further identify ry = ITr; to obtain

Ps = M,q+ 11> M,,TIry + 11 M, 1. (15)

Poo + P10 t P20

P22 + Po2 t+ P12

My, :=span{|02),[10),]21)}, (13)

for any doubly stochastic matrix M and vector v, there exists
a unistochastic matrix M-, such that M v = M, v. Here, this
property permits us to conclude that the vectorised marginals
of any state reachable by unitaries of the form U = U, ®¢7 U,
can be written in terms of the action of doubly stochastic ma-
trices M, and M., on q and r;, respectively.

In general, Eq. (19) can be rewritten as

k
qu+ Z(Mmri +Mrd_ird—i) d odd
i=1

Pa = k-1
M,q+ 21 (M;vi + My, va;)+M,,,rq2 deven

21

where k = ©1 if d is odd and k = £ if d is even. Further

taking into account the symmetry p;; = p;;, which implies
rg_; = Z?;& Dj j+d,il'[iej,i = IT%r;, the vectorised form of the
marginal A can be written in a compact way as

Td—i

k .
Pa = Myq+ 3 (1% ]+ 1) (My, + My, )i, (22)
i=1

where | x| denotes the floor function of z, and the prefactor
(13 ]+1)"" is equal to 1 unless d is even and i = k, in which

case it is % Using Eq. (20), one may obtain the transformed
marginal B as

HZ) r;,
(23)

Td—i

k . .
Pe = Mgg+ Y (|Z]+ 1) (IT'M,, + 1" M,
=1

where we have used the property II% = TI% of the d-
dimensional cyclic permutation. To satisfy the conditions of

Question 2, we need to further restrict ourselves to a sub-
group of transformations which generate the same marginals,
P4 = Ps. This requirement results in the condition

M,,  =TI'M, 117" for i=1,...,k, (24)

for the doubly stochastic matrices mentioned in Eq. (22). With
this, we arrive at the form

k . .
P=Pa=Ds= Meq+ . (|Z]+1)"(L+1I")M,.x; (25)
=1

for both vectorised marginals. Now that we have ensured that
both marginals transform in the same way, we may concen-
trate on one of them, say p, (dropping the subscript A for
ease of notation) and use the established framework to inves-
tigate the existence of STUs as specified in Question 2.

11.2.2.  General locally classical subspaces

While we focus here on the decomposition into the spe-
cific LCSs from Eq. (18), we note that this is by far not the
only option. Indeed, let {P;};-0,... 4-1 be a set of permuta-
tions of d elements j = 0,...,d — 1. Then a sufficient con-
dition for obtaining an LCS decomposition H,; = 69?;01 2
into LCSs of the form #;, = span{|jP;(j))}9=} is that the
d x d matrix I with components I';; = P; () is a Latin square,
ie., every entry j = 0,...,d — 1 appears exactly once in each
row and in each column. For every such choice of LCS de-
composition, one may then apply unitaries U = Gafz‘ol Uy,
that leave the LCSs invariant, i.e., where Uy, acts nontriv-
ially only on the subspace '}:lf Denoting the correspond-
ing vector decomposition of the first vectorised marginal as



Pa = Yy Fi, with (), = pjp.(j)» we have ps = X0 PrLE;
since (r7); = pp-1(jy; = (P;'£;);. In this case, unitaries that
leave the LCSs invariant transform the vectorised marginals
according to

d-1

pA g f)A = Z M;’If'“ (26)
1=0
d-1

Ps = Ps = . Py M Ey, 27)
1=0

where the matrices Mp, are the unistochastic matrices cor-
responding to the unitaries Uz,. This implies the existence
of symmetric marginal transformations, e.g., for unistochas-
tic matrices M that commute with all the P;, such that the
marginals take the form Mp, = M pg = p. For the remainder
of this work we focus again on the specific special case we
consider in Eq. (18), where P; = (IT"1)".

11.2.3.  Asymptotic case

Before we go further into detail on trying to answer Ques-
tion 2, let us briefly showcase that this is indeed a problem
connected to the finite size of the system. More specifically,
we can consider a scenario where one wishes to correlate
multiple copies of the initial thermal states 7, (3) and 7 (8)
via a joint unitary, such that the final state of n copies is
Utas(B)®"UT, with 7,5(8)®" = 7,(B)®" ® 7:(B)®". As
we will show now, STUs such that g, = g = 7(5’) exist for
all #’, 3 such that 8’ < 3, and for all local Hamiltonians in the
limit of infinitely many copies, n — oo.

To see this, note that for any n we can find a unitary such
that the marginals 0,5 = Trs,4 (UA(8)®" ® 7(B)®"U")
are passive states whose entropy equals that of the thermal
state with the target temperature, i.e., S(04/5) = S(7a,5(8'))-
This is a consequence of Eq. (25) and the continuity of the
von Neumann entropy. More specifically, note that a trivial
way of obtaining marginals with the same final spectrum is to
select M, and all M, in Eq. (25) to be circulant, i.e., con-
vex combinations of cyclic permutations. Since these matri-
ces commute with II°, one may reach any marginal whose
vectorised marginal is any cyclic permutation of the origi-
nal marginal vector, or indeed, any convex combination of
cyclic permutations of the original marginal vector. In par-
ticular, the equally weighted convex combination of all cyclic
permutations yields maximally mixed marginals, p, = ps =
é Z?;()l e;, corresponding to maximal local entropy 8’ — 0.
The convex structure of the set of vectors reachable from a
given vector via application of unistochastic matrices then
suggests that the points corresponding to p, and p, are con-
nected by a continuous line of states reachable from p, via
circulant unistochastic matrices. The entropy must vary con-
tinuously along this line from the initial value S(7,(3)) to
S(QA) = S(TA (6’)). Thus, one may obtain marginals o, = 05
that are passive states with the desired entropy, but which
might have a different spectra than 7, (3") = 75 (5").

Given this fact, it is sufficient to note that for n — co we
can convert passive states with a given entropy S (o) into ther-

mal states with the same entropy only by using local opera-
tions [25]. Because the application of local operations to the
subsystems leaves the mutual information Z(g,z) invariant,
this consequently proves the existence of STUs for the asymp-
totic case n — oo. Further discussion of the case of finitely
many copies is presented in Appendix A.IIL

III. OPTIMALLY CORRELATING UNITARIES FOR
BIPARTITE STATES WITH MATCHING HAMILTONIANS

In this section, we present three approaches to construct
STUs for bipartite systems in an (uncorrelated) initial thermal
state at temperature 7' = 1/ of H = H, + Hy with matching
Hamiltonians H, = H;. We focus on bipartite 3 x 3 and 4 x 4-
dimensional systems, and show explicit constructions for such
STUs, thereby proving that Question 2 can be answered affir-
matively for d = 3 and d = 4. In the d = 3 case, we show the
existence of STUs via all three alternative approaches as a ba-
sis for generalisations to higher dimensions. We then turn to
the particular case of dimension d = 4, highlighting the chal-
lenges and strengths encountered for each of these methods,
before proving the d = 4 case using a geometric argument.

Concretely, referring to Sec. I1.2 as our framework, we start
from Eq. (25), which provides a transformations of the re-
duced states that leaves both marginals equal and diagonal
with respect to the chosen basis. In general, M, and all the
M,., are arbitrary doubly stochastic matrices, and therefore
one can try to make use of majorisation conditions to prove
the existence of STUs via the Hardy-Littlewood-Pélya (HLP)
theorem [32, p. 75] or [33, p. 33]. The HLP theorem states that
a necessary and sufficient condition that y > x is that there ex-
ist a doubly stochastic matrix M such that x = My. This, in
fact, is the first argument that we use below for d = 3, where it
allows proving a statement that is actually even stronger than
what is required for STUs. However, the theorem that we are
going to prove holds only for the d = 3 case.

III.1. Majorised marginals approach

In the particular case of d = 3 the final expression for the
(equal) marginals from Eq. (25) is

P=DPs =Da = qu+ (]1 + H)MTI‘, (28)

where, as in Eq. (20), we have introduced the vectors q and r,
with components

a = (poo, P11, p22)T7 r = (po1, P12, pzo)T~ (29)

Based on the HLP theorem and Eq. (28), we are going to prove
the existence of STUs in d = 3 via the following lemma:

Lemma 1. For any 3 x 3 doubly stochastic matrix M, there
exists a 3 x 3 doubly stochastic matrix M such that

M(1+11) = (1 + ) M. (30)



The proof of Lemma 1 is presented in Appendix A.IV. We
are now ready to state the first theorem for d = 3.

Theorem 1: Majorised marginals in d = 3

For every pair of states g and ¢ in a 3-dimensional Hilbert
space which satisfy the condition A\(g) < A(e), where
(o) is the vector of eigenvalues of g, there exists a uni-
tary U, on H,5 such that

0a = TrB(UABQ® QUjB) = 0,

Os = TrA(UABQ® QU:B) =0.

Proof. The unitary is given by U,z = UjpcUent, i.€., by
a product of an entangling unitary U,y which acts on the
global system preserving the equal marginals as discussed in
Sec. II.2, and a local unitary of the form U, = U ® U, such
that the marginals are kept equal. From Lemma | we then
see that, given any doubly stochastic matrix M, one can find
M, such that M,(1 +II) = (1 + II) M, and consequently a
mapping to each probability vector p such that

p=Maq+(L+II)M,r = M, [q+ (1+I)r]=M,p.
(€1))

From the HLP theorem, we thus know that it is possible to pro-
duce all the vectors p that are majorised by the vector p cor-
responding to the initial state. Thus, we proved that through
the entangling unitary, all the marginals o' = Y7, p;|i )1
such that p < p can be reached from the initial state. Then, if
we can also arbitrarily change their eigenstates in a symmet-
ric way, Theorem 1 is proven. For that, we use a local unitary
U®U with U = Y7 | ¢; i | to change the eigenstates of the
marginal to an arbitrary set of eigenstates {| ¢; ) }2_,, such that
finally the marginals become § = Y7, ;| ¢; X ¢:| in which
the set {| ¢; }} can be any orthonormal basis in d = 3. O

As a corollary of Theorem 1, the existence of STUs is
proven for the two-qutrit case for initial and final thermal
states with inverse temperatures 3 and 3’ < (3, respectively,
since p(8’) < p(83) holds whenever 3’ < 3.

Unfortunately, generalisations of Lemma 1 to higher di-
mensions fail, as we explain in more detail in Appendix A.V.
Despite the general statement of Theorem 1, any attempts at
generalisations must hence be based on a different approach,
which does not require the existence of a doubly stochastic
matrix M as in Eq. (30) for all doubly stochastic matrices M.

II1.2. Alternative approach: “passing on the norm”

Here, we explore another possible approach that makes use
of the HLP theorem and tries to overcome the difficulties en-
countered for generalising the previous approach. Let us first
discuss the method for two d-dimensional systems, before
turning to the special cases d = 3 and d = 4.

To begin, we once again employ the transformation pre-
sented in Eq. (25) to generate equal marginals. Recalling that

the marginals of our final target state are thermal states at in-
verse temperature 3’ < 3, we decompose the final state vector
into the form

k

p=a+y ([F]+1)7H(1+1)b,, (32)
i=1

with a = q(8') = Z?;épjj(ﬂ')ej and b; = r;(8) =
Z;-l;é pjj+i (") ej. Further, recall that the initial states have
the same decomposition with inverse temperature 5. One way
of transforming p into p is to transform q into a and r; into
b; forall s = 1,..., k. Looking at Eq. (25), one realises that

this is possible if

Myq = a, 33)
My r;=b;, i=1,... k. (34)

Unfortunately, for any 5’ < § we have |q| > |a|, where
||| denotes the 1-norm, see Appendix A.VII, and since dou-
bly stochastic transformations conserve the norm of vectors,
Eq. (33) cannot hold true. The norms of the r; also generically
differ from those of the b;, meaning Eq. (34) does not hold
either. However, it is not clear whether ||r;(3)| is a mono-
tonic function of 3, and so ||r;| may in principle be smaller
or larger than ||b;||, depending on 3, 8" and i. Loosely speak-
ing, the vector q has ‘too much norm’. Intuitively, one may
thus make use of the excessive norm of q by transforming the
required ‘amount’ of q into a, and redistributing its excessive
norm to the rest of p, or in other words by passing the exces-
sive norm of q on to the rest of p, giving rise to the name of
the approach. Formally, one achieves this by splitting M, into
a convex combination of two doubly stochastic matrices, i.e.,

Mq = ao]\/[qaa, + alj\/jqalﬂ (35)

where ag,aq > 0, ag + @1 = 1, and My, and M, are
doubly stochastic matrices such that

q a
My o7 = —, (36)
Tal - al
Mqﬁbﬁ = f(by,....by), (37)

where f depends on the vectors b;. The main idea of this
approach is that if one chooses f and M,_,;, in an appropriate
way, the M., may potentially be chosen such that

r; bl

M, —— =24 §=1,...k, (38)
ri| b

in order for p to transform into p as desired. One way of
‘passing on the norm’ of q in this way, i.e. choosing f and
My, is to pass it to each b; individually

k .
My = Z;di(]l + 11" My, 39)
. q b; .
with My 4, — = , i=1,...,k, (40)
T al el



which implies f(by, ..., by) = i, di ey, where the {&};
constitutes a probability distribution. However, this is not al-
ways possible as the condition q/|q| > b;/|b;l||, necessary
for the existence of M,_.;,, cannot be satisfied in general. See
Appendix A.VI for details. One is therefore forced to pass the
norm of q in a more clever way. A good candidate is

k
Moy =Y @My, (41)
i=1
q (1+IO9b;
with M, op, — = ——, t=1,...,k. 42)
T al 20

However, this separation of M, into one part “passing on the
norm” from q to a and another part from q to the b; is not
strictly needed. One may instead only require the existence of
a doubly stochastic matrix M, such that

qu:a+fl(r1ab17"'7rk’7bk)a (43)

with

T, by) = Z( Zy)t(a- Hrz'”)(]1+Hi)lo,-.

b
(44)
Unfortunately, Eq. (43) is challenging to check, e.g., even con-
firming whether a + f(r1,b1,...,rg, by) is a vector of non-
negative components is already complicated. In summary, the
approach requires checking the two following conditions:

?(I‘l,bl, .

(i) For any pair of vectors (r;,b;), there exists a doubly
stochastic matrix M, such that

b; r;
=M, ——,i=0,...,k, (45)
Ibil g
while at the same time ||q| > =q(8).

(i1) There exists a doubly stochastic matrix M, such that

S, @)

Mz 2 Ib.|

or the stronger version: |r;| < ||b;|| foralli=1,...,k
and there exist doubly stochastic matrices My_.2p,, © =
., k such that

q (11 +11%) by

M,
2 al T 2]

i=1,... k. (47

Condition (i) indeed holds, and we thus state it below as
the following lemma, the proof of which is presented in Ap-
pendix A.VIIL.

Lemma 2. For any d-dimensional system with arbitrary

Hamiltonian, for any B’ < 3, and for alli = 0,...,d -1 we
have
lal > [a, (48)
i b;
g (49)

—_—
(i b

Given the above lemma and assuming that condition (ii)
also holds, one can prove the existence of STUs for all dimen-
sions by using the following majorisation relations. The ma-
jorisation relation (49) from Lemma 2 ensures the existence of
doubly stochastic matrices M,., which satisfy M, r;/|r;|| =
b/ Hb |. To reach any thermal state with higher temperature,
ie., p = p(B’), we then need the existence of M, such that

q+2( Zl41)” Ll (1 +I")b;,  (50)

p(#) = bl ¢

therefore compensating for the required norm of the vectors
associated to the subspace {#,, }¢-}. This is precisely what
is ensured by condition (ii).

However, since condition (ii) is in general cumbersome to
prove, one can check whether Eq. (47) holds instead. See
Appendix A.VIII for more details about how to prove the ex-
istence of STUs in general in this way. In the particular case
of d = 3, the strong version of condition (ii) can be reduced
to a (“norm passing”) requirement that we formulate in the
following lemma:

Lemma 3. In d = 3, for every choice of E and Fo with E5 >

E1 and for any B’ < B, the following majorisation relation
holds:

(]l +H)b c
HOI” 2[b| ]’

The proof of Lemma 3 is presented in Appendix A.IX. To-
gether, Lemmas 2 and 3 then confirm the existence of STUs
for the d = 3 case.

Now, let us examine the case d = 4. Consider a bipartite
system with equal local Hamiltonians H = Y7, E;|i 4] in
which the energy eigenvalues are ordered in increasing order
and Ey = 0. Following Eq. (17), the vectorised form of the
marginals for the initial uncorrelated thermal state is given by
P =q+r; +ro +r3 with

(5D

Poo Po1 Po2 Po3
P11 P12 P13 P1o
= , Iy = , g = , Iy = =Ilrq,
d P22 ! P23 2 P20 3 P21 !
P33 P30 D31 D32
(52)

where r; is a shorthand for r;((3). Furthermore, we again de-
note the vector decomposition of any thermal state with higher
temperature 8’ < B as p(8’) =a+>; b; with a:= q(8’) and
b; := r;(8’). Unitaries on the LCSs that generate the same
marginals, according to Eq. (25), lead to the transformation

p=Dp=Myq+(1+I1) M, 1+ = (11 +II*)M,, 12, (53)
where the M, are arbitrary doubly stochastic matrices. To
achieve a thermal marginal with higher temperature, one can
transform each r; to b; as prescribed by condition i and pass
the extra norm of the vector q as dictated by the stronger ver-
sion of condition (ii). This is possible at least under some
restrictions on the energy level spacings 0; = E;,1 — F;.
Let us phrase this statement more precisely in the follow-
ing Lemma 4, a detailed proof of which is presented in Ap-
pendix A.IX.



Lemma 4. In d = 4, for every choice of the set { E;}3_, with
E;1 > E; and 6;41 < 0; and for any 8’ < B, the following
relations hold fori = 1,2:

q 1+II' by
qa ,
lal 2 b
[ri] < b (55)

(54)

With Lemma 4 at hand, we are ready to state the result
achieved for the d = 4 with this method.

Theorem 2: Existence of STUs in d = 4

In any 4-dimensional system, for every set of energy
eigenvalues {E;}?_, with E;1 > F; and 6,41 < 6;, and
for any 3’ < 3, there exists a set of doubly stochastic ma-
trices { M, }2, such that

1
p(B') = M, q+(1+IT) Mrlr1+§(]1+H2)M,,2 ra, (56)

which implies the existence of STUs in d = 4 for symmet-
ric Hamiltonians with decreasing energy gaps.

Proof. The statement follows from Lemmas 2 and 4. O

We have thus seen that the approach discussed in this sec-
tion does, at least partially, generalise to local dimension 4.
However, the proof of Theorem 2, which exploits the stronger
version of condition (ii) fails for F’3 > 1. Note that this failure
is not an artifact of even dimensions, but rather continues to
persist in subsequent higher dimensions. Still, the possibility
remains that above results can be generalised by proving the
weaker version of condition (ii).

III.3. Geometric approach

Our attempts to generalise the approaches of Secs. III.1
and II1.2 to higher dimensions have shown that the problem
can be recast in terms of different sets of conditions. How-
ever, checking these conditions has proven to be increasingly
complex with growing dimension, and has thus only provided
partial results even for the case d = 4. We therefore now
turn to a third approach which at least provides a complete
proof for d = 4. This approach is centred around the geomet-
ric structure generated by doubly stochastic matrices. More
specifically, recall that the Schur-Horn theorem implies that
for any v € R™, the set of vectors obtained by applying the set
of unistochastic n x n matrices to v is a convex polytope given
by the convex hull of all permutations of the entries of v, see,
e.g., Ref. [31]. Here, we can apply this idea to the vectors
q and r; and the matrices M, and M., respectively, to gen-
erate matching diagonal marginals according to Eq. (25). In
other words, the set of all possible symmetric marginal vectors
reachable by unitaries that are block-diagonal with respect to
the chosen LCS decomposition is the polytope with vertices

given by the set of points

k
f)(i(),zl ..... i) — H(’L())q+ Z (l%J + 1)—1(]1 + I—In)l—[(zn)rn7
n=1
(57)

with 4; € {1,2,...,d!} for all j = 0,...,k with k as in
Eq. (21). Here, II9 for ¢ = 1,...,d! are the possible per-
mutations of d elements. The question about the existence of
STUs is then equivalent to asking if the curve defined by the
set of points {p(3')|8 > B’ > 0} is enclosed within the poly-
tope corresponding to the convex hull of the (d!)**! points
f)(io»'il ~~~~~ i)

To answer this question, we then proceed in the following
way. First, we note that the d-component vectors p = (p;)
only have d — 1 independent entries due to the normalisation
condition Zf;ol p; = 1. The problem can thus be reduced to
d—1 dimensions by choosing coordinates {; };-0.1,...,4—2 With

Tn = (n+1)Ppa1 = ). i, (58)

i=0
forn = 0,1,...,d — 2, while the additional last coordinate
Tg_1 = —Zf;ol p; = —1 is fixed by normalisation and can

thus be disregarded. In these coordinates, the point obtained
for infinite temperature (8 — 0) is the origin, p(8 — 0) =
(0,0,...,0,-1), the point for vanishing temperature is p(3 —
o) = (-1,-1,...,-1) and all thermal states lie on a con-
tinuous curve connecting these points that is strictly confined
to negative coordinate regions, z; < 0 Vi. However, note
that there are points corresponding to reachable marginals that
have positive values for some of the new coordinates.

For any given initial temperature 1/ and dimension d, a
sufficient set of conditions for the inclusion of the curve de-
fined by the points {p(8’)| 8 = 8’ > 0} in the reachable poly-
tope is as follows:

(I) Inclusion of the vertices

Vo = p(ﬁ) = («fo(ﬁ),wl(ﬁ),. .. 7xd—3(6)7xd—2(5)7_1)7
Vii= (0,$1(ﬂ)7---,xd—3(6)7$d—2(6);_1),

Vo = (0707$2(ﬁ) e axd—3(ﬂ)7md—2(ﬁ)7_1)a

V-2 = (0,0, .. .,0,$d_2(ﬂ), —1),
Vd-1:= p(ﬁ_)O):(O"'wOv_l)a (59)

in the polytope of achievable marginals.

(1) Inclusion of all points p(5’) with 8’ < § in the sim-
plex corresponding to convex hull of the set of vertices
{vi|]i=0,...,d-1}.

In general, confirming condition (II) is relatively straight-
forward, either by proving the positivity of the partial deriva-

. -1 2 2
tives —%’; m = (%”Cg ) ng’ > 0 and 885721" = aag;n
2 -1 . .
(agé” )( 8;5 ) 8; 5+ > 0 (which we show explicitly for d = 4

in Appendix A.X), or by showing that all points p(/3") can be
written as a convex combination of the vertices (59), which
we prove in general for dimension d in Appendix A.X. Let us
therefore state condition (II) as the following lemma:
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FIG. 1. Polytope of reachable symmetric diagonal qutrit marginals. (a) The axes show the components p; (with ¢ = 0,1, 2) with respect
to the original basis {e; }i-0,1,2 and the simplex of all possible states (not necessarily reachable from a given state) is indicated by the dashed
blue triangle. The parameter values chosen for the illustration are 8 = 1.35F; and E; = 2FE;. For these values, the family of thermal states
is shown as a solid purple curve from p(8 — o0) = (1,0,0)% to p(8 - 0) = (%, %, % T The initial state of the marginals is represented by
the point p(8) indicated by a blue arrow. The shaded blue area shows the polytope of diagonal reduced states with pa = pp that is reachable
by the application of a unistochastic matrix M on q in combination with a circulant unistochastic matrix M applied to r. This polytope is the
convex hull of the points obtained from combining any (out of 6 possible) permutations of ¢ (green arrows) with cyclic permutations (out of 3
possible) of r (orange arrows). We have chosen to restrict to cyclic permutations on r here to illustrate that this is enough for d = 3, whereas
this is no longer the case when d = 4. The red arrows between p(3), p ", and p(8 — 0) delineate a triangle, which we show contains
all points p(3") that correspond to thermal states with temperatures higher than the original temperature, 3 > 3. (b) The polytope is shown
in terms of the independent coordinates © = o = —po + p1 and y = x1 = —po — p1 + 2p2 from Eq. (58). The vertex vf) is located at the
intersection of the y axis with the line connecting p(3) and p©® .

Lemma 5. In the coordinates defined by Eq. (58), the curve Proof. For d = 3 we have to prove that the point v{¥ =

of thermal states at inverse temperature 3' < (3 satisfies con-
dition (II) for all 3 in all dimensions d.

Besides satisfying condition (II), it is also easy to see that
the vertices v and v4-1 from condition (I), which represent
the initial thermal state and maximally mixed state in the new
coordinates, are reachable for all dimensions. However, show-
ing the inclusion of the rest of the points in (I) is increas-
ingly difficult, due to the rapidly growing number of possible
polytope vertices and the difficulty of visualizing the (d - 1)-
dimensional polytope beyond d = 4. In the following, we
prove that condition (I) holds (at least) in the particular cases
of d = 3 and d = 4. See also Fig. 1 for an illustration in dimen-
sion 3 and Appendices A.XI and A.XII for further details.

Theorem 3: Geometric approachind=3and d =4

In d = 3 and d = 4 systems, for every choice of Hamilto-
nians and initial inverse temperature 3, the set of thermal
states with 3’ < /3 is contained within the polytope with
vertices defined in Eq. (59), which proves the existence of
STUs in the symmetric two-qutrit and two-quqart cases.

(0,21(B),-1) can be reached with transformations of the
type p — p = M,q+ (1 +II)M,r for some doubly stochastic
3 x 3 matrices M, and M,., where q and r are as in Eq. (29).
This is indeed the case, e.g., for M, = 1 being the identity
matrix and

m 1l-m

0
My=|1-m 0], (60)
1

o3

0
with m = 1 — 1/[2(po + p1)], which is a doubly stochas-
tic matrix since pg + p1 > 1/2 for d = 3. Note that, ge-
ometrically, this choice of M, and M, represents a convex
combination of the points p(3) and p(®1) shown in Fig. (1).
For this transformation, we have p = Z?:o p;€e;, where the
components with respect to the original basis {e;};-0 1,2 are
Po =p1 = (po +p1)/2 and Py = po, which means that the com-
ponents of p with respect to to the new coordinates of Eq. (58)
are p = (0,2-3(po+p1),-1)" = (0,21(8),-1)" = v{”. This
concludes the proof for d = 3.

For d = 4, we have to show that the two points v{" =
(Oa xl(ﬁ)’ m?(ﬂ)? _1) and Vgl) = (07 07 -7:2(6)7 _1) can be
reached with transformations of the type p — p = M,q +



(1 +11) M, vy + 3 (1 +I1%) M,, x5 for some doubly stochastic
4 x 4 matrices M, M,,, and M,,, where q and r; are as in
Eq. (52).

The point v{* can be reached with the equivalent of the
transformation used to reach vf) above, that is, using M,, =
M,, =1 and

29

m 1l-m
1-m

M, = , (61)

o= OO
= o oo

- m
0 0
0 0
with m = 1-1/[2(po + p1)], which is again doubly stochastic
since po + p1 > 1/2 also holds for d = 4.

To prove that v(24) can be reached, one can see that it can be
obtained as a convex combination of (at most) 5 of the vertices
in Eq. (57), as we show in detail in Appendix A.XII. O

For higher dimensions, as we already mentioned, the prob-
lem becomes more and more complex, but one can try to build
a recursive approach based on the above lower dimensional
proofs and borrowing some ideas from the “passing on the
norm” approach. In particular, we outline a possible route
for such an approach for the case d = 5 in Appendix A.XIII,
where we can show the existence of STUs for d = 5 for a
subset of all possible Hamiltonians.

IV. CONCLUSIONS

We have investigated the generation of correlations in ini-
tially thermal, uncorrelated systems. For two identical d-
dimensional systems, the conversion of energy into correla-
tions as measured by the mutual information is optimal when
the final state can be reached unitarily and both marginals
of the final state are thermal at the same effective tempera-
ture. For any given system, the possibility of such an optimal
conversion for all input energies (or desired amout of correla-
tions) hence hinges upon the existence of symmetrically ther-
malizing unitaries for all initial temperatures and effective lo-
cal final temperatures. This gives rise to the central question:
Is it possible to find unitaries (STUs) transforming thermal
marginals to other thermal marginals with higher tempera-
ture for any local Hamiltonian?

In asymmetric cases, where the two local Hamiltonians are
different, this is generally not possible, as we have shown via
constraints on the subsystem entropies. For the symmetric
case (equal local Hamiltonians), we have provided a frame-
work based on locally classical subspaces in dx d-dimensional
systems to address this question beyond previous partial re-
sults for equally gapped Hamiltonians [11]. In particular, we
have shown that STUs exist for all (locally matching) Hamil-
tonians in local dimensions d = 3 and d = 4, and we conjecture
that STUs exist in all local dimensions.

To showcase the complexity and interesting features of the
problem, as well as to provide further guidance for proving
(or disproving) our conjecture, we have discussed three ap-
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proaches operating within our framework. Using the “ma-
jorised marginals” approach we showed for two qutrits (d = 3)
that, not only do STUs generically exist for any local Hamilto-
nian at any temperature, but also it is indeed possible to sym-
metrically reach any marginal that is majorised by the initial
marginals. However, since this approach fails to be gener-
alised to higher dimensions, we introduced two alternative ap-
proaches that we call “passing on the norm” and “geometric
approach”, respectively. Both allow proving the existence of
STUs in the two-qutrit case. Using the “passings on the norm”
approach, we were further able to show that STUs exist for
d = 4 when the local Hamiltonians satisfy specific conditions
on their energy gaps, i.e., d;+1 < J;. Finally, we have used the
“geometric” method to prove the existence of STUs in local
dimension d = 4 for all symmetric Hamiltonians, and we for-
mulate a set of conditions to extend this approach to higher
dimensions.

Our work addresses a fundamental question in quantum
thermodynamics, whether correlations can always be cre-
ated energetically optimally, or not. Besides addressing a
question about the conversion between thermodynamic and
information-theoretic resources, the problem at hand can be
considered a part of the quantum marginal problem. What
kind of marginals can be unitarily reached from (are compati-
ble with) a particular global state? The framework we put for-
ward in terms of locally classical subspaces is more general
than symmetric marginal transformations and also goes be-
yond mere majorisation relations of marginal eigenvalues. As
such, it may also be relevant for other variants of this question,
such as addressing the catalytic entropy conjecture of [34].
Just using one of the many possible such subspaces, we man-
aged to resolve our main question for dimensions d = 3 and
d = 4 and it would be interesting to know if all marginal eigen-
value distributions could potentially be reached by operating
in locally classical subspaces only. Finally, a significant chal-
lenge lies in specializing from the creation of arbitrary corre-
lations to generating entanglement [1 1, 12, 29, 35].
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APPENDICES

In these appendices, we provide detailed proofs of the
lemmas supporting the main theorems, as well as additional
detailed calculations and counterexamples mentioned in the
main text. In Appendix A.Il, we investigate the maximal
amount of correlations unitarily achievable for a fixed amount
of energy that can be created between two arbitrary asymmet-
ric systems initialised in a pure state. In Appendix A.III, we
propose a scheme to transform finitely many copies of bi-
partite thermal states with thermal marginals to states with
symmetric thermal marginals at a higher temperature. In Ap-
pendix A.IV, we give a detailed proof of Lemma 1. We also
discuss why Lemma 1 cannot be generalised to higher dimen-
sions in Appendix A.V. In Appendix A.VI, we show via coun-
terexample that it is in general not possible to map the nor-
malised versions of the vectors q; to the vectors r; by doubly
stochastic matrices. In Appendix A.VII, we present a detailed
proof of Lemma 2 that confirms that condition (i), used in
the “passing on the norm” approach, holds in general. In Ap-
pendix A.VIII, we discuss how one can show the existence
of STUs via the stronger version of condition (ii). In Ap-
pendix A.IX, by proving Lemma 3 and Lemma 4, we com-
plete the proof of the existence of STUs via this approach in
d = 3 and under specific constraints on the energy gaps in
d = 4. Then, we turn our attention to the geometric approach
and show the monotonicity and convexity of the thermal curve
in Appendix A.X. The detailed proofs of the existence of
STUs using the geometric approach in dimensions 3 and 4
are presented in Appendix A.XI and Appendix A.XII, respec-
tively. Finally, we discuss the possibility of generalising the
geometric method to higher dimensions in Appendix A.XIIIL

A.I.  Upper bound on correlation

In this appendix, we show that if STUs exist in general,
i.e., in particular for the desired temperature, they provide an
upper bound for the amount of correlation that can be achieved
unitarily. Using the same notation as in the main text, we are
interested in solving the problem

mng(@A)+S(,§B) s.t. Tr(gaHa ) +Tr(gsHp) < c. (A1)

This can be rewritten as
HlélX S(04 ® 0z) (A.2)
st. Tr(0,®@ 0s(Ha®1+1® Hy)) <c.

According to Jaynes’ principle, the maximum is obtained for

7.(B) ® 7 (B), (A.3)
where /3 is chosen such that
Tr(7.(B) ® 75(B)(Hy® 1+ 1 ® Hp)) = c. (A4)

This solution can be found using Lagrange multipliers by con-
sidering the nxn matrix g, as an vector with n? components.
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We therefore have as desired
max §(82) + §(8) S Tr(8uH) + Tr(an Hy) < .
< S(1a(B)) + S(7(B)),

with Tr(r, (B)H,) + Tr(rs (B)Hy) = c.

(A.5)

A.Il. Maximal amount of correlation for a pure state in the
asymmetric case

Here, we discuss and solve the problem of maximising the
correlations under an energy constraint in the asymmetric case
with an initial pure state. That is, we want to solve

max 5(0.) +5(8»), (A.6)
0A,0B

subject to the constraint Tr( g, H, ) + Tr(0s Hs ) < ¢, where

d-1 d-1
oa= . pilei Xeitl, s =Y. pilei Xl |, (AT
i=0 1=0

with p; > 0fori=0,...,d -1, Y54 pi = 1, d = min{d,, ds },
and where {7 )} and {|@?)}%; " are orthonormal
bases of H, and Hj, respectively. Without loss of general-
ity we then assume d = d,. Note that S(g,) = S(0z) and
05 = U UT, where we write U = Y97 | 0P ¥ ¢7]| (in a slight
abuse of notation) such that the problem may be rewritten as

m%XS(Q) st. Tr[o(H, + UTH,U)] < ¢, (A.8)
o,
where we have dropped the tilde and subscript A on g for ease
of notation. To solve this problem we consider the converse
problem

min Trlo(H, + U'H,U)] st S(o) =k,

o,

(A.9)

and show that (at least a family of) optimal points of (A.9) are
optimal points of (A.8). To simplify the notation further let us
write

d-1
H, = ZE’LA|Z><Z‘A

(A.10)
i=0
dp-1
Hy= ) E7[iKil,, (A.11)
i=0
with B < Ef,, and E’ < E7,.
Proposition 1. The pair (0opt(K), Uopt ), given by
d-1
Uopt 1= 3. 1) (il (A.12)
i=0
B0
Gopt (A(K)) = ——=— (A.13)

where Z = Tr(e_ﬁ(”)ﬁ) and H = YL (Ef + EP) i )i
a solution of the minimisation in (A.9).

o S



Proof. Denoting the spectrum of pas A, = (Ao, ..., Ag-1), we
first show that (0opt(8(%)), Uopt ) is a solution of the follow-
ing minimisation problem

o | :
i, i o) ¢ iy 0008
(A.14)

subject to the constraint H(\) = , where H () denotes the
Shannon entropy of the probability distribution A. Since all
density matrices of a given spectrum are unitarily related we
have

min_ Tr(H,) :mvinTr(Vdiag{Ag}VTHA), (A.15)

0 st Ap=

where the minimisation on the right-hand side is over all uni-
taries V. The passive state with spectrum A is well-known
to solve this minimisation. Adopting the notation v* = (v})
to denote the vector obtained by arranging the components of
the vector v = (vy,...,v,) in decreasing order, i.e., such that
v} >} > > v}, we thus have
1
min  Tr(oH,) =Y MNE:.
0 st Ap=A (Q A) 1;) v

(A.16)

For the second minimisation problem in (A.14), note that
since {| 7 )94 and {| P )}%5,! are orthonormal bases, the
matrix representation of U can be extended to a unitary dy xd
matrix V. Similarly, the matrix representation of p can be
extended to a positive dp x dz matrix g by padding it with
zeroes. With this we have

min  Tr(UpU'Hy) > min Te(VaV' Hy).
U,0 s.t. Xg=\ V,0 s.t. A5=(),0,...,0)

(A.17)

Again the passive state with spectrum (A, 0, ..., 0) solves the

right-hand side of (A.17) and we obtain

d-1

i Te(VoViH,) = S AN EZ. A.18
Vs AR o TIVEVTH) = NED. (A18)
This solution is in fact also an attainable solution of the left-
hand side of (A.17). Hence

d-1
min ATr(UgU*HB) = > NE]. (A.19)
=0

U,0s.t. Ap=

We have therefore reduced the minimisation problem
of (A.14) to solving

d-1
in Y A(E +E?P), st. H\) = Al=1. (A20
min 3 (B + B), st HO) =, TN =1 (A20)
This problem, in turn, can be solved by means of Lagrange

multipliers, which yields

e BEI+ET)

1 _
N = SET ey 42D
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which is precisely what is delivered by the solution

(0opt (B(K)), Uopt)-

We can further check that for every € [0,1n(d)] there ex-
ists a unique 3 € [0, co] such that H(X,, ) = S(0opt(B)) =
K, 1.e., that the notation 3(x) is well defined and can be un-
derstood as a function. This can be seen from

5(0opt(0)) = In(d),
S(0opt(00)) = 0,

%S(Qom(ﬂ)) = B(Tr(oH)? - Tr(oH?)) < 0, V3 € (0, 00).
(A.24)

(A.22)
(A.23)

Strictly speaking, the last line is not valid when H o 1, but
in that case one can straightforwardly check that (Uops, %)
solves our original problem (A.8) for any allowed c. We hence
(tacitly) discard it from the start.

Having established this fact about (0opt(B(%)), Uopt ). let
(0,U) be such that S(p) = k. Then p has some spectrum
{po,- -, pa-1}. From the above we thus have

d-1 d-1
Tr(oH,) + Ti(UoU ' Hy) > .t Ef + Y it EF - (A25)
=0 =0
d-1  -B(r)(E+EP)
T 5 2y e PRERED)
= Tr(gopt (ﬂ(’i))HA) + Tr(UothOpt (ﬂ(’i))U;ptHB)a

which proves our claim, because S(gopt (5(K))) = k. O

(B +E7)

Now let us define the function

£ (k) = Tr(0ope (B(k)) Ha) + Tr(Uopt 00pt (B()) Ul Hs)-
(A.26)
We can then establish the following proposition.

Proposition 2. If (k1) < f(k2) then k1 < Ka.

The above is saying that if f has an inverse then that inverse
is strictly monotonically increasing. This is indeed how the
proof proceeds.

Proof. First, note that we have

d o d g d d o
0= 5105 = 10 (55 (®)
(A.27)
Further, we have already seen that

580 (9) = A(TH(H P ~Te(of%)) < 0. (A28)

Similarly one calculates

1) = (el ~Tr(e1) <0. (a29)
So for x € (0,In(d)) we have
d 1
%f(li) = B > 0. (A.30)



This proves that f is strictly monotonically increasing. It
therefore has an inverse f~! that is also strictly monotonically
increasing which proves our claim. O

We are now ready to solve the maximisation in (A.8).

Proposition 3. There is a (unique) [ such that

(0opt (B), Uopt,) is a solution of (A.8).

Proof. First, if ¢ > 1 Y50 B + E2 then (0opt (0), Uopt) i
the sought after solution, because

H((Gs--+q)) = S(eopt(0)) = S(0) ¥ o,

and Tr(opt (0)H) < c. Second, if ¢ < i Y& Ef + EP then

(A31)

d
%f(ﬁ) <0 (A.32)
ensures that there exists a (unique) 3, say /3, such that
F(B) = Tr(eopt (B)H) = c. (A33)

Let us now prove that (opt (3), Uopt ) is the desired solution
in this case. Consider a pair (o1, U7 ) such that

Tr(o1 Hy) + Tr(Ur 01U Hy) < ¢ = Tr(0ops (B)H). (A.34)

Let us further consider gopt (5(%)), the solution of (A.9) and
choose x = S(g1). Then it holds that

Tr(gopt(ﬁ(m))lzl) < Tr(o1Hy) +Tr(UlgU1THB)

< Tr(0opt (B) H), (A.35)

which, using Proposition (2), implies
S(0opt(B(K)) < S(0opt(B))- (A.36)

But S(0opt (B(x)) = S(01) such that
S(e1) < S(ops(B))- (A37)
O

A.IIl.  Correlating finitely many copies

Here we discuss a protocol that can be applied to n copies
of the initial state, i.e., 7,(3)®" ® 75(3)®", to increase the
temperature of the marginals in cases where STUs for single
copies exist for small temperature differences, but are not
attainable for larger temperature differences. For n copies,
the protocol consists of n consecutive steps. In each step,
a fixed STU achieving some finite temperature increase is
applied to different LCSs that correspond to particular pairs
of subsystems, such that for ¢, = 1,...,n, each subsystem
A; interacts with one and only one subsystem B;, and no
subsystem interacts again with a subsystem it has previously
interacted with. This ensures that all marginals are left
diagonal and thermal after each step, and leads to a step-wise
increase in the temperature of the marginals. In particular, in
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the jth step the unitary is applied to the subsystems A; and
Bi1j-1 mod(n)- This construction guarantees that the tensor
product structure of thermal states is preserved for each pair,
ie., 7.(B;) ® 7:(B;) where 3; denotes the effective local in-
verse temperature after the jth step. Furthermore, this means
that in each step the STU can be applied, as the marginals are
in a thermal state with the same temperature and moreover,
product to each other. While this protocol ensures that the
desired structures are preserved, the necessary conditions for
the protocol to achieve arbitrary final temperatures are still
part of ongoing research. In general the question remains,
whether it is possible to reach any arbitrary temperature
difference, 5’ < (3, within finitely many steps. This discussion
contrasts the proof of the existence of STUs in the asymptotic
case, discussed in Sec. 11.2.3.

To illustrate the protocol, let us illustrate the case of n = 4
copies here. In the following, each dot reprsents a subsystem
and the application of STUs is denoted by lines connnecting
pairs of subsystems. Initially one is confronted with the fol-
lowing situation.

Ao B
Ase By
Aze ® B3
Age By

In the first step, we connect subsystems corresponding to the
same copy, i.e., 4; and B;.

Ae e B
Age e By
Aze ® B3
Age e By

As specified, we are now in the situation where we have
slightly decreased the inverse temperature of the marginals to
7(1). We now apply a unitary to the subsystems A; and
Bi1+1mod(n)» further decreasing the inverse temperature of the
marginals.

A1=\\\\ //531

A2=\\\\ \::‘:ﬁ/:\\‘=32

A3=\“‘ — ////‘\\“‘\“‘\‘=B3
\/<“\\“\\~‘

A4=// \\\‘=B4



In the third step, the subsystems A; and B;.2moq(n) are con-
nected.

A1=~_\‘_“‘ ‘_/»GBl

Az e=—— =0
Tl PRGN

Azese——"— ——=e D3
Tree sl

Ay ——=-e Py,

Lastly, we connect A; and B;,3mod(n) as prescribed.

Ale-.;_:\\\ - “,_‘/,,/vaeBl
Ag o= ::\;\f\“; N, :::i:: ~==~e By
Ages ~=-e By
Agesi=c - :\\*‘~=B4

We have now used the four copies of the initial state, to in-
crease the correlations between the two sides step by step,
while retaining the product structure of the thermal marginals,
arriving at the final reduced states pa/p = 7(B4)®* for the
subsystems A and B.

A.IV. Proof of Lemma 1

In this section, we will first show that for any 3 x 3 doubly
stochastic matrix M, there exists another 3 x 3 doubly stochas-
tic matrix M such that M (1 + II) = (1 + II) M, a statement
we called Lemma 1 in the main text.

Proof of Lemma 1. In general, all doubly stochastic matrices
can be written as convex combinations of permutation matri-
ces as the following

d!
M= a1,

i=1

(A.38)

where IT1) indicate permutation matrices in dimension d, and
Y., a; = 1. Since we need to show that the statement is true
for any doubly stochastic matrix M, it is sufficient to prove
that the statement is true for M being a permutation matrix.
In the following we will just focus on dimension 3. In this
dimension there are 3! = 6 permutation matrices where we
collect the cyclic permutations 113, = 1, IT& = I, IIY = 1%,
and anticyclic permutations

H(l) —

100
Wo=foo1
010
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in a particular order, i.e.,

e = HS) e
Y
I = HXEJ’ e

- szj’ I® = e

C
= I, I =TIy (A.40)

where IT™, TI®, and II® trivially commute with II® = II. It
is further straightforward to show that

(1 + ) = (1 + 1)1

T (1 + T1®) = (1 + 1)1
IO(1 + 1) = (1 + ™).

(A.41)

For any 3 x 3 doubly stochastic matrix M given in the form
of Eq. (A.38), by using Eq. (A.41), one may thus find a 3 x 3
doubly stochastic matrix M of the form

M=o IV + a3 TI® + a5 I
+ (g H(4> + 0y H(G) + Q¢ H(Z), (A42)

which satisfies the required condition. O

A.V. Generalisation of the majorised marginals approach

One of the approaches to investigating the existence of the
unitaries mentioned in Question 1 is to generalise the ‘ma-
jorised marginals approach’ of Sec. III.1. This approach ap-
pears to be promising because of its simplicity and utility. For
such a generalisation to higher dimensions to be successful,
Eq. (5§7) would demand to prove the following claim.

Claim 1. For any d x d doubly stochastic matrix M, with
d > 4, there exists a doubly stochastic matrix M such that
M(L+I') = (L+I)M; Vie{l,....[2]}. (A43)
Note that by permuting the chosen basis vectors in a par-
ticular manner, (1 + IT*) can always be written in the form
of (1 + IT). Additionally, we know that such a transforma-
tion of the basis transforms any doubly stochastic matrix to
another doubly stochastic matrix. Since Eq. (A.43) should be
true for any doubly stochastic matrix M, these two facts imply
that Eq. (A.43) can be reduced to showing that for any dou-
bly stochastic d x d matrix M there exists a doubly stochastic
matrix M such that
M(1+1I) = (1+I1)M. (A.44)
Using a counterexample, we show that Claim 1 does not hold

in general for dimensions d > 4. In particular, we construct a
counterexample in dimension 4.

Counterexample to Claim 1. Let

(A.45)

(=Nl
o~ oo
===
S oo



As we will now show, there exists no doubly stochastic M
such that M (1 +1I) = (1 + II) M. To do so, we first calculate

(A.46)

= -0 O
—_— o = O

1 1
M(1+1I) = (1) (1)
0 0

We are then interested in determining whether this can be
equal to (1 + II)M for some M, with elements m;; > 0,
for 7,7 = 0,...,3 such that each column and row sums to 1.
From the first row of (1 + IT) M, we obtain mqg + m3g = 1,
which implies m1g = mog = 0, mg1 = ms3; = 0, and
moz2 = m3z2 = 0, and further we obtain mo3 + m33 = 1, which
implies my3 = mag = 0. Thus, M must be of the form

moo 0 0 mos3
0 mi1 MMi2 0
0 mo1 122 0

mso 0 0 mss

M = (A.47)

Then, from the second row of (1 + H)M we obtain mgg = 0,
implying mso = 1, as well as my; = 0, which implies me; = 1.
Moreover, we have mo = 1, which means mqys = 0, while
mo3 = 1 suggests ma3 = 0. We hence have

0001

~ 0010

MzOlOO (A.48)
1000

But since ((1 +IT)M)3; = 0 # (M(1 +1I))3;, = 0 we arrive
at a contradiction.

Since Lemma 1 does not hold in general, one can try to
relax it to a weaker statement which is still suitable for our
purposes. One way to do so is to demand that an equivalent
of Eq. (A.44) holds only when applied to (certain) vectors, in
the spirit of the observation that although the set of doubly
stochastic matrices does not coincide with that of unistochas-
tic ones, given a vector v with nonnegative components and a
doubly stochastic matrix M, there is yet a unistochastic My
such that Mv = My v. Thus, we investigate whether the fol-
lowing statement is true or not:

Claim 2. Given a vector v of nonnegative components and a
doubly stochastic matrix M, there exists a doubly stochastic
matrix M., which may depend on v, such that

M(1+10)v = (1 +II)M,v. (A.49)
The relaxation being clearly that now M is allowed to

depend on v. Unfortunately, the previous counterexample
carries over to Claim 2, as we shall see.

Counterexample to Claim 2. Let us consider M as in
Eq. (A.45) and let v = (1,0,0,0)”. Then we have

M1 +1)v=(1,0,1,0)7". (A.50)
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We then want to know if this equals (1 +II) M, v for some M,
with elements m;; > 0, 4,7 = 0,...,3 such that each column
and row sums to 1. We obtain

Mmoo + M30
Moo + Mio
mig + Mao
Moo + M30

(1 +10)M,v = (A.51)

Comparing this with Eq. (A.50), we have mgg + msg = mig +
meo and Mmoo + M3g = Moo + M10, which ylelds m3o = Mio,
and concurrently mgg + msg = 0 and mgg + msg = 1, which
means we arrive at a contradiction.

A.VL. Counterexample for majorisation relations

Here, via counterexample, we show that the following
claim (discussed in Sec. II1.2) does not hold in general:

Claim 3. The relation ﬁ > ﬁ holds N d > 2 and 8’ < B.

Counterexample to Claim 3. Consider the case where the
last eigenvalue of the local Hamiltonian is infinitely large,
FE4_1 — oo. In this case, we know that for a thermal state with
any finite temperature, the corresponding probability weight
vanishes, pg—1(8) — 0. Due to the definitions of the vec-
tors q and r; [Eq. (17)], it is clear that ps_1(/3) contributes
to one element of the vector q, i.e., to (q)g-1 = PZ—p and
two elements of the vector r;, (r;)g-1-; = Pa-1-i Pa—1 and
(ri)d-1 = Pa-1pPa-1+i- Hence, the vectors q and b; = r;(5")
have d — 1 and d — 2 nonzero elements, respectively. Now
recalling from majorisation theory that no vector can be ma-
jorised by a vector with higher rank one can see that Claim 3
does not hold.

A.VIL. Proof of Lemma 2

Here, we present the proof of Lemma 2 for any d-
dimensional system, which ensures that condition (i) holds in
general.

Proof of Eq. (48) in Lemma 2. To prove that Eq. (48) holds,
we need to show that for any 3 > 3, g(8) := |q| is greater
than ¢g(8’) = ||al| in d-dimensional systems. To achieve this,
one may use the positivity of the first derivative of the function
g(B). We therefore calculate

>, e 2BE:

Osldall = aﬁ(w) (A.52)

- ﬁ > (Ep + By, — 2B, )¢ P@E+En+En)
- 2(123)3 Z(Em - Ei)efﬁ(QEE*Em)
- 2(2)3 Z [(Em _Ei)e_ﬁ(2E11+Em)

+ (Bi - Bp)ePE280)]
> (B - E;) (e PCE+En) _ o=B(Bi+2Em)y

m>1

_2
z(B)?



Without loss of generality, we have ordered the energy eigen-
values in increasing order, E;,; > FE;. Then, for any
pair (m,i) with m > i, we know that (e #(Fi+Em) _
e A(Ei+2Em) is nonnegative, implying s q > 0. Also note
that the last inequality is strict unless E; = F,, for all m > i
implying H o< 1 for which the problem is already solved. For
all practical purposes, the inequality is therefore strict. O

Proof of Eq. (49) in Lemma 2. Using our convention of LCSs,
see Sec. I1.2.1, we have

d-1

r;, = ijjﬂ-ej and bl =
=0

(A.53)

d-1

/
2 P i
3=0

where p;j.i(8) = e PFirFr)[Z(8)? and p)
pjj+i(8"). We then calculate

r, 41 pg i d-1  ~B(Ej+Ejs)
. = - d-1 ,_B(E,+E .)e
HrzH =0 Zk opk k+i §=0 k=0 € kT ket
= = L (A.54)
0 S e
where A; = Ej + Ej,; forall j =0,...,d - 1. The last ex-

pression is nothing else than the vectorised form of a thermal
state at inverse temperature /3 with respect to the Hamiltonian
Z;j;& A;l7X7l. Since the vector of diagonal entries of any
thermal state majorises the vectorised diagonal of any thermal
state (with respect to the same Hamiltonian) with lower in-
verse temperature 5’ < 8, which is nothing else than b, /| b;
Eq. (49) holds, which concludes the proof.

A.VIII. The existence of STUs with the stronger version of

condition (ii)

In this section, we will show how one can prove the exis-
tence of the STUs if condition (i) and the stronger version of
condition (ii) from Sec. I11.2 hold.

condition (i) ensures that there exist doubly stochastic ma-
trices M., which transform r;/||r; | to b;/|b;| and also q/|q|
to a/||al|, i.e.,

r; b;

ri| bl

for i=0,....k. (A.55)

T

Using Egs. (25) and (A.55), the marginals then become

— rz
b= Myas 2%+ 1) ey i,
i=1

(A.56)
To reach a thermal state with higher temperature, one can
compensate the required norm of (1 + I1*) b; by extra norm
from the vector q. To achieve that, we need to have |q|| > |a,
which is ensured by condition (i). In addition, another require-
ment for shifting the norm is the existence of doubly stochas-
tic matrices Mo, to transform q/|q| to (1 +1I1") b;/2|/b;|.

18

Due to the HLP theorem, condition (ii) ensures that such ma-
trices exist. Therefore, M, can be written as

M q—>a + Z Q5 q—>2b1 ’ (A.57)

where M,_,, and the M,_;, are doubly stoc;hastic matrices
that map q to a and q to each of the (1 + II*) b;/2||b;|, re-
spectively. Applying M, to the vector q in Eq. (A.56), we
have

okl
Prooge Z(72\|lo||

=1

2i 1 |

(A.58)

In order to obtain a thermal state at inverse temperature 5’ < (3,
one must choose the coefficients «; as

st (bl
=AU DT T

Using the fact that convex combinations of doubly stochastic
matrices are doubly stochastic matrices, to ensure that M, is
indeed a doubly stochastic matrix, one needs to show that the
coefficients «; as given by Eq. (A.59) are positive and sum to
one. The inequality ||b;||>|r;| in condition (ii) ensures their
positivity. Furthermore by using that |p|| = |p| we have that

|a]

ag = 221 (A.59)
lal

Ipl = IIQH+2Z( 1) ] = ||aH+22( 1) by,

(A.60)
which shows that o + Zf=1 a; = 1, concluding the proof. [J

A.IX. Proofs of Lemma 3 and Lemma 4

Here we present detailed proofs of Lemma 3 and Lemma 4.

q (1+I1)b
Proof of Lemma 3. To prove Tal = 26

following two majorisation relations:

we can employ the

(1 +ID)r
e SR s (A.61)
lal = 2[x]
(I1+IMr (1+I)b
20 2] (.62

If we show that these relations are true for any 3’ < /3, we can
say that our statement is proven.

To prove the relation in (A.61), we need to show that the
greatest/smallest entry of q/lILqH is greater/smaller than the
greatest/smallest entry of L K That is, we first need to
check that

2

Poo S Po1 + P20
Poo + P11 +P22 2(po1 + P12 + P2o)

(A.63)

Disregarding the trivial case where py = 1, and p; = ps = 0,
this inequality can be transformed to

e—ﬁEl +92¢~PEL 6_’8E2 + e—ﬁE2

> (e77Pr e BR) (720 4 72002 (A.64)



This inequality indeed holds, since the left-hand side is larger
than (or equal to) (e™#F1 + ¢7#F2)2 which, in turn, is larger
or equal to the righ-hand side of (A.64).
Then, second, we need to check the inequality
P22 P20 + P12
Poo + P11+ P22 2(po1 + P12 + p2o)’
where the relevant case (i.e., for p; # 1 such that at least p; #
0) can be rewritten as

e—2ﬁE2(e—B(E1+E2) +2€_BE1 +€_BE2)

(A.65)

< (e7PF2 4 e PEHER) Y (] 4 o720F0 ), (A.66)

This second inequality holds since the right-hand side
of (A.66) is larger than (or equal to) (e %2 + ¢=#(F1+F2))2,
which, in turn, is larger or equal to the righ-hand side
of (A.66).

To prove Eq. (A.62), we show that the greatest entry of

(]IQTJH)r is monotonically increasing with 3, and that its small-
est entry is monotonically decreasing with 3. For the former

we calculate

Po1 + P20 ~ e PEL 4 Bz
?2(por + pr2 + p20) 52(6_/”31 + e B(B1+E2) 4 o-BE2)
| BpePCEE) 4 g ~P(Ei+2E) o a6
2(e BB 4 e~B(E1+E2) 4 e=BE2)2 — '

And for the latter
P20 + P21 e PB2 4 ~AE1+ER)
B2(p01 +p1a +Pag) B Bz(e—ﬁE1 + e B(E1+E2) 4 e=fE2)
(B - Ey)e PE1+E2) _ [, o=B(2E1+E2)
2(e BB 4 e~B(E1+E2) 4 e=BE2)2

<0. (A.68)

O

Proof of Eq. (54) in Lemma 4. We prove this lemma under the
stated condition on the gap structure of the local Hamiltoni-
ans, i.e., 0;>0;,1. Here we need to show that

1411
q 1+ by (A.69)
lal 2 by
2
q L+ b, _ by (A.70)
lal 2 |ba| by

To do so, we argue that the majorisation relations m >
LD rs gpg L0 v WD b for i = 12, hold.
Let us start with Eq. (A.69). The condition ¢; > d;,1 sets

>
2wl 2 rf 2 |baf”
the ordering of 1£I HE - Still, some ambiguity remains as

Po1 + P30 2 P12 +Po1 2 P3o + P23 2 P23 + P12- (AT1)

Thus, we need to prove the following three inequalities:

Poo S Po1 + P3o

> . (A72a)

Poo + P11+ P22 +p33  2(Por + P12 + P23 +P3o)
Poo + P11 > Po1 t P30 + P12 + Po1 . (A72b)

Poo + P11+ P22 + P33 2(Po1 + P12 + P23 + P3o)
P33 < P32 + P12 (A.72¢)

Poo + P11+ P22 + P33 2(Po1 + P12 + P23 +Pso)
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Inequality (A.72a) can be rewritten as

1 1

>
1+ e 281 4 28E2 4 o~20Es ) (1 4 P12tpa3 ) ’
Po1+P30

(A.73)

which can further be turned into the inequality

-BE -BE -28E ~28E. ~28E
l+1+e "2 +e "2 21+e T+e ‘+e 3

(A.74)
which holds because E; > 0 and F3 > Fs.
Similarly, inequality (A.72b) can be recast as
1 1 1 1
Pootp11 Po p1
which implies the inequality
2 .2
Patp3) L[, (P2 P3
f( )2[f()+f()], (A76)
pi+pi) 2L \po 1

where we have introduced f(z) := 1/(1+z). We can see that
2 2
f'(x) < 0and 2223 < 22 and in the case of E3 < E; + Fy
pZ+p? = po

also 22 < 23 Thus,
Po p1

2, .2
f(PS)gf(p?)gf(p§+pg), (AT7)
P1 Po Py t D1
from which
1 [ ps P2 Ps + 13
) @lo(d)
2 P1 Po pg+ i
follows. This proves inequality (A.72b).
Inequality (A.72c¢) is equivalent to
1 < 1
e2BEs 4 o2B(Es-FE1) 4 ¢28(E3-E2) 1 ~ 2 (1 4 Po1tPso )7
P32tpi12
(A.79)
which can be rewritten as
14200 ¢ @208 | 28(Fs-B) | 2B(Bs=B2) (A g0)

p2

which is true since the right-hand side is larger or equal
e2BE2 4 9 which, in turn, is larger than (or equal to) the left-
hand side, because (1 — e?F2)2 > 0. This proves Inequal-
ity (A.72c).

Thus far, we have shown that -4~ > LI _ri_ g complete

lall 2 Jraf”
the first part of the proof, we also need to show that

1+1I r 1+11I b1

—L : (A.81)
2 e 2 b

To do so, we first prove that the derivatives with respect to

of the two largest elements of % H:i p are positive and those




of the two smallest elements are negative. Let us represent the

elements of HEH ”:1” as

1+1I r
2 ri

= (fo(B), f1(B), f2(B), fa(ﬂ)) (A.82)

Note that

Po1 + P30 po(p1 +p3)

1
2(po1 + p1a + pas + P30) 2 (po+pa)(p1 +p3)
1 1

T 21+ePE:’

fo(B) =

(A.83)
which yields

1 EyePhe

fo(B) = QW > (A.84)

Similarly, we obtain

L gy Esm Bye )
_B(ES El)vfl ﬁ 2(1+e—B(E3—E1))2
_ BE
A < O7
2(1 + efE2)2
1 _ (E3 - E])@'B(E3_E1)
f3(6)_ 1+e B(Es— El)va(ﬁ) 2(1+66(E3—E1))2
(A.85)
In the regime E3 < E; + F», the components are ordered as

fo(B) 2 fa(B) 2 f3(B) = f2(B),

and thus one needs to show for 3’ < 3 that

fo(B) = fo(B),

fo(B) + f1(B) 2 fo(B') + f1(B),
f2(8) < f2(8"),

F2(B) + f3(B) < f2(B") + f3(B).

These relations follow straightforwardly from Egs. (A.84)
and (A.85), noting that a function f;(z) that fulfils f/(x) <0
(f{(z) > 0) the relation f;(x1) < fi(w2) (fi(w1) > fi(w2)) is
also satisfied for z; > za.

In a similar fashion, in the regime E/3 > E + E5 the ordering
of the components is

[1(B) 2 fo(B) 2 f2(B) 2 f3(B),

and thus one needs to show for 3’ < /3 that

f1(B8) 2 f1(8"),

fo(B) + f1(B) 2 fo(B') + f1(B),
f3(B) < f3(B"),

F2(B) + f3(B) < f2(B) + fa(B).

These relations also
Egs. (A.84) and (A.85).

f[1(B) =

f2(B) = , f3(B) =

1
21+
1
21+ PPz 5E2
1
2
(A.86)

(A.87)

(A.88)

(A.89)

follow straightforwardly from

>0,

<0.
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We next turn our attention to Eq. (A.70). Because ppe >
P13, we need to prove the following inequalities:

Poo Po2

> , (A.90a)

Poo + P11 + D22 + P33 2(Po2 + P13)

2

Poo + P11 > Po2 ’ (A.90b)

Poo + P11 + D22 + P33 2(Po2 + P13)
Pas P (A.90¢)

Poo + P11 + P22 + P33 2(po2 + P13)

Inequality (A.90a) can be simplified to

Po b2 (A91)

> ;
Poo + P11 + P22 + P33 2(Po2 + P13)

where we can use the inequalities popo2 > p2p11 and popis >
papss to arrive at the condition popis > pap2e. Due to our
assumption on the energy eigenvalues, we have pgs > poo,
which proves inequality (A.90a).

Inequality (A.90b) can be rewritten as

2po2
2(po2 +p13)’

Poo + P11
Poo + P11 + P22 + D33

(A.92)

which implies p13(poo + p11) = po2(p22 + p33). Moreover,
because pog + p11 > 2po1, we have

P13(Poo + P11) > 2po1p13 > Po1P13 + Po2Pss

> poap22 + Po2P33, (A.93)

where in the last step the condition §; > ¢;+1 was used. This
proves inequality (A.90b).
Inequality (A.90c) can be recast as

Ps P L S (A.94)
Poo + P11+ P22+ P33 2(po2 +P13)
from which we arrive at
2p3poz2 + p3p13 < p1(Po1 + P1o + p22)
< p1(Poo + P11 + P22), (A95)
which is true for any energy spectrum. O

Unfortunately, Eq. (54) in Lemma 4 fails when §; # ;1.

Counterexample to Eq. (54) for §; <d;,1. The relation ﬁ >

1+11 l‘1
2 el

fails in the regime d; < d;,1. In that regime, the great-

1 ment of 1+I1 ry i Pi12+po1
est element of = o] 18 30orspiatpestpag) A nd so
Poo S P12 + Po1

(A.96)

Poo + P11 + P22 + P33 2(Po1 + Pi2 + P2s + P3o)

must hold in order for the relation to be true. But in the limit
E3 - oo, E] — 0, E5 — 0 the above inequality becomes

Poo 2poo 1.1
> -2 A.97
3poo  2(poo +poo) 3 2 (A5
which is obviously invalid. The relation ”%‘” > H%H

also fails sometimes. Looking at the limit F3 — oo,



ﬁ - (poo,p11,Pp22,0) and H%H — (po2,0,p20,0). For the
majorisation relation to hold, we would need ps22 < 0, which
is clearly not true in general.

Proof of Eq. (55) in Lemma 4. We need to prove that |r;| <
|b;|, for i = 1,2, for d = 4. To do so, we again use the first
derivative of |r;| and show that it is always negative. From

S B+ Epe)
Irill = 3 pipjes = < (A.98)

J Zm ne_ﬁ(Em-'—En) '
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the partial derivative with respect to 3 reads

“B(Em+En+Ej+Ej;)

z(B)*

aﬁ““” = Z (Em +E, _Ej _Ej+7',)e

J.m,n

= 7 2 (2B - By = Ejpy)e Pt Find) - (A.99)
J,m

Now we need to show that for any ¢ # 0, 9g|r;| is negative.
For i = 1 we find

ds|r1| = [El(e—ﬁEl 4+ e BE+Ez) _ 6—2[3E1) + (B - El)(_e—ﬁ(E1+E2) 4 e BREL+E?)

1
2(B)?

4+ ¢ B(E1+E2+Es) _ 6fﬂ(E1+2E2)) + (B - EQ)(efﬂ(EerEa) — ¢ B(Er+E2+Es) | —B(2E2+E3) _ e*ﬁ(Ez+2E3))

+ ES(E—B(ETFE:;) + e—BE:x _ e—ﬁ(E1+E3) _ e—QﬁE:s)] <0.

(A.100)

Since we have ordered the energy eigenvalues in the increasing order, it is straightforward to show that ds|r1 | is always non-

positive for any set of energy eigenvalues in dimension 4.

Now similarly, we can show that |rs| < | bs|. By employing Eq. (A.99), 93| r2| is obtained as

aﬁ e [El(e—BEz + 9 PEI+ES) _ ~B(Er+E2) _ —2B8E> _ 6—5(E2+E3)) +(By - El)(e—ﬁEz + e BEI+ES)

2
z(B)?

+ePEE) 4 o

+ (Eg _ EQ)(e—ﬁ(E1+E3) + e—ﬁ(2E1+E3) + e—[j(E1+E2+E3) _ 2e—ﬁ(E'2+E3) _ e—[ﬁ(E]+2E3))]'

-B(2E1+E3) _ 6—2EE2 _ e—ﬁ(E1+E2+E3) _ 6—3(E2+E3) _ 6—3(E1+2E3))

(A.101)

The above expression is also nonpositive under the assumption §; > ;1. O

A.X. Proof of monotonicity and convexity of the thermal curve

In this section, we will show that the condition (II) men-
tioned in Sec. I11.3 is true for every choice of the set { E; gz‘ol
and any initial inverse temperature.

Expressing a general point in the curve p(8') =

(zo(B8"),-..,24-2(B"),—1) as alinear combination of the ver-
tices v; in condition (I) we have
zo(B') zo(8) 0 o ... 0 ao
.1‘1(6/) Il(ﬁ) Il(ﬁ) 0 o 0 a1
Tq-2 (ﬁ/) l‘d_g(ﬁ) . - 0 aq-2
-1 -1 -1 -1 ... =-1)\ag-1
(A.102)

where the (ag, . .., aq-1) are coefficients given by

o = zi(B) _zia(B) _ xi(B) (%‘-1(5) B Ii—1(5'))

' zi(B)  zie1(B)  wi-a(B) \ zi(B) ACONA

(A.103)

which are positive for all ¢ and satisfy >, a; = 1 (and thus
below 1 for all ¢) if the following condition holds

d ( T, (3 ): 1 (Bacm_ T OTma1

s e ) z0vm

(A.104)

Tm+1 Tm+1

which means that the function x;/x;.1(8) is monotonically
decreasing with 3. This in turn means that the final point can
be reached as a convex combination of the vertices.

With a convenient relabeling of the index we can write
Tm+1/Tm () in the form

-BE m _-BE;
T _ (m+1)e m+l_3T e i
Tm-1 me=AFPm —ymol e=AE;

_ (m+1)eiﬁEm+1 —me BEm +meiﬁEm—Z;i61 e PEi_e=BEm
= “BEm _Sm-1 -BE;
me m-ymite i

(m+1) (e PEm+1 g FEm)
me=BEm 3ol e~BE;

1+ (A.105)

To prove our claim [condition (II)], we need to show that for
any (3 > 0 the function x,, /2,-1 is monotonically decreasing
with 3. That is, we have to show that

Tm

R(B) = 35(5

(8)) < 0. (A.106)

m-1

The derivative takes the form
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R(B) = ;;Hll [_(Eerle—ﬁEmu — Epe PEm) (me PEm - Z e PEY 4 (¢ PEme _ o PEm) (m B, e PEm - Z Eje BB )]
fard
m—1
= :;g+11 ( Z [(Em+l - E )6 P(Bmar+ By ) (Em - Ei)e_B(EWﬁEi)] - m(Em+1 - Em)e_ﬁ(Emﬂ*—Em))
TN i=0
m~-1
= :2H1 ( (Eper — By)e/Ema+Ei ) ~ (B - E;)e PEm+E: )] m(Eme1 — B+ E; - Em)e’ﬂ(Em“*Em))
Tmel Y20
m=1

= 7727’ Z [(Em+l _ E )(6 B(Em+1+E;) _ _/B(Em+1+Em,)) _ (Em _ Ei)(e—ﬂ(Em&Ei) _ e—[)’(Em+1+Em))]
- B Pt B S [~ ) (o7 F ) 1) (B, = By) (e FrotED 1) (A.107)
™= i=0
To prove the nonpositivity of R(3) we need to show that
(Bt — E) (P FEm=E) _1) — (B, - F;)(?Fr17F) 1) <0 for E; < Ep, < Eppsr. (A.108)

To do so, we define y,, := B(E,, — E;), and write inequality (A.108) in the form

h(Yms1) = eyfffl“_l < eyim_r (A.109)

This inequality is satisfied for all ¥,;,+1 > Y, if the function h(y) is monotonically decreasing. To see that this is the case, we
calculate the derivative

oh(y) (1-y)e’-1
B " (1 (A.110)

which can be seen to be smaller or equal to zero since (1 —y)e? is a monotonically decreasing function for y > 0, i.e., a%(l -
y)e¥ = —ye¥ < 0 and hence has its maximum value of 1 at y = 0, confirming that (1-y)e¥ —1 < 0 and that h(y) is monotonically
decreasing.

AX.a. Explicit partial derivatives in dimension 3 show that 9%y/0x2 > 0, and calculate
2
To show explicitly that the curve x(3) is monotonically in- % = (g*;;) a% [(g%) g%]
creasing in d = 3, we first calculate
-2 2 1 2
_ [ oz %y _ (9y oz fout}
SE=-Z1.(8), (A.111a) - (8[5) {8/32 (3[5)( ﬂ) (aﬁz)}' (A-114)
g—g =-327? fy(8), (A.111b) The second partial derivatives with respect to 8 are found to
be
here the functi i :
where the functions f,(3) and f, () are given by % -z [QBZfz Z%fé’], (A.1152)
f2(B) = E1e™PPr(2+ e PE2) 4 Bye PP2(1 - e PF1) > 0, P 3002 ¢ _ g0
(A1122) agZ = 3Z7%[292 = fy - y] (A.115b)
fy(B) = (Ba— By)ePEr+E2) 4 pre™PB2 5> . (A.112b)  Combining this with Eq. (A.114) we find
With this, we can then evaluate -3 sz (fu a@% - fo 3 afy ) (A.116)
-1
% = (%;) (% = 3&((;)) >0, (A.113)  The derivatives of f,(/3) and f,(3) are
which allows us to confirm that the curve segment lies above %fz = (E2 E% )5_6(E1+E2) - QEE e PP - Eg e_ﬁEza
(with respect to the coordinates = and y in the plane of the (A.117a)
polytope) the line connecting (z(ﬁ),y(ﬂ)) and (;Tc,gj) af, _ 9 2\ —B(Er+Es) > _BE
To show that this curve is a convex function, we need to 7 (E2 - B )e = Bpe (A.117b)



which we insert into Eq. (A.116) to arrive at

Py = 623 3, By (B — By )e PEE) 5

dx2 (A.118)

where we have made use of the fact that f, > 0 (since 1 >
e PE, along with Fy, F5, Z >0 and Es > Ej.

AX.b. Explicit partial derivatives in dimension 4

In this appendix, we present the explicit expressions for the
first and second partial derivatives. The derivatives of the co-
ordinates x(8), y(8) and z(/3) along the curve of thermal
states can be written as

Ox

552 0) (A.1192)
9y _ _ z2

a5 Z7f4(B), (A.119b)
0z

55 = " E ), (A.119)

where the functions f;(8). fy(8), and f.(3) are given by
fx(ﬁ) = Ele_BEl(Q +€—BE2 +6_6E3)
+ (Boe P22 4+ By PPs)(1 -

Jy(B) = 3(BE2— Ey)e”

+ Ege PP (1 4 e7PE

e PEY > 0, (A.120a)
B(E1+E2) +3E2€7ﬁE2

- Qe_ﬂEQ)

4 6—5E3(2E2€—ﬂE2 _ Ele_’BEl) >0, (A.120b)
F:(B) = 4¢P [ By + PP (B - En)
+ 6*5E2 (Ed _ E2)] >0, (A.120c)

where f, > 0 follows, since F3 > E5 and (1 + e PEL _
2¢7#F2) > ( which implies that the terms in fy proportional to
e PF3 can be bounded by Ese#Fs (Eg +e PR (B, - El)) >
0. Since f, fy, and f, are nonnegative, all partial derivatives

Ofe , Ofy
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with respect to 3 are nonpositive, but

dy_(0x\ 0y _ 1,08
oc (aﬁ) 95~ £03) 2" (A2
0: (90 02 L(9)
0= (53) 9 3 2" (A122)
0 (0y\ 02 _ L.(8)
oy (aﬂ) 9B f,(B) ~ =0 (A123)

For the second partial derivatives, we have
Py _ (aw)l 9 (aw)l 9y
ox2  \op) op|\os) op

-(5) {7 (5]

= Z21.%(fy 95 —fx%) (A.124)
Oz 9,3/, 0fe of.
822 _ 2 -3 afy afz
o = 20~ gg) (A.126)

We thus have to calculate the derivatives of the functions f,,
fy, and f, with respect to 3, which evaluate to

s _ ~Efe PE (24 e PF2 4 e7PEs)

9B

~(E5e P2+ B3 PP3)(1-ePF1),  (A127)
9]
(TJ;J = B2 PP (3¢9 4 o BFs)

- E%e’ﬁE2 (3 +3e7 PB4 26’5E3)

~ Eje PP (14 e PE —2¢7FF2) (A.128)
afz - - 1 - 2
a5 = 4e ﬁE3[E12€ BE + Eje pE

- EB3(1+e PP 4 PR, (A.129)

Then, since Z2? > 0 and f, f,, f» > 0, we just have to evaluate

1y 95 " fxa—ﬁ' = 2[ By Bpe P B (By - By) + By Bye P+ E) (By - B1)](3+e7752) 2

+ 2By Bye PEerE) (g — By) (147 PE) (2 + 267781 — P2 4 75 5 (A.130a)
1. 31; 1 31; = 4Ze PP (B PP (By - By) (e P2 (B3 - E - 2) + 2E3)

+ (B3 — Bo) B3 (B PEE2) yop, e P 4 Bhe™PP2(1 - 7 PE1Y))] > 0 (A.130b)
I a];, fy 88’;; = 122 P E) (B — B, ) [Efe PPt + B3(Bo - B )e PPt + By(Bs - e PP E1)] 2 0. (A.1300)



AXI. Geometry of equal thermal marginals for two qutrits

For local dimension d = 3, the transformations we consider
here to ensure symmetric marginals imply that the vectors col-
lecting the diagonal entries of the final state marginals are of
the form

P=Das=Ds=Mq+ (1+II)M,r, (A.131)
where g = (¢;) with ¢; = p? and (1 +I)r = (pi(1 - p;)).
This means that the set of reachable states corresponds to the
convex hull of the points p*? := TI”q + (1 + I1)IIYr for
i,j € {1,...,3!}. However, in our case the problem can be
further reduced to that of showing that the points p(8’ < 3) lie
within a restricted part of the polytope, i.e., a triangle between
the points p(3), p(8 = 0),and >V =TI q+ (1+I1)I1Vr,
where

010 001
OO =1, I®° =]100|, II=|1 0 0].. (A.132)
001 010

Note that the point p(8 — 0) trivially lies in the poly-
tope, since it can be obtained from an equally weighted
convex combination of all cyclic permutations obtained for
I = % = 1,11, T12. Then we switch from the coordinates
{po,p1, p2} to the coordinates {x,y, z}, given by

r=—-po + Pi1, (A.133a)
Yy=—po — p1 + 2pa, (A.133b)
Z=-py—p1—p2 =1L (A.133c)

The plane containing the polytope is defined by z = —1 such
that po = 1 — pg — p1, and we therefore have y = 2 — 3pg — 3p; .
The corners (po,p1,p2) = (1,0,0), (0,1,0), and (0,0, 1) of
the outer triangle containing all (diagonal) qutrit states are
mapped to (z,y) = (-1,-1), (1,-1), and (0, 2), respectively,
see Fig. 1. Moreover, the curve of thermal states is param-
eterised as (z(8),y(8)) with =(8) = —po(8) + p1(B) and
y(B) =2-3po(B) - 3p1(B), and connects the points (z,y) =
(-1,-1) corresponding to p(3 — o0) and (x,y) = (0,0) cor-
responding to p(8 - 0).

Next, we note that for any given thermal state with coor-
dinates (z(ﬂ),y(ﬁ)), the coordinates (:r =1,y = g]) of the
corresponding point p® ) are given by

(A.134a)
(A.134b)

&= (po—p1)[2(po +p1) - 1] 2 0,
9=2-3po = 3p1 = y(h),

and consequently this point always lies on the same height ¢ =
y(3) as the point corresponding to p(/3), but to the right, i.e.,
Z > 0 > z(B) of any of the points corresponding to thermal
states (in particular p(8 — 0)). This shows that the point with
coordinates (zo,z1) = (0,y(8)) is included in the polytope,
since it can be obtained as a convex combination of p(3) and
P,

Moreover, evaluating the partial derivatives, we have
found (dy(B)/0x(B) > 0) and (9%y/0x® > 0), see Ap-
pendix A.X.b, i.., the curve described by (z(8),y(8)) is
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a monotonically increasing (dy(5)/0z(3) > 0) and convex
(8%y/02? > 0) function, implying that the curve segment cor-
responding to all points (z(53’),y(5’)) with 8/ < 3 is con-
tained within the triangle p(8), >V, and p( - 0).

AXII. Geometry of equal thermal marginals for two ququarts

For local dimension d = 4, we have marginal vectors of the
form

P =Pa=Ds=Myq+ (1L +I)M, 1 + (1 +11°)M,,ro.
(A.135)

The set of reachable states corresponds to the convex hull of
the points p7* := TIOq+ (1 + NP1y + £ (1 +11%) 1P,
for 4,5,k € {1,...,4!}. Switching from the coordinates
{po, p1,p2, p3} to the new coordinates {x,y, z,w}, given by

r=—-po t P1, (A.136a)
y=—po - p1+ 2p2, (A.136b)
2= -pg — p1 — p2 + 3p3, (A.136¢)
w=-po—p1 —p2-p3=-1. (A.1364)

We here show that the points (z,y,2) = (0,y(53), 2(8))
and (0,0, z(8)) are included. To achieve this, we identify a
set of 5 points that all lie in the plane of constant z = z(3),
and show that the two-dimensional polytope spanned by these
points encloses both (0,y(8),2(8)) and (0,0,2(53)), see

Fig. 2. These five points are A = p*-?, B = p™tb,

C=13(13'7’1),D=13(9'7’1),andE=1~)<9’l'1),where
0001 0100
1000 @ _ 11000
H_0100’H “l10010})
0010 0001
0100 0010
0010 1000

) _ (13) _

T =lioo00ol ™ =fo100f @&

0001 0001

The point B can be seen to have the same y-coordinate as the
starting point A, y(B) = y(A) = y(8), while

z(B) = (po(B) - p1(8))(2po(B) +2p1(B) - 1) 2 0,
(A.138)

since po(B8) > pi(B) and po(B) + p1(B) > 3 for any
Hamiltonian and any temperature. This means the point
(0,y(B),2(B)) is contained in polytope since it can be ob-
tained as a convex combination of A and B.

Finally, to show that the point O = (0,0, z(/)) is contained
within the polytope, we show that the points C, D and E sat-
isfy, z(C') 2 0, y(D) > 0 and (E) < 0, while (AO x AE), >
0, (EOxED), > 0and (DO x DC'), > 0, where for any two
points X and Y we use the notation XY =Y — X. In other
words, the closed path connecting the five points A, B, C, D
and E encircles the point O, meaning that O can be written as
a convex combination of these points.



(a)

(©)
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(b)

(@

FIG. 2. Illustration of geometric method for d = 4. (a) In local dimension d = 4, the space of marginal probability distributions can be
mapped to the hyperplane of constant coordinate w = -1, leaving a three-dimensional space with coordinates x, y, and z. For any fixed
Hamiltonian, the thermal states form a one-parameter family of states along a line connecting (z, v, z) = (-1, -1,-1)" with (0,0,0)”, where
the curve is strictly confined to the region x, y, z < 0 (dashed blue). The dashed red lines delineate the minimal polytope spanned by the points
A, B, C, D, E (which all share the same z-coordinate z = z(8)) and the origin O. (b), (c), (d) show the projections onto the z-y, z-z and y-z

plane, respectively.

In a slight abuse of notation, we now use the shorthand p; =
p; () for the thermal state diagonal components to express
the relevant coordinates for the points C, D and E as

z(C) = (po —p1)(2po +2p1 +p2— 1)
)

+(p1—p2)(po+p1+p2) 20, (A.139a)
y(D) = 3(po—p1)(po +p1 +p2 - 3)
+3(p1-p2)(po+pr+p2—2) 20, (A.139b)
2(E) = —[(po-p1)(1-po-p1)
+(p1-p2)(p1+p2)] <0, (A.139¢)

while the z-components of the relevant cross products are
given explicitly below. In Appendix A.X.b we have fur-
ther shown that the partial derivatives dy/dz, 0z/0x, and
0z/0y as well as second derivatives 0%y/d2?, 0?2022, and
0°z/0y? are nonnegative along the curve of thermal states,
meaning that conditions (I) and (IT) are satisfied for d = 4.

AXll.a. Relevant cross products

Finally, the z-components of the relevant cross products are
given
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(AO x AE), = (po —p1)2(2po =2p1 +3p2) + (po—p1)(p1 —p2)(Po —p1 +4p2) + 2(p1 —P2)2(P1 +p2) >0, (A.140a)

(EOxED). = 2p1(po —pQ)[(po -p1)(1=p1+p2) + (p1 —p2)(p1 +2p2 —P3)] > 0,

(A.140b)

(DO x DC)., = (po —P1)2(Po +p2)((3po +3p1 — 1) +3(p1 - p3))
+ (po = p1)(p1 - p2)(3(po = p1) (po + p1) + 6po(p2 — P3) + 2p2(2po + 5p1 + 2pa — p3))

+ (p1=p2)"([po - 3ps(1 = p3) + 6p1pa] + (p1 — p2) + 3p3 +2(po = p1) (1 + 3py)) > 0,

(A.140c)

where the last inequality follows since the term in angled brackets in the last line can be shown to nonnegative using 6p1ps > 6p3

and 3p3(1 - 3p3) < % < po.

AXIII. OQOutlook on the geometric method in higher

dimensions

Here we present a possible recursive generalisation of the
geometric approach, based on re-expressing condition (I) in
terms of majorisation relations rather than trying to prove it in
a full geometric way.

To illustrate this method we refer back to the proof of The-
orem 3 for the case d = 4. We have seen that the point
vi = (0,21(8),2z2(8),-1) can be reached with a transfor-
mation of the type vi = Mg, q+ (1 +II)1r; + %(11 +11%)1rs,
where

m 1l-m

M 1-m

a=| o , (A.141)
0

o= OO
_ oo oo

m
0
0

with m = 1 - 1/2(po + p1), which is doubly stochastic since
po + p1 = 1/2 holds for d = 4.

To prove that vy = (0,0,22(3),—1) can be reached, we
also considered M,., = 1, which turns out to be a big simpli-
fication, due to the following reasoning. Assuming M,, = 1
we can rewrite the general transformation that (potentially)
reaches vy as

vo+q-p- (1+II)(M,, —1)r; = Myq, (A.142)
where we used the fact that £ (1 +I1?)ry = p—q - (1 +II)r;.
Thus, with this simplification of assuming M,., = 1, the prob-
lem reduces to showing that there exist some pair (Mg, M, )
such that Eq. (A.142) holds. In particular, we use the fact
that (1 + IT)(M,, — 1) has norm equal to zero, which in
turn implies that the sum of vectors on the left hand side of
Eq. (A.142) has the same norm as q, since both v, and p have
norm 1 (i.e., they are probabilities). Note also that the vector
(1+IT) (M, —1) by itself need not be ordered with decreasing
components, as well as the whole expression in the left hand
side of Eq. (A.142). More precisely, in this case the greatest
component of expression vy + q — p is the third.

To prove the statement, then, we can show that vo +q—p —
(1 +II)(M,, — 1)r; is majorised by q, or, more precisely,
we have to find a proper stochastic matrix M,., such that the
above majorisation holds. This is achieved again with a matrix

\
of the form M,, = M,, that leads to
(1 +1II)(M,, - 1)r; = (-a,0,a,0), (A.143)

with @ = (m — 1)p1(po — p2). Then, the first condition for
the majorisation relation to hold is that the third component
of the left hand side of Eq. (A.142) is smaller than the first
component of q, i.e., that

Do +Pp1 — 2p2

s P (m- Do —p2) <ph, (A144)
which implies that we have to choose
9 — 2 .2
1 —m = max{0, Po + 1 = 2p2 = 3(p% 1?2)}7 (A.145)

3p1(po — p2)

such that the majorisation relation is correctly satisfied, since
the other conditions are also trivially satisfied.

The last step to check is that with this choice of the param-
eter 1 —m, M, is indeed a doubly stochastic matrix. This is
true because

1-m <1 < po+p1—2p2—3(p; —p3) < 3p1(po - p2)
(A.146)
also holds, as well as 1 —m > 0, which holds by construction.
For higher dimensions, we can try a sort of recursive rea-
soning, that we work out here for the case d = 5. Let us hy-
potesise that the three vertices (v1,va,v3) can be found with
a set of transformations {(My,, (M, );, 1)}i-1,2,3, i.e., that
are such that the last stochastic matrix is always the identity
(M,,); = 1 for all 4 = 1,2,3. This allows us to decompose
the last vector as
(1+0*)ry=p-q- (1 +1Dry, (A.147)
that is p — q minus a sum of terms that have zero norm. Then,
we rewrite the condition for a vertex v; to be reached as
vi—-p+q- (L+ID((M;,); - D)r1 = Mg,q,  (A.148)
which is satisfied if and only if the left hand side is ma-
jorised by q. So now, the task would be to find suitable
doubly stochastic matrices (M,,); such that the left hand
side is majorised by q for each of the v;. Let us then start
by considering vy, which in the probability coordinates is



vi = ((po + p1)/2,(po + p1)/2,p2,p3,p4). 1In this case,
the greatest component of v; — p + q is the second, namely

PosPL p?. Unlike lower dimensions, however, in this case
we have that 22221 + p? < p§ <= po +p1 > 1/2 does not
always hold, meaning that this time (M, ); = 1 does not suf-
fice. Thus, in general we have to find (M, ); such that the
second component of the vector 1 := (1 +1II)((M,, )1 —1)r;
is negative. The simplest would be if ¥; = (-a,a,0,0,0) for
some positive a. However, it can be readily checked that this
is not possible. Nevertheless, we can look for vectors, for ex-
ample, of the form ¥1 = (a1,a2,-a1 — as,0,0), for positive
a such that we can satisfy 2P + p? — ay < p§ by choosing

az = max{0, (po —pl)(% —po—p1)}- (A.149)
Afterwards, the next condition for the majorisation to hold is
either

PE+pl—ay—az <ps+pi, (A.150)

or

Po—P1 2 2 2 2
5 tP1+pyt+ar<py+pi.

(A.151)
While the first is trivially satisfied if a; and ay are both pos-
itive, the second needs to be checked. After this, all other
conditions for the majorisation will be trivially satisfied. This
can be achieved with the following matrix:

1- mi mi 0 0 0
0 1- mi mi 0 0
(]\4}1 )1 = mq 0 1- mq 0 0 s
0 0 1- mo mo
0 0 meo 1- mo
(A.152)
with
az = mapa(po - p3) = mi(pop1 — p2ps3), (A.153)

a = mlpz(p1 —293)7

and we have to ensure the following conditions (only in the
case 1/2 > pg + p1), coming from m; < 1 and my < 1

(Po = p1)(3 = po - p1)/(pop1 — p2ps) < 1,

(Po-p1)(3 =po—p1)/(pa(po - ps)) < 1, A9

plus we have to guarantee that Eq. (A.151) is satisfied, which
leads to
(Po-p1)(3-Po—p1)P2(P1-p3) [ (Pop1—P2ps) < pi—p3—5E,
(A.155)

since a1 = (po —p1)(5 — po — p1)p2(P1 — P3)/(Pop1 — P2p3).
The above conditions are nontrivial, but still satisfied, as it is
shown below in Sec. A.XIII.a.

Let us now come to vo. For this case we can try to re-use
the result of d = 4, and show that the majorisation relation

V2—P+q+(]1+n)((Mr1)2_ﬂ)r1 :MQQqa (A.156)
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holds for

m 1l-m

1-m

m
(M,,)s = 0 , (A.157)
0
0

[Nal N oNa)
o= O OO
_ O O oo

0
0
0
with the appropriate coefficient 1 — m, which is exactly the

same as in the previous case, namely

po +p1 - 2p2 — 3(p} —Pg)}
3p1(po - p2) ’

1-m = max{0, (A.158)

and again we have to ensure that

1-m<1 <= po+p1—2p2—3(pj - p3) < 3p1(po — p2)-
(A.159)
However, while Eq. (A.159) holds alwasy true for d = 4, this
is no longer the case for d = 5. Still, there is a range of param-
eters { E; }2_, where it holds (see also Sec. A.XIILa below).
Last, for the point vy we can consider a matrix similar to
the above, namely

0 0
m 1-
m

m

1

(M,,)s = , (A.160)

cooor
co !
co 3
o oo o
—oo0oo

but now the condition to be satisfied is W —-p3+ps-
(1-m)p2(p1 —p3) < pg which leads to

—3pa—4 2 _ 2
|~ m = max{o, OH L+ P2~ 3Ps (o pg)}.

4pa(p1 - p3)
(A.161)

The requirement 1 —m < 1 thus translates to
Po+p1+p2=3ps — 40— p3) <4p2(p1 - p3).  (A.162)

While this last relation might not hold in general, it can be
satisfied in some appropriately chosen range of the parameters
{E;}1,. Thus, in order to fully prove the d = 5 case with this
method, one would need to find other possible (M, )2 and
(M, )3 for the respective complementary parameter regions.
Nevertheless, this can possibly still be achieved while keeping
M,, = 1.

In conclusion, we have seen a possible strategy to prove that
all the vertices listed in condition (I) can be reached with the
transformations preserving equal marginals. This exploits the
geometry of such achievable thermal marginals and tries to
avoid the difficulties encountered in the passing on the norm
approach, by considering the assumption that it is always pos-
sible to choose one of the matrices M,., as the identity. This
assumption is in fact supported by the geometric proofs in di-
mensions d = 3 and d = 4.



AXIllL.a. Validity of doubly stochasticity of M., ford =5

Here we study the validity of the relations that guarantee
that the matrices M., needed for the proof of d = 5 are indeed
doubly stochastic. We start with Eq. (A.146), which was also
needed for the d = 4 case. To prove Eq. (A.146) we can see
that

po+p1—2p2—3(p5 - p3) <3pi(po—p2).  (A.163)

The above relation in fact holds since we can rewrite it as

(po—p2)(1=3(po +p1+p2)) + (p1—p2) <0, (A.164)
and we can see that indeed
- 1-3 +p1 + + - <
(po p2)( (po b1 pz)) (Pl p2) (A.165)

(po —1p2)(2-3(po +p1+p2)) <0,

since po+p1+p2 > 2/3 holds for d = 4, but not always d = 5. In
fact, for d = 5 we can have points close to pg = p1 = p2 = 1/5.

To prove Eq. (A.154), we have to prove that, whenever % >
po + p1 it holds that

(Po—p1)(3 —po—p1) < pa(po —p3) < pop1 —p2ps3. (A.166)

This is indeed true, since we can rewrite it as

(po—p1)(5-Po—p1)—Pa(po—ps) < (po—p1)(5-Po—p1-ps) <0,

(A.167)
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where the last relation holds whenever % > po +p1 because we
can write
3-Do-P1-pa=p2+p3s—3<po+pi—3<0. (A.168)
Let us know consider Eq. (A.155). Since pa(p1 — p3) <
(pop1 — p2p3) we can rewrite it as

(po —pl)(% -po—D1) SP?J —pg - po;pla

(A.169)
which is always satisfied since po — p1 < 2(p2 - p?) < 2p3 -
p3 =i

Finally, let us consider Eq. (A.162). We can rewrite the
expression as

(po—p3)(1 =4(po+p3)) + (p1 —p3)(1 —4p2) + p2 —p3 <0,
(A.170)
and again, we can see that

(o —p3)(3—=4(po +p2 +p3)) <
(po —ps3)(1 = 4(po +p3)) + (p1 —p3)(1 — 4p2) + p2 — p3
(A.171)
and in particular both the above expressions are surely nega-
tive whenever

Po+p2+ps>3, (A.172)

which is not always true, but it is so in a certain range of pa-
rameters.
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We show that it is impossible to perform
ideal projective measurements on quantum
systems using finite resources. We identify
three fundamental features of ideal projective
measurements and show that when limited by
finite resources only one of these features can
be salvaged. Our framework is general enough
to accommodate any system and measuring de-
vice (pointer) models, but for illustration we
use an explicit model of an N-particle pointer.
For a pointer that perfectly reproduces the
statistics of the system, we provide tight an-
alytic expressions for the energy cost of per-
forming the measurement. This cost may be
broken down into two parts. First, the cost
of preparing the pointer in a suitable state,
and second, the cost of a global interaction be-
tween the system and pointer in order to cor-
relate them. Owur results show that, even un-
der the assumption that the interaction can be
controlled perfectly, achieving perfect correla-
tion is infinitely expensive. We provide pro-
tocols for achieving optimal correlation given
finite resources for the most general system
and pointer Hamiltonians, phrasing our results
as fundamental bounds in terms of the dimen-
sions of these systems.

1 Introduction

The foundations of any physical theory are laid by its
axioms, postulates and laws. In quantum theory, the
projection postulate presents one of these central pil-
lars. It says that upon measuring a quantum system,
its post-measurement state is given by an eigenstate of
the measured observable and the corresponding prob-
ability for obtaining this state is given by the Born
rule. In this way, an ideal projective measurement
leaves the system in a pure state that is perfectly cor-
related with the measurement outcome.

Similarly, the key tenets of thermodynamics are
formed by its three fundamental laws. Intense efforts
in quantum thermodynamics [1-3] have placed these
laws on rigorous mathematical footing [4-13]. Of par-

Yelena Guryanova: yelena.guryanova@oeaw.ac.at
Nicolai Friis: nicolai.friis@univie.ac.at
Marcus Huber: marcus.huber@univie.ac.at

ticular interest is the third law of thermodynamics in
the quantum regime, which tells us that no quantum
system can be cooled to the ground state (which, in
non-degenerate cases, is a pure state) in finite time
and with finite resources [11, 12, 14-17]. This is in
apparent contradiction with the projection postulate
[18] — how is it that an ideal, error-free, measurement
leaves the system in a state forbidden by the laws of
thermodynamics?

In reality, we know that measurements in the lab
are performed in finite time and with finite resources.
These measurements are prone to small errors, im-
plying that the post-measurement state of the system
is never truly pure. However, with technological ad-
vances making errors ever smaller, one would assume
rising thermodynamic costs as the post-measurement
state of the system approaches purity.

Here, we resolve this apparent contradiction. We
show that the resource cost of an ideal quantum mea-
surement in a finite temperature environment is in-
deed infinite. Our operational approach is based on
correlations between a system and a pointer, allow-
ing us to make quantifiable statements about the
cost. Within this framework we identify that an ideal
projective measurement has three model-independent
properties; it is: wunbiased, faithful, and non-invasive
— properties that cannot hold simultaneously for
measurements with finite resources (energy and time).
Our framework is general enough to accommodate any
measurement model for which we provide quantitative
results for an example case. In doing so, we refrain
from making statements about what is commonly per-
ceived as the ‘measurement problem’ (how or why the
system is left in a particular state and what it means
to obtain a ‘result’ [19, 20]).

Past approaches to quantifying the cost of a
quantum measurement have typically assumed that
projective measurements can be carried out per-
fectly and that their cost can be attributed to the
work value of the measurement outcome [5, 21-24].
Others adopt the stance that Landauer’s erasure
bound represents the cost of resetting devices to
pure states [4, 25, 26], without providing conclu-
sive evidence that the bound is achievable. These
works assume an unlimited supply of pure states,
circumventing the third law of thermodynamics
and resulting in finite energy costs. However, when
limited to thermal environments, measurements
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produce errors, which can be mitigated by either
reducing the temperature of the environment, or by
using larger measuring devices. Both strategies can
be quantified in terms of their thermodynamic cost,
for which we provide exact analytic results. Our
results demonstrate that even the simplest quantum
measurements on qubits are never for free.

2 ldeal measurements

Consider an unknown quantum system ps and a mea-
suring device (pointer) pr. To measure the system,
one must couple it to the pointer and effect a joint
transformation that correlates them: ps ® pp — psp-
In an ideal measurement, the system and pointer be-
come perfectly correlated, such that upon “observ-
ing” the pointer, one infers which pure state the sys-
tem is in with probability 1. More precisely, each
eigenstate |7 ) of the measured observable of the sys-
tem is assigned a set {|4$’), }, of orthogonal states
of the pointer corresponding to a projector II; =
S, 109 X8 |. The projectors are orthogonal, form-
ing a complete set, IL;1I; = d;;1I; and~zi II, = 1,.
Upon finding the pointer in a state |¢’), (chosen
to reflect |i),), one concludes that the measurement
outcome is “¢”, and that the system is left in the state
|i)s- Up to arbitrary off-diagonal elements w.r.t. the
basis {|4)®| 93 ) }i j.n, the ideal post-interaction state
with perfect correlation has the form

pse = 3 _pii li)i| @ p® + off-diag., (1)

where pi; = (i|ps|i) are diagonal elements w.r.t.
the basis {|i)}s and p™ is a pointer state, associ-
ated to one and only one of the outcomes i, i.e.,
IL;pY = §;;p9. The form of ps in Eq. (1) is the
result of an ideal measurement and can be entangled
or simply classically correlated. This ideal measure-
ment satisfies three fundamental properties:

(i) Unbiased. The probability of finding the
pointer in a state associated with outcome ¢ af-
ter the interaction is the same as the probability
of finding the system in the state | i), before the
interaction,

tr[I® Mipsp| = tr[|i)ilgps] = pii Vi vp?.)
2

A measurement is unbiased if the pointer repro-
duces the measurement statistics of the system.

(ii) Faithful. There is a one-to-one correspon-
dence between the pointer outcome and the
post-measurement system state

Clpor) = Yot @ T o] = 1 s,
Z (3)

i.e., psp has perfect correlation: on observing
the pointer outcome 4 (associated to II;), one
concludes that the system is left in the state |)
with certainty.

(iii) Non-invasive. The probability of finding the
system in the state |i), is the same before and
after the interaction with the pointer,

te[[i)ily pon] = tr[|)ils ps] = piz Vi Vpe.
(4)

This property only holds for the basis |i), and
coherences appearing on the off-diagonal can, in

general, be destroyed.

These three properties, stated here without particu-
lar hierarchy, capture the pairwise relation between (i)
the pre-measurement system state and the measure-
ment outcome, (3) between the measurement outcome
and the post-measurement system state, and (4) be-
tween the pre- and post-measurement system states,
respectively.

All quantitative statements we make about the
faithfulness of a measurement [property (3)] depend
on the function C(psp) in Eq. (3). This function’s
value represents the average probability of correctly
inferring the post-measurement state upon observing
the pointer, which is 1 for any unbiased measurement
if and only if the post-interaction state is of the form
of psp in Eq. (1). One could choose more complicated
functions or even measures of correlation. However,
in our paradigm it is sufficient to be classically
correlated to have perfect ‘correlation’ in the sense
that C = 1. Note that quantum correlations are
not strictly necessary, since C(|0),]0),) = 1. The
advantage of the expression in Eq. (3) is that it
quantifies the probability that the pointer indicates
an outcome which is correct and yields the maximal
value 1 if and only if the post-interaction state is of
the form of Eq. (1).

Ezample. Consider a measurement of a qubit system
using a single qubit pointer in the ground state.
We model the measurement with a controlled NOT
operation Ucxor = [0) 0], ® 1, + |1)X1], ® Xp,
where X = |0} 1]+ |1)X0]|. The post-measurement
state fsp = Ucnor (ps @ |0X0],) Ulxor is of
the form of Eq. (1), meaning the measurement
is unbiased, faithful, and non-invasive. Indeed,
whenever both system and pointer have dimension
ds = dp = d, and the pointer is initially in a pure
state (w.l.o.g. the ground state), we can define a
unitary Uy = [0)0|, ® 1p + >, 0 i )i, ® X7,
where X5 = [0)(i|+[i)0]+ 2,0, 7 )X 3], realizing
an ideal measurement. A more detailed discussion of
this example is presented in Appendix A.II.
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3 Non-ideal measurements

We call a measurement in which any of the proper-
ties (i) — (iii) fails to hold non-ideal. This is due to
the fact that, in general, the properties do not imply
one another, i.e., satisfying a single property does not
imply any of the other two, as illustrated in Fig. 1.
Things become more subtle when a pair of proper-
ties is satisfied. In two cases, satisfying a pair of
properties implies the third. As we show in detail
in Appendix A.III, a measurement which is faithful
and unbiased is also non-invasive, and a measurement
that is faithful and non-invasive is unbiased. However,
in general, a measurement being unbiased and non-
invasive for a particular input state does not imply it
is faithful, unless it is unbiased and non-invasive for
all input states ps, as illustrated in Fig. 1.

In what follows we prove that faithful measure-
ments (perfect correlations) are possible if and only
if one can prepare states with sufficiently many van-
ishing eigenvalues. Since, by the third law of thermo-
dynamics, one cannot prepare states of non-full rank
with finite resources, property (ii) fails to hold and
therefore ideal measurements are not physically feasi-
ble. To see this, consider the most general interaction
between a system and pointer — a completely posi-
tive and trace-preserving (CPTP) map, which can be
understood as a unitary on the system and an ex-
tended pointer. In order for such a unitary to realize
a faithful measurement according to Eq. (3), the rank
of the final state pgp must be bounded from above
by the dimension of the pointer dp (with dp > ds),
since ds < ), rank(p®”) < dp. When ds = dp = d,
this implies that the initial rank of the pointer pp
must be 1, i.e., a pure state. For larger pointers, their
initial state need not be pure, but it cannot have full
rank — one must have rank(p,) < dp/ds. Practically,
this requires pure state preparation for some non-
trivial pointer subspaces. Thus, faithful and there-
fore ideal measurements are not possible without a
supply of pure states (states at absolute zero temper-
ature). States with non-full rank require infinite time,
energy or complexity (interaction range) to be pre-
pared and are prohibited by the third law of thermo-
dynamics [11, 12, 14-17]. Conversely, whenever the
pointer state does not start with full rank, operations
such as Uy allow one to achieve perfect correlation.

Since faithful (and hence also ideal) measurements
are not possible, we want to determine how closely
they can be approximated. Since laboratory experi-
ments take place at non-zero temperature, the natu-
ral state of a pointer is in thermodynamic equilibrium
with its environment, i.e., the state 7 (3), with inverse
temperature f = 1/kgT. At any finite temperature,
a thermal state has full rank, and any deviation from
it requires an input of work.

While faithfulness is not necessarily the most im-
portant property, it is the one that certainly cannot

Figure 1: The properties attributed to an ideal measurement.
In a non-ideal measurement these three properties do not
hold simultaneously, and satisfying one of them does not im-
ply any of the other two. When ps is fixed, in two out of
three cases, satisfying a pair of properties implies that the
third property also holds. A measurement which is faithful
and unbiased implies that it is also non-invasive, and a mea-
surement that is faithful and non-invasive implies that it is
unbiased. When ps is relaxed to all initial system states,
then satisfying any pair of properties implies the third, and
one recovers the last relation, namely that a measurement
which is unbiased and non-invasive (for all ps) implies that
it is also faithful.

be upheld in practice, whereas one of the other two
properties can in principle be maintained also for
practical measurements. Here, we take the point
of view that the crucial property to demand of any
measurement is to be unbiased. This guarantees that
with sufficient repetitions, one obtains a mean value
for the measured observable that accurately reflects
the mean value of the underlying system ps and the
degree of trust in this outcome can be quantified
using standard statistical methods. Conversely, if one
imposed that the measurement were non-invasive,
one would be able to perform repeated measurements
on the system without changing the statistics of the
measured observable. However, without properties (i)
or (ii) it would not be possible to reliably relate
the measurement data to statements about ps. We
therefore consider non-ideal measurements between
a system ps and a thermal pointer 75(8) with the
property that the measurements are unbiased. In
Appendix A.IV, we derive the general structure of
maps realizing unbiased measurements in full detail.

4 Maximally faithful measurements

After imposing the measurements to be unbiased, we
are then interested in the ones that produce the best
correlations, in other words those which are as close to
faithful as possible and thus approximate ideal mea-
surements in a meaningful way. For such unbiased
maximally correlating measurements, one may then
determine and minimize the finite energy cost. To
provide a self-contained description of this cost, we
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consider the joint system of S and P to be closed,
implying that we restrict to unitary maps. In Ap-
pendix A.V we further discuss this restriction and
show that such unitarily correlating unbiased mea-
surements are indeed possible at any temperature.
Moreover, we find that unitarily correlating unbiased
measurements have a maximal achievable correlation
Chax that can only be reached if sufficient energy
is supplied. To see this, let us denote the system
and pointer Hamiltonians by Hs; and Hp and the
corresponding dimensions by dg and dp,. For unbi-
ased measurements, the restriction to unitary maps
ps @ Tp — psp implies a truncation of d, at an in-
teger multiple of ds. We then order the spectrum
of the pointer Hamiltonian and divide it into dg dis-
joint sets {E{"}i_o, _ap/as—1 for k = 0,...,ds — 1,
such that H, = S3324" S0 B | B (B
and E¥ > E](-k,’ whenever k > k' or when k = k/
and i > j. Up to swaps between degenerate ener-
gies, the set {E!”}; contains the dp/ds smallest en-
ergies and consequently {%e*ﬁEEO)}}Z— are the largest
populations. These populations are assigned to the
‘correlated subspace’. For unbiased unitaries, there is
an algebraic maximum to the achievable correlations
between any system and thermal pointer, given by

dp/ds—1

> ez, (5)

=0

Cmax (5) =

which is independent of p;; precisely due to unbiased-
ness. A more detailed derivation can be found in Ap-
pendix A.VII.

Note that, because we assigned the largest popu-
lations to the ‘correlated subspace’, Chax can be in-
terpreted as the maximum probability of the post-
measurement system being in the same state as the
pointer. For an arbitrary unbiased measurement gen-
erally C(psp) < Cmax(B). For an arbitrary unbiased
measurement achieving Ch,ax One can select a pointer
basis {|9{* )}k such that the resulting state can be
written

ds—1 p dP/dS_1 ©
~ kk —BE; 7,(R) \/ 7 (k)
par = B IR kK| © |90 N |
k=0 =0
dp/ds—1

£ 3 PR U fmim] © |9 KO V).
m#k =0 ()
6

where the U for k = 0,...,ds are unitaries on
the non-correlated subspaces spanned by the vectors
|m) ™) for i = 0,...,dp/ds — 1 and m # Fk,
{Ei’m;ék}i)m = {Eg">°)}n,i. From this form, we
see that perfect correlation C = 1 is only possible
if the pointer temperature reaches absolute zero, or,
more generally, if the rank of the pointer is bounded
by rank(pr) < dr/ds. Note that the way the sys-
tem state is altered through measurement is not com-
pletely fixed by Eq. (6). The relation between the

bases {0\ }; x and {| E{” )}, as well as the choices
of U and the ordering of the energies Ej;,, leave
room for adjusting the final energy cost.

The exact form of the unbiased and maximally
(but not perfectly) correlated lowest energy states
depends both on ps and requires diagonalization
of H.. We now present a solution for an example
case and refer to Appendix A.IX for a detailed
step-by-step instruction.

5 Energy cost of measurements

We now investigate the relation between the energy
cost AE of an unbiased measurement achieving the
maximum correlation C,.x between a system and the
pointer. Here, we wish to showcase different ways of
increasing Cihax, which depends on temperature and
dimension. It is readily seen from Eq. (5) that Cax
increases when the pointer size is increased at fixed
temperature or when the initial temperature is low-
ered at fixed pointer size. While Eq. (6) provides a
general form for pgp, quantitative insight about AE
cannot be gained without fixing the pointer Hamilto-
nian. An exception is when the pointer dimension is
infinite. There, the third law of thermodynamics can
be circumvented by using (a part of) the pointer as
a ‘fridge’ and creating asymptotically pure subspaces
(see, e.g., [27]), a scenario which we include as a lim-
iting case in our analysis. For the general case we
refer to Appendix A.IX, but here, as a concrete ex-
ample (described in more detail in Appendix A.VIII),
we will consider a single-qubit system and a pointer
consisting of N initially non-interacting qubits with
identical Hamiltonians H,.

We have psp = Ucorr (ps @ To(8)2N)UJ ., where
from now on we take 7.(8) = 1/Z,(]0X0] +
e PEr|1)1|) with the partition function Z, =
trle#HP]. Since we would like to increase Cpay as
much as possible and we know that C\,.x depends on
the initial temperature of the pointer, we also consider
cooling the pointer prior to the correlating interaction
in order to get closer to a faithful result.

In principle, there exist many models of refrigera-
tion, e.g., [16]. To achieve ground state cooling, how-
ever, some form of resource has to diverge. For in-
stance, infinite time is required in adiabatic Landauer
erasure [1], infinite energy in finite size fridges [16],
or infinite complexity (or time) in fridges of infinite
size [27]. In short, quantum measurements inherit the
limitations imposed by the third law of thermodynam-
ics [12, 15]. Since our example also aims to quantify
the energy cost of correlations with increasing pointer
size N, including fridges of arbitrary size may compro-
mise statements about correlations costs at fixed V.
We therefore consider a fridge model of the same type
and size as the pointer, i.e., for each pointer qubit we
add one fridge qubit, see Fig. 2. For larger refriger-
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Figure 2: The measurement procedure. In step I an N-qubit
pointer is coupled to an N-qubit fridge and cooled from
to Bo. In step II, a unitary correlates the pointer with the
unknown qubit system.

ation systems the cost of cooling could be decreased
by a constant factor (see [16]), but would still diverge
as one approaches zero temperature unless the fridge
size is itself infinite.

Within this framework, we describe the mea-
surement by two consecutive unitary operations,
which we call cooling and correlating. The to-
tal transformation on the system, pointer, and
fridge is Uit (ps ® m(B)®N ® 7.(B)3N) UL,
where 7.(8) = 1/Z.(]0X0| + e #Pr|1)1]) and
Usot = (Ucorr @1r) - (Is ® Ucool), see Fig. 2. Both uni-
taries drive the respective systems out of equilibrium
and come at a thermodynamic cost. Neglecting the
price for perfect control over these operations, the
work cost of implementing them is lower-bounded
by the total energy change of the system, pointer,
and fridge, W > AFE. The total cost in energy
can be split into the sum of the two parts: cooling
and correlating, which we write AE = AE; + AFEy.
Our objective is to minimise AE when performing
a non-ideal measurement for a fixed value of the
correlation function C'(fg,) = Cpax < 1.

6 Minimal energy cost

To minimise AFE;, we use Ref. [16], which details
the optimal cost for the single-qubit fridge. Cooling
the pointer from T' = 1/8 to Ep/(BEr) such that
o (B)N = 7 (BEE)®N requires at least

1 1
e PEr {1  ¢=PBP 4 1) - (N

AE, = N(E, — 1) (

To minimise AE}, we are interested in determining
ming_ . AEy such that C(pg,) = Cmax(8). For the

corr

case of a single-qubit system and IN-qubit pointer
(with N odd), we have

For even N, the formula is slightly different with the
same qualitative behaviour. As expected, in the limit
of infinite pointer size (N — oo) for fixed 3, or in
the limit of zero temperature (f — oo) for any N,
the correlations become perfect, limpy o0 Cnax(8) =
limg_00 Cmax(8) = 1. In Appendix A.VIII, we con-
struct the optimal unitary U,p that solves the op-
timisation problem for AFE; for arbitrary N and 3,
i.e., the unitary that achieves the algebraic maximum
correlation for minimal energy cost. In particular,
this construction allows us to specify an analytic ex-
pression for AE} in terms of 5, N, and ps, which
implies an achievable lower bound on the minimal en-
ergy cost of non-ideal measurements that approximate
ideal ones as well as possible.

Note that in the limit N — oo the energy cost of
achieving Chax(6) is finite but infinite time (or full
control over N-body interactions with N — o0) is re-
quired (see Appendix A.VIII). For any finite IV, the
only way to achieve correlations higher than Ciyax(8)
is to cool the pointer. Thus, we consider the scenario
where starting at some finite 3, we cool the pointer
(8 = Bo > P) and then correlate it with the sys-
tem to the algebraic maximum for the new temper-
ature Cpax(8o). Results for exemplary temperatures
are shown in Fig. 3 for N = 6. Within our cooling
paradigm, the energy cost for reaching the ground
state in finite time is infinite. Other paradigms allow
cooling to the ground state using finite energy, but re-
quire infinite time [27]. Thus, without access to pure
states, a measurement satisfying properties (i) — (iii)
has an infinite resource cost. The cost for the max-
imally correlating unitary U, is always finite and

given by AEéCZl) = %EP.

7 Discussion

The projection postulate is a central concept within
the foundations of quantum mechanics, asserting that
ideal projective measurements leave the system in a
pure state corresponding to the observed outcome.
All interpretations of quantum mechanics must be
compatible with this statement together with the
Born rule assigning the probabilities. However, the
existence of such ‘true’ projections is usually taken
for granted. Here, we have discussed a self-contained
description of measurements from a thermodynamic
point of view. We have shown that, when their exis-
tence is not assumed, ideal finite-time projective mea-
surements have an infinite cost.

We argued that a necessary condition for ideal mea-
surements is to be faithful, i.e., have perfect correla-
tion between the system and pointer. However, this
requirement incurs infinite costs unless pure states are
freely available. Nonetheless, ideal measurements can
be approximated by non-ideal, unbiased ones to ar-
bitrary precision at finite energy cost. We find that
the correlation achieved by the best unbiased mea-
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Figure 3: Cost of a non-ideal projective measurement of a
qubit system using a 6-qubit pointer. Each pointer qubit is in
the state 7 (3). We start from room temperature (= 300 K)
and choose an energy gap in the microwave regime such that
BEp = 1/30. Each point on the horizontal indicates the
maximal algebraic correlation Crmax(8’, N = 6) achievable
for a fixed value 8’ = BE% (or equivalently, fixed Er), which
is the result of cooling the 6-qubit pointer from 3 to 3’ us-
ing refrigeration qubits with gaps Er. For each correlation
value, the refrigeration cost AE; and the cost AFEy of max-
imally correlating the thermal state at inverse temperature
B’ are shown. The inset shows the relevant energy scale
for correlating the system and pointer since the cooling cost
significantly dominates the correlating cost.

surement is universally bounded by the largest dr/ds
eigenvalues of the pointer. To gain quantitative in-
sight into this cost, we considered the measurement
of a single qubit by an N-qubit pointer. We provided
analytic expressions for the minimal energy cost for
unitarily achieving maximal correlation for any initial
temperature and any N. We find that correlations
can be increased by increasing the pointer size and by
cooling the pointer.

While the three mentioned properties capture the
basic features of ideal measurements, they are not suf-
ficient to characterise the ‘quantum to classical’ tran-
sition. Classical outcomes additionally feature ‘ro-
bustness’, where small perturbations of the pointer do
not significantly alter the observed outcomes. This is
an important consideration for broadcasting measure-
ment outcomes. In our qubit model, this is taken into
account by the size of the subspaces the system is cor-
related with, i.e., the number of pointer particles, N.

The insight that ideal measurements carry a diverg-
ing cost also sheds light on thermodynamics because it
implies that, in practice, all measurements that can be
performed are intrinsically non-ideal. Consequently, a
central question is how well one can approximate ideal
measurements and which consequences these approxi-
mate realizations have on tasks that arise in quantum
thermodynamics. For instance, to interpret work as a
random variable in the quantum regime, two projec-
tive measurements are commonly assumed to charac-
terize work [28-30]. The impossibility of these mea-

surements with finite work, prompts two questions
(recently studied in [31]): (a) what is the impact of
measurement imperfection on the observed fluctua-
tions and (b) what is the total work cost of observing
work fluctuations imperfectly. Furthermore, in quan-
tum information-based engines [24, 32, 33], it would
be highly relevant to incorporate measurement imper-
fection and work cost into the efficiency in addition
to other constraints [34]. These insights could also
be useful for quantum information processing, e.g.,
bounding the minimal power consumption of quan-
tum computers employing syndrome measurements
for error correction.
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Appendix: Mathematical Model for

Measurement Procedures

In this Appendix, we give a detailed description of
unbiased measurement procedures introduced in the
main text. As we have argued, ideal measurements
(unbiased, faithful, and non-invasive) are not gener-
ally implementable in finite time or with finite en-
ergy. In practice, real measurements may nonetheless
approximate ideal measurements by investing energy;
loosely speaking, the approximation becomes better,
the more energy that is invested. To make this more
precise, we will explicitly determine the fundamental
energy cost of projective! measurements.

I Arbitrary quantum measurements represented by positive-
operator-valued measures (POVMSs) can be realized by projec-
tive measurements on a Hilbert space obtained by appending
an auxiliary system of, at most [35], the same dimension as
the original system. We therefore concentrate on projective
measurements.

A.l  Framework

System. We consider a quantum system S with
Hilbert space Hs of dimension ds = dim(Hs)
initially in an arbitrary unknown quantum state
represented by a density operator ps € L(Hs), i.e.,
a Hermitian operator with tr(ps) = 1 in the space
of linear operators L(Hs) over the system Hilbert
space Hs. We are then interested in describing
(projective) measurements of the system w.r.t.
a basis {|i),}; of Hs, which we take to be the
eigenbasis of the system Hamiltonian Hg, i.e., we
can write Hy = h) ,Q;|i)t|,, where h(Q; — Q;)
is the energy gap between the i-th and j-th levels.
For instance, an example that we will focus on later
is that of the simplest quantum system — a qubit
— with vanishing ground state energy and energy
gap Es = hQ. That is, Hs = C2, and the system
Hamiltonian Hg has eigenstates |0), and |1), and
spectral decomposition Hs = Eg [1)(1],.

Pointer. Similarly, we consider a pointer system P
with Hilbert space H, of dimension dp = dim(Hp)
and Hamiltonian H.. We then take the resource-
theoretic point of view that the pointer is initially
in a state that is freely available, i.e., a thermal state
() € L(Hp) at ambient temperature T = 1/3.
We order the spectrum of the pointer Hamiltonian
in terms of its excitations into ds sectors of size
dp/ds, ie., Hp = Y0 150 /ds= g0 gy g® |
with E* < E;»kl) Vi,j for k¥’ > k. The thermal
(Gibbs) state is given by

ds—1 dP/dS_1

(8= > pIEPNEY] (A1)
k=0 =0

where p{"”’ = exp(—BE;")/Z and Z is the pointer’s
partition function Z = tr(e=#Hr) = D ik e PE
Measurement procedure. We now wish to
consider a measurement of the system’s energy,
i.e., of the observable Hg, or, in other words, a
projective measurement of the system in the energy
eigenbasis®. The corresponding measurement proce-
dure may be defined via a completely positive and
trace-preserving (CPTP) map & : L(Hsp) — L(Hsp),
where Hep = Hs ® Hp, that maps psp = ps ® 75 to
a post-measurement state ggp € L(Hsp). This may
be understood as a generalized interaction between
the system, the pointer, and some auxiliary system.
Here, we do not wish to address the question of which
measurement outcome is ultimately realized (which
pure state the system is left in), or how and why

“Note that a projective measurement of the system in any
other (orthonormal) basis can be subsumed into this discussion
by including an additional unitary transformation (and its en-
ergy cost) on the initial state ps to switch between the energy
eigenbasis and the desired measurement basis.
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this may be the case. That is, we do not attempt
to make statements about what is often perceived
as the “measurement problem”, but rather take the
point of view that system and pointer are left in a
joint state in which the internal states of the system
are correlated with the internal states of the pointer.
Each of the latter is designated to correspond to one
of the system states |i),, such that, upon finding
the pointer in a state chosen to reflect |i),, one
concludes that the measurement outcome is “i”.
More precisely, each eigenstate |i), of the measured
observable of the system is assigned a set {|¥$),}n
of orthogonal states of the pointer corresponding to
a projector II; = 3" |4 ¥4 |. The projectors are
chosen to be orthogonal and to form a complete set,
ie., ILIl; = 0;;I1; and ), II; = 1. In an ideal mea-
surement, upon obtaining the outcome “i”, one may
further conclude that the post-measurement system is
left in the state |i),. This is one of three features that
can be identified for ideal projective measurements.
As explained in the main text, ideal measurements are

unbiased:
tr[ls ® IL; fsp| = tr[|iXilg ps] = pii Vi, (A.2)
faithful:

C(psp) = Ztr[\z‘xi s ®IL psr] =1, (A.3)

non-invasive:

tr[\i><i|s ®1p ﬁsp] = tr[|i><i|s ps} = pii Vi.
(A.4)

. J

Al Example: 2-Qubit Measurements

To illustrate the properties above and to understand
why these conditions are not met by general non-ideal
measurement procedures with finite energy input, we
consider a simple example. Consider a measurement
procedure using a single pointer qubit and assume
that by some means it has been prepared in the
ground state, i.e., pp = |0)0],. We model the inter-
action with the pointer by applying a controlled NOT
operation Usnor = 00|, @ 1, +|1)(1], ® X, with
the usual Pauli operator X = [0)(1|+|1)0]|. Denot-
ing the matrix elements of the initial state as p;; =
(i|ps|j), we can then write the post-measurement
state pgp as

> pilii)jil . (A5)

4,7=0,1

Psp = Usnor pSPU(TJNOT =

The system and pointer are now perfectly (classically)
correlated in the sense that whenever the pointer is
found in the state |0), (]1),), the system is left in the
corresponding state [0), (|1),). In other words, for

the choice II; = |i)(4|,, we find that the measurement
is faithful,

C(psp) = Z tr[|ii><ii|ﬁsp] = Z pii = trlps] = 1.
o o (A6)

The post-measurement system state pg = trp[fsp] =
> pii|i)i]y is in general different from the initial
system state since it not longer has any off-diagonal
elements w.r.t. the measurement basis, but the mea-
surement is nonetheless non-invasive since the diago-
nal elements match those of the initial system state
ps- At the same time, the chosen unitary Ucyor guar-
antees that the probabilities for finding the pointer in
the states |0), and |1),, match those of the original
system state, i.e., for i = 0,1 we have

()i, trs(Fse)) = te(i)il, p5) = pis-

Consequently, the measurement is not biased towards
one of the outcomes and reproduces the statistics of
the original system state, while being perfectly corre-
lated (i.e., faithful).

However, in general strong correlation and unbi-
asedness of the measurement do not imply one an-
other. For instance, one can construct an unbiased
but also generally uncorrelated measurement by re-
placing Ugnor with Ugwap = [00) 00| + [01)X 10| +
|10) 01| 4+ |11 )11, leaving the system in the state
|0), no matter which state the pointer is in. Although
all available information about the pre-measurement
system is thus stored in the pointer, measuring the lat-
ter reveals no (additional) information about the post-
measurement system. Alternatively, consider the uni-
tary [1)(1],®@1,4|0)0|,® X instead of Usnor, both
of which lead to the same correlation C(pgp), but the
probabilities for observing the two outcomes are now
exchanged w.r.t. to pg, i.e., the pointer is found in
the state |0), (|1),) with probability pi1 (poo) after
the interaction.

For the purpose of examining real measurements,
these examples are of course pathological due to the
assumption of reliably preparing the pointer in a pure
state (without having to have performed a projective
measurement in order to model a projective measure-
ment or having to cool to the ground state using finite
resources [12]). Let us therefore relax this assumption
and assume instead that the pointer has been pre-
pared at some finite non-vanishing temperature 7' =
1/8, such that p, = p|0)X0|,+(1—p)|1)X 1], for some
p=(1+e*) 1 =21 with0 < p< 1. A quick
calculation then reveals that the previously perfect
correlations are reduced to C(jsp) = p = 271 < 1
and that the measurement procedure using Ucyor 1S
in general biased, i.e.,

trf|i)il, trs[pse]] = pu(2p —1) +1 —p.

However, while we generally have to give up the
notion of a perfect projective measurement in the

(A7)

(A.8)
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sense that the outcomes are perfectly correlated with
the post-measurement states (as we have shown in
the main text), one may retain the unbiasedness of
the measurement. That is, if we replace Ugnor by
Uswo. = [00X00] 4+ |01 )Y 11| 411X} 10| +]10) 01|, we
obtain the same imperfect correlation value C(pgp) =
p = Z~1, but the unbiasedness condition of Eq. (A.7)
is satisfied. To reiterate, measurement procedures us-
ing finite resources (finite time, finite energy, and fi-
nite complexity, i.e., operations with finite interac-
tion range), cannot be ideal, since finite resources are
not sufficient to prepare pointers in the required pure
states. Realistic measurement procedures hence are
non-ideal.

Al

When any one of the three properties (A.2), (A.3) or
(A.4) fails to hold, we call the corresponding measure-
ment procedure non-ideal. For non-ideal measure-
ments, the relation between the remaining properties
is more complicated. In particular, none of the three
properties alone implies any of the other two. For
instance, consider an ideal post-interaction state

Non-ldeal Measurement Procedures

for = 3 pui li)i| @ p® + off-diag.,  (A.9)

(3

where we have not explicitly written the off-diagonal
elements w.r.t. the basis {|i) @ [¥$)}i . and
p is a pointer state that is associated to one and
only one of the outcomes ¢, that is, IL;p = §;;p .
Any measurement procedure based on a map &
for which the values p;; in (A.9) are replaced with
arbitrary probabilities p; # py, results in a joint
post-interaction state jgp satisfying (A.3), but not
(A.2) or (A.4), resulting in a non-ideal measurement
that is faithful, but neither unbiased or non-invasive.
Similarly, the state psp = ps ® pp obtained from a
trivial interaction &[psp] = psp complies with (A.4),
but not with (A.3) or (A.2). Finally, the map &
realizing a complete exchange of the initial system
and pointer states (assuming, for the purpose of this
example that ds = dp), results in an unbiased (A.2)
measurement procedure that does not satisfy either
(A.3) or (A.4).

Satisfying any single one of the three properties
is hence not sufficient for distinguishing ideal from
non-ideal measurements. When two out of the three
properties hold, things become more subtle. In two
cases, a joint final state psp satisfying a pair of prop-
erties implies the third property, and hence that the
measurement is ideal for the particular given initial
system state ps. First, a measurement that is both
faithful (A.3) and unbiased (A.2) implies that it is
also non-invasive (A.4). To show this, we start with
the property of unbiasedness and, summing the right-
hand side of Eq. (A.2) over all 4, we have ), p;; = 1.

The left-hand side of Eq. (A.2) thus gives
Yotr[ls @I per] = Y tr[l5)l, © i psr] = L.
i i
(A.10)

At the same time, property (A.3) demands that the
sum in the second step of (A.10) yields 1 already just
for the terms where ¢ = j, implying

> e[l )il ® i pep] = 0.
i#j

(A.11)

Since all diagonal matrix elements of a density opera-
tor are non-negative, this further implies tr[|j )} j|, ®
I1; ﬁsp] = 0 Vi # j, which we can insert back
into (A.2) to see that tr[|i)}i|, ® IL; psr] = pis. In-
serting all of this into the left-hand side of Eq. (A.4)
together with 1, = Zj I1;, we obtain

trfliils ® 3 T por] = tr[liil, @ L poe] = pi
’ (A.12)

which concludes the proof that unbiased and faithful
measurements are also non-invasive.

Second, a measurement that is both faithful (A.3)
and non-invasive (A.4) is also unbiased (A.2). Now
starting with (A.4), we again sum the left-hand side
over all i and resolve the identity 1, = > II;, to
obtain

ZtrHiX“s@HJ‘ ﬁSP} = Zpii =1 (A.13)
ij i
This time, unbiasedness (A.2) implies

> tr[li)il, ® 0, per] = 0,

i#]

(A.14)

and in turn tr[|i)(i|, @ II; psp] = 0 Vi # j, as be-
fore. Inserting this into (A.4) then implies tr[|i)(i|,®
11, ﬁsp} = p;;. Finally inserting into the left-hand
side of (A.2) yields

tr[]ls ® II; ﬁsp] = Ztr[|]><] |s ®1IL; ﬁsp]
J

=tr[li)i|s @ IL psp] = pis, (A.15)

confirming the unbiasedness condition.

For the remaining combination this is not the case.
A measurement procedure that is unbiased (A.2) and
non-invasive (A.4) for a fixed system state ps is not
necessarily faithful (A.3). Consider, e.g., the initial
single-qubit system state ps = 2 [0)(0|+ 5 [1)(1], i.e.,
where pgyp = % and p11 = 3, and the two-qubit final
state psp = >, nmo.1 | M, )M, n| with po1 = p1o =
p11 = 5 and poo = 2. For II; = |i)(i|,, one has the
reduced states trs(fsp) = trp(fsr) = ps, so we have
unbiasedness and non-invasiveness, but C(fsp) = 2 <
1.
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Moreover, the measurement procedure (corre-
sponding to the transformation above (whose details
are not given in the example) may not be unbiased or
non-invasive for other initial system states ps. This
singles out the property of faithfulness when one is in-
terested in checking the properties of a measurement
procedure for any given initial system state. Nonethe-
less, caution is advisable here. For a particular initial
state pg of the system, all three properties may be sat-
isfied, yet, this may not be so for other initial states.
Simply consider the example in Eq. (A.8). For an
initial state with pgy = p11 = %7 the measurement
satisfies all three properties, but for p < 1 the mea-
surement procedure is biased and has non-perfect cor-
relation for almost all (other) states ps.

Indeed, demanding that any of the properties hold
only for particular initial system states ps is some-
what contradictory to the notion of performing a mea-
surement that reveals previously unknown informa-
tion about a system. In other words, measurements
should not require detailed knowledge about ps to en-
sure that one may trust the measurement outcomes,
or inferences made from them. The definitions of the
properties (A.2), (A.3) and (A.4) must hence be ex-
tended to demand that measurement procedures are
only called unbiased, faithful, or non-invasive, if the
respective properties (A.2), (A.3) or (A.4) hold for all
initial systems states ps.

With such an extended definition, one then indeed
finds that any two properties imply the third. In
particular, it is then the case that measurement pro-
cedures that are unbiased and non-invasive, are also
faithful, and thus ideal. The proof of this statement,
relies on insights into the general structure of all maps
representing unbiased measurement procedures, and
as such appears later in Appendix A.VI. In purely
qualitative terms, maps that are either unbiased or
non-invasive need to transfer the diagonal elements of
the system state ps to particular (different) subspaces
of the joint Hilbert space of system and pointer. The
only way to simultaneously satisfy both the require-
ments for unbiasedness and non-invasiveness for arbi-
trary ps forces all information to be concentrated in
the subspaces corresponding to the images of the pro-
jectors |i)(i]| ® II;, such that the resulting state jgsp
satisfies (A.3) independently of the details of ps.

Ultimately, this means that only one of the three
properties can be satisfied exactly for all initial system
states in any realistic measurement procedure. Given
that the constraint of finite resources rules out that
realistic non-ideal measurements are faithful, we have
a choice between the measurement being unbiased or
non-invasive. Arguably, biased measurements that
are not even faithful are of little use, since the out-
comes would not provide any level of certainty about
either the pre- or post-measurement system state. In
the following, we are therefore interested in unbiased
measurement procedures for which the correlations

between the system and the pointer are as large as
possible. Given such non-ideal measurement, we then
wish to minimize the associated energy costs.

A.IV  General Unbiased Measurements

Here, we will identify the basic structure and im-
portant properties of a general model of non-ideal
measurement procedures. To do so, we separate what
we believe to accurately model such a measurement
procedure into two steps. These are:

I Preparation: Some energy is invested to pre-
pare the pointer system in a suitable quantum
state.

IT Correlating: The pointer interacts with the
system to be measured, creating correlations be-
tween them.

A.IV.1 Step I: Preparation

Before interacting with the system, the pointer can
be prepared in a suitable quantum state p, at the ex-
pense of some initial energy investment AFE; account-
ing for the (CPTP) transformation & : L(Hp) —
L(Hp) mapping 7(8) to pr = &[7(8)]. In particular
it may be desirable to lower the entropy of the initial
pointer state. In principle, one may use any given
amount of energy to prepare an arbitrary pointer
state that is compatible with the specified energy and
whose entropy is lower than that of 7(8). The energy
cost for reaching a particular state pp is bounded from
below by the free energy difference, i.e.,

AE, > AF(7(8) = pr) = AE, —TAS,, (A.16)

with AE, = tr[HP(pp — T(B))] and AS, = S(pp) —
S(7(8)), and where S(p) = —tr[plog(p)] is the
von Neumann entropy. However, the exact work cost
of the preparation depends on the control over the
system and the available auxiliary degrees of freedom,
and may exceed this bound. In particular, the free en-
ergy difference to the ground state is finite although
this state cannot be reached with a finite work in-
vestment in finite time [12]. The precise resource re-
quirements in terms of energy, control, and time for
preparing arbitrary quantum states are hence diffi-
cult to capture’, whereas the refrigeration of quan-
tum systems is a well-understood task, whose energy
cost has been quantified for various levels of control
one assumes about the quantum systems involved in
the cooling procedure [16].

SCertainly, any such preparation can be described by a
CPTP map, which in turn can be seen as a unitary acting on
pp ®| P )Y | in a Hilbert space enlarged by an auxiliary system
with Hilbert space Ha 5 |®). However, this brings one back
to the question of quantifying the cost for preparing the pure
state | ®) of the auxiliary system.
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It is therefore practically useful (and reasonable) to
assume that the preparation only involves refrigera-
tion. That is, we assume in the following that the tem-
perature of the pointer is lowered from T to Ty < T,
reaching a thermal state 7(8p) with 8y = 1/Tp. On
the one hand, step I thus becomes less general than
it could potentially be since one does not explore the
entire Hilbert space Hp. On the other hand, the ther-
mal state can be considered to be energetically opti-
mal, since it minimizes the energy at fixed entropy.
Moreover, at fixed energy the thermal state also max-
imizes the entropy and hence minimizes the free en-
ergy, which in turn bounds the work cost from below.

A.IV.2  Step II: Correlating

During the second step of the measurement proce-
dure, the system interacts with the pointer in such a
way that correlations between the two are established
via a CPTP map &, : L(Hsp) — L(Hsp) that maps
Psp = Ps @ pp 10 Psp = En [psp]. A particularly im-
portant special case is the case of unitary correlating
maps U, i.e., such that gsp = UpspUT, representing
measurement procedures where the joint system of S
and P can be considered to be closed for the purpose
of the correlating step. Then, the energy cost for the
second step can be calculated via

AEy = tr[(Hs + Hp) (5o — psr)]- (A.17)

In any case the generated correlations can in prin-
ciple be (but need not be) genuine quantum corre-
lations. For (non-ideal) projective measurements as
defined here, it nonetheless suffices that classical cor-
relations are established with respect to the measure-
ment basis (here the eigenbasis of Hy) and a chosen
basis of the pointer system. More specifically, we as-
sign a set of orthogonal projectors

Moo= 3060 )b

: (A.18)

with TLI; = 6,11 (in particular, (9[99 ) =
0ij0mn) and >, IT; = 1. The orthogonality and com-
pleteness of the projectors ensure that every pointer
state is associated with a state of the measured sys-
tem, i.e., every outcome provides a definitive mea-
surement result “i”. We further amend the correla-
tions function defined in Eq. (A.6) for a single-qubit
pointer to reflect the use of the more general projec-
tors, i.e., we redefine the quantifier C(psp) as

Clpsp) = Ztr[\ixﬂs ®1L; fsr] - (A.19)

A.IV.3 Unbiased measurements

We are now in a position to give a formal definition
of what we consider as an abstract measurement
procedure.

Definition 1: Measurement procedure

A measurement procedure M(3) that realizes a
(non-ideal) projective measurement at ambient
temperature T = 1/8 of an (unknown) quan-
tum state ps € L(Hs) w.rt. to an orthonor-
mal basis {|n)}, of Hs is given by the tuple
(Hp, Hp,11,E), consisting of a pointer Hilbert
space Hp, a pointer Hamiltonian Hp € L(Hy), a
complete set IT = {II; }; of orthogonal projectors
on Hp, and a CPTP map &€ : L(Hsp) = L(Hsp)
with Hgp = Hs ® Hp, together with the induced
CPTP map Enq : L(Hs) = L(Hsp) given by

Em: ps = psp = Elps @ T(B)]- (A.20)

Note that any definition of a thermal state ()
implies that the state has full rank. This definition
includes, in particular, the case that we consider
here, where the map & = &; o (15 ® &) is split into
two separate steps. As we have already motivated in
our earlier example, we are interested in considering
measurement procedures that represent the measured
quantum state without bias. While perfect corre-
lations cannot be guaranteed in this way, one may
however ask that averages of the measured quantity
match for the pointer and the system. Moreover, it is
desirable that this is so independently of the specific
initial states of the system and the pointer. All of
this is captured by the following definition.

Definition 2: Unbiased measurement

A measurement procedure M(S3) is called unbi-
ased, iff tr[IL;trs (Fsp)| = tr[|i )i, ps] Vi and Vps.

Since we wish to restrict our further considerations
to unbiased measurements, it will be useful to know
more about the structure of these measurement
procedures, in particular, about the involved CPTP
map & and projectors II;, given that one has selected
a suitable pointer system with Hilbert space H, and
Hamiltonian H,. To this end, note that our previous
example using Ucyor was unbiased only for pointers
that can be prepared in the ground state (or any
pure state for that matter). This can only be the
case if the initial temperature vanishes or if infinite
resources are available in step I, whereas we are
interested in describing more realistic conditions. To
capture this, we formalise the following:

Definition 3: Finite-resource measurement

A measurement procedure M(f) at a nonzero am-
bient temperature T = 1/ uses finite resources
if the map €4 is rank non-increasing.
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On the other hand, measurement procedures which
reduce the rank use either infinite energy E, take in-
finite time ¢ (an infinite sequence of finite interaction
range operations) or are infinitely complex (infinite
interaction range operations) [12, 14-17, 27]. Now,
in order to take a first step towards unraveling the
structure of unbiased measurements we formulate the
following lemma.

All unbiased finite-resource measurement proce-
dures M(B) with (thermal, full-rank) pointer sys-
tem with Hilbert space H,, Hamiltonian H,, and
orthogonal projectors IT; can be realized by CPTP
maps & of the form £ = &; o (15 ® &), where &
is a CPTP map from L(Hp) to itself (achievable
in finite time ¢t and satisfying AE; < o0), and the
CPTP map &; from L(Hsr) to itself has Kraus
operators K; = ZK“) with

ds—1dp— ldfl

Ki'= 22 > Kiald

7=0 n=0 m=0

s ® DD N Yn
(A.21)

with ds = dim(Hs), dp = dim(Hp) > ds, and
coefficients kj, ) such that

SUEOED = |iNil, @ (A22)

l

Proof of Lemma 1. Before we get into the tech-
nical details of the proof, let us phrase the Lemma 1
more informally. It states that the map & consists
of an arbitrary (finite energy, AE; < oo, finite time
t < o) preparation of the pointer (&), followed by
a map &, that maps the subspaces |i)_ to those cor-
responding to II;, respectively. Moreover, note that
unbiasedness of course implies that the pointer sys-
tem must be large enough (dp > ds) to accommodate
all the possible measurement outcomes. Let us then
prove the lemma. As mentioned before, the CPTP
map & may be separated into a map & acting nontriv-
ially only on the pointer Hilbert space, and a CPTP
map &; acting on the resulting state psp = ps ® pp,

which we can write with respect to the basis |i) as

PO0PP
P11pPP
pSP = p22pp e ?
10)g I1)g 12)s

Without loss of generality, we can then write the
final state psp = &n [psp] With respect to the product
basis {|7), ® [ ), }ijm in the form

IIp 114 I IIp IIy 11> ITy 114 11y

—_——— ——— — ——

Ao1

410 -

|0)s ‘1)5 ‘2)5

(A.24)

where we have indicated the columns corresponding
to the subspaces of fixed vectors |i), and projectors
II; for ¢ = 1,2,3, and dots indicate matrix elements
that may be nonzero but are not explicitly shown. In
particular, the latter can include subspaces for i > 3,
and the case for ds < 3 can be obtained by truncating
the shown matrix by removing the corresponding rows
and columns. The colored sub-blocks Ag;, Ay, Aoy
and so forth are d; x d; block matrices in terms of
which the unbiasedness condition of Def. 2 can be
written as

ds—1

Z tr[Aj] = pis Vi

=0

(A.25)

Crucially, the unbiasedness condition in Eq. (A.25) is
to hold for all possible system states ps, and hence
for all possible values of p;;. This, in turn, implies
that all sub-blocks with second subscript ¢ must be
proportional to p;;. That is Aj; = piiflﬁ V7 with
st 1tr[A ;] = 1 Vi. Since the unbiasedness con-
dltlon is not sensitive to terms appearing in the off-
diagonal blocks, a convenient representation of the
relevant terms of the post-interaction state pgp under
the map &y is :

Poojoo 9111‘101 P22x‘io2
Pooz‘ilo P11A11 022A12
Teu = pooAzo | pr1dar |(pa2das| . | ¢ (A.26)

which we call the correlation matriz. Here it can im-
mediately be seen that the unbiasedness condition,
which implies E‘ji 51 tr[A ;] = 1 says that the sum
of the trace of the blocks in column i of I'e must be
equal to p;; for unbiasedness to hold“.

4Note that this representation is not square, since in princi-
ple the dimension of the matrix-valued entries of each column
are different. In the case that the map £ representing the mea-
surement is unitary, the representation becomes square and the
dimension of all blocks across all columns is equal.
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From the initial state (A.23) and the final state
(A.24) it becomes apparent that unbiasedness can
be guaranteed for maps that connect the subspaces
corresponding to |i), only with those correspond-
ing to II;. More precisely, each of these connect-
ing maps can be viewed as an arbitrary CPTP map
&Y from the dp-dimensional space spanned by the
vectors in the set {|i), ® |¥n),}n=o,...dp—1, Where
{|%¥n ), }n is an arbitrary basis of He, to the (dgs x d;)-
dimensional space spanned by the vectors in the
set {|7)s @ [V >P}j=00,...,dds—1. The Kraus operators

for these CPTP maps are precisely the {K[’}; of
Eq. (A.21) and in matrix notation we may denote
these maps as

Agi| | - | Aos

(@)
L. £
PiiPP u, . o Agy |

(A.27)
Since the domains as well as the images for different
¢ lie in orthogonal subspaces of Hgp, the maps
&Y can be combined to the map & with Kraus
operators” {K; = Y, K;”},. Once can check that the
unbiasedness condition is satisfied for these Kraus
operators by a simple calculation, which we will not
repeat here. If the initial ambient temperature is
nonzero and the measurement procedure uses finite
resources (time and energy), the pointer state pp has
full rank and unbiasedness can only be achieved via
maps of the form mentioned, as claimed in Lemma 1,
which concludes the proof. O

Inspecting again the example from Appendix A.II,
one notes that the controlled NOT operation Ucyor
is not of the form required for a finite-resource unbi-
ased measurement, as expected. However, when the
pointer can be prepared in a pure state (w.l.o.g. the
ground state |0),) one observes that the measure-
ment procedure using Ugnor in the correlating step
becomes unbiased because some of the sub-blocks A;;
are only trivially proportional to p;;. In particular,
Apr = Apr = Ao = A0 =0.

Having understood the general structure of all un-
biased measurements, we now want to turn to some
specific instances of such measurement procedures.

A.V Extremal Measurements

With the help of Lemma 1 we can now describe the
set of all unbiased measurements for a given quantum
system ps and pointer. The measurement within this
set may further be categorized according to their spe-
cific properties, in particular, their energy cost, the
amount of correlations created between the system

5Note that the number of nonzero Kraus operators may be
different for each 4, but one may always add trivial (vanishing)
Kraus operators to each set {Kl(l)}l with fixed 4.

and the pointer (how faithful the measurement is),
and the level of control required for their implementa-
tion (e.g., what type of auxiliary systems are available
and which operations can be performed on the sys-
tem, pointer, and auxiliaries). Given an (unknown)
quantum system S it would ideally be desirable to
answer the question: What is the maximal correla-
tion achievable between the system and any suitable
pointer given a fixed work input AE? A more re-
stricted version of this question is: What is the max-
imal correlation achievable between the system and a
particular pointer given a fixed work input AE?

Since we assume that the system state pg is un-
known before the measurement, the correlation mea-
sure C that we are interested in optimizing is obtained
from averaging C(pgp) from Eq. (A.3) over all system
states. We observe that for any particular systems
state ps, the correlation measure C(psr) does not de-
pend on any of the matrix elements of ps except for
those on the diagonal, i.e.,

C(psp) = Pootr[;loo] + p11tr[z‘111] + ,022’“[;122] +....
(A.28)

Averaging over all states ps is hence equivalent to an
average over all probability distributions correspond-
ing to the diagonal of ps. Moreover, for each of these
values p;; (i =0,...,ds—1), the average over all prob-
ability distributions results in the value 1/ds, such
that the average of C'(psp) is given by
C = étr[Aoo-i-All +A22+...], (A29)

which, in terms of the representation presented in
Eq. (A.26), corresponds to taking the trace of the
blocks appearing along the diagonal.
Despite this simple form of C, the optimization over
all pointer systems and operations thereon is a daunt-
ing task. Indeed, even for a fixed pointer at initial
temperature T = 1/, identifying the optimal mea-
surement procedure in terms of the best ratio of (av-
erage) correlation increase per unit energy cost (av-
eraged over the input system states) is highly non-
trivial. To illustrate the difficulty, first note that an
(attainable) bound exists for correlating (quantified
by the mutual information) two arbitrary systems
that are initially thermal at the same temperature
at optimal energy expenditure [36, 37]. While the
known protocol for attaining this bound is in general
not unitary (it involves lowering the temperature), in
some cases the bound is tight already when one corre-
lates the systems unitarily. However, it was recently
shown [38, 39] that the optimal (in the sense of the
mentioned bound being tight) trade-off between cor-
relations and energy cost cannot always be achieved
unitarily.

Of course, in our case, the initial state of the sys-
tem is not known, and cannot be expected to be ther-
mal in general. Moreover, the mutual information is
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not a suitable figure of merit for quantifying the de-
sired correlations between system and pointer because
the latter don’t distinguish between classical and gen-
uinely quantum correlations. For instance, for a
single-qubit system and pointer, the states |®T ), =
(100) + [11))/v/2 and pep = 1(]00)(00] + [11)(11])
have different values of mutual information but are
equally well (i.e., perfectly) correlated w.r.t. to the
desired measurement basis. The above arguments on
optimally correlating protocols hence do not apply di-
rectly, but with the added complication of the un-
known system state and the unbiasedness condition,
we cannot rule out the possibility that the optimal
unbiased measurement procedures are not realized by
a unitary correlating step.

Nonetheless, it can be argued that any nonunitary
realization of the second part &; of the CPTP map
&€ must require higher levels of control than a corre-
sponding unitary realization due to the requirement of
realizing nonunitary maps &£; as unitaries on a larger
Hilbert space. Specifically, any CPTP map &; can
be thought of as a unitary on a larger Hilbert space

Hsp @Hp (with a factoring initial condition) [40], that
is, one may write any &; as
En [pSP] = trg [USPE [psp 2y |X><X |] SPE] (A.30)

for some unitary Ugpp on Hgp @ Hy and for some
pure state |x) € Hy. At the same time, employing a
unitary to correlate pointer and system enables us to
unambiguously quantify the work cost of the correlat-
ing step without assumptions about the Hamiltonian
of potential auxiliary systems.

We are therefore particularly interested in describ-
ing all unbiased measurement procedures, where &; is
realized unitarily, such that

Psp = 511[[)51)} = UpSPUT (A.31)

with UUT = U'U = 1. In this sense, our focus lies

on unbiased measurement procedures where all con-
trol that one may have over external systems (beyond
S and P) is used in the initial step represented by &
to prepare the pointer in a suitable state, e.g., by low-
ering its temperature. Here we make use of the fact
that the work cost of refrigeration with various lev-
els of control has been extensively studied [16]. This
leaves us with the task of analyzing the structure of
the representations U of the unitary maps &;.

A first step towards the completion of this task is to
note that the unbiasedness condition for measurement
procedures with a unitary correlating step &; means
that it is inefficient (in terms of energy cost) to use a
pointer Hilbert space H, whose dimension is not an
integer multiple of the system dimension. This can be
explained in the following way. By inspection of the
maps in Eq. (A.27), one notes that £ maps the d, x
dp density matrix pp to a dgrank(Il;) X dg rank(II;)
density matrix. That is, the size of each of the dg
blocks flji Vj is determined by the rank of IT;. If

the map &, is unitary, this implies that all £}’ are
unitary, and hence

dp = ds rank(Il;) Vi. (A.32)
Conversely, this implies that all projectors II; have
the same rank dr/ds, which must be an integer larger
or equal to 1, dp = Adg for A € N. The implication of
this for the correlation matrix in (A.26) is that it is
now square

pooAoo | p11dor |[p22Aoz
POOAIO Puﬁu p22/~112
FU‘“‘b - pooAzo | p11da1 9221‘122 (A'33)

In principle, one could initially consider a pointer with
a Hilbert space dimension larger than required for the
desired X\. However, the energy levels exceeding Ads
would have to be truncated before the preparation
step to avoid unnecessary additional energy costs.
The general form of the unitaries realising such un-
biased measurement procedures is summarised below.

Let My (8) be an unbiased finite-resource (AFE <
00, T = 1/ > 0) measurement procedure with
unitary correlating step &; using a pointer system
Hilbert space H, and Hamiltonian H, with d, =
Adg for A € N. The unitary map U realizing the
correlating step, i.e.,

511[95 ® PP] =Ups ® pPUT7 (A34)
can be split into two consecutive unitary opera-

tions, U = VU, where U and V are of the form

ds—1
U= ) liXil,®U®, (A.35)
=0
ds—1 X\
= Z Z s ®PONPD ], (A.36)

and U are arbitrary unitaries on Hp.

\

Proof of Lemma 2. The structure of the unitaries
in the correlating step can be understood by noting
that unitaries have only a single non-trivial Kraus op-
erator. The operators U in the first unitary U then
simply correspond to the single Kraus operators of
the maps & from Eq. (A.27), rearranging the joint
density matrix only in the subspaces of fixed |i),, cre-
ating the distinction between the sub-blocks A;; for
different j. The second part, realized by the unitary
V' then just swaps these sub-blocks, such that all Ao
are left in the subspace corresponding to |0), and II;,
all Ay; are left in the subspace corresponding to 1),
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and II;, and so forth. The only freedom in choosing
unitary correlation steps for unbiased measurements
hence lies in the choice of the U®. O

A.VI Unbiased and Non-invasive Measure-
ments are Faithful

With the compact result of Lemmas 1 and 2 at hand,
let us now briefly return to the relationship between
the properties unbiasedness and non-invasiveness. As
we have now seen, measurement procedures that are
unbiased for all initial system states ps are required to
map the subspace of the joint system-pointer Hilbert
space corresponding to the image of the operator
|i)(i], ® 1 to the subspace corresponding to the im-
age of 15 ® II; for all i. At this point it becomes
clear that, formulating the analogous statements to
Lemmas 1 and 2 for measurement procedures that are
non-invasive instead of unbiased for all pg, results in
maps from the subspace corresponding to the image
of the operator |4 )(i|, ® 1, to itself. Since the image
of |i)(i]|,®1, is spanned by the set of non-trivial joint
eigenvectors of the set of projectors {|i)(i], ® II;};,
and the image of 15 ® II; is spanned by the set of
non-trivial joint eigenvectors of the set of projectors
{17 X |s®1I1;};, amap that is supposed to satisfy both
unbiasedness and non-invasiveness for all ps must be
a map from the image of |i)(i|, ® 1, to the span of
the set of non-trivial eigenvectors of |i)(i|, ®II;, such
that tr(]¢ )4 |, ®IL;pse) = pii Vi. By construction, one
thus has Y, tr(|ii|, ® ILipsp) = Y, pis = 1, and the
measurement is faithful.

AVIl  Maximally Correlating Unbiased Mea-
surements

To gain further insight into the fundamental limita-
tions of non-ideal measurements, we now wish to fo-
cus on a special case where Lemma 2 applies, that
is, an unbiased measurement procedure with unitary
correlating step, such that — at least for the pur-
pose of controlling their interaction — the joint sys-
tem of pointer and measured system can be consid-
ered closed. That is, procedures where E,[ps ® pp] =
Ups @ ppUT. Apart from this restriction, we will only
consider preparation steps that modify the tempera-
ture of the initial pointer system, i.e. & is a refrig-
eration step. In such a scenario, 7' = 1/8 might be
the initial temperature of the pointer, or, e.g., one
below the ambient temperature, reached by investing
energy for cooling the pointer. For such measurement
procedures, we now wish to find the maximum at-
tainable correlation between the system and pointer.
As we show, there is an algebraic maximum C\,, for
the correlations that can be unitarily created between
the system and the thermal pointer, regardless of the
initial system state ps. Recall the definition of the
correlation function in Eq. (A.19), which we rewrite

as

Clpse) =Y _tr[Miipse] (A.37)
K3

by making the association II;; = |i)(i| ® II; Vi, ;.
By definition, the correlation function is only sensi-
tive to terms appearing along the diagonal w.r.t. any
chosen common eigenbasis (with nontrivial eigenval-
ues) of the set of operators ;. We refer to the
subspace of Hgs ® H, spanned by these eigenvectors
as Heorr, and to its complement as H,., such that
Hs @ Hp = Heorr ® Hne. In particular, this im-
plies that the unitary transformation achieving the
algebraic maximum (over all unitaries U, realiz-
ing unbiased measurement procedures in the sense of
Lemma 2)

max C(pgp) = Crax (A.38)

unb
is not unique since C(pgp) is invariant under opera-
tions of the form Ugorr @ Upe, where Ugorr and Uy
act nontrivially only on the subspaces Heorr and Hye,
respectively.

Within the orbit of all unitaries that one may per-
form (including those corresponding to biased mea-
surements) on ps ® 7p, the global maximum value
of the function C(psp) is achieved when the state
psp 1s block-diagonal w.r.t. to the subspace partition
into Heorr ® Hue, and the eigenvalues of the joint fi-
nal state restricted to the dp-dimensional correlated
subspace Hcorm given by ﬁcorr = HcorrﬁSPHcorr with
Meore = Y, |1 )i | ® II;, are the dp largest eigenvalues
of psp. These eigenvalues depend on ps. However, we
have to take into account unbiasedness and the fact
that we are looking for a unitary. In particular, from
Eq. (A.32) we know that the II; must all have the
same rank, namely rank(Il;) = dp/ds = 2V~ Vi. It
then becomes apparent that one is restricted to se-
lecting the dr/ds largest eigenvalues of pr = 75(5)
for each of the ds subspaces corresponding to the im-
age of a projector |i)(i| ® II,. Since the assignment
of eigenvalues to each subspace labelled by i is the
same, and the corresponding matrix elements of the
initial system state sum to 1, the maximal achievable
correlation is independent of ps. In the notation of
Eq. (A.1), this corresponds to all probability popula-
tions that belong to the sector where (k = 0), i.e.,

ds—ldp/ds—l dp/ds—1

Cmax(ﬂ) = Z Z pnpy)) = % Z
=0 7=0

=0

_3p(®
e BE; .

(A.39)

As mentioned in Eq. (A.29), this function is indepen-
dent of the system. The remaining probability weights
(i.e., the p} for k # 0 and j = 0,...,dp/ds — 1) are
distributed in the non-correlated subspace.

The corresponding general form of the joint final
state pgp of any unitarily maximally correlating un-
biased measurement procedure (starting from an ini-
tially thermal pointer state) can then be compactly
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specified in terms of its correlation matrix I'y,, _~ as
defined in Eq. (A.26). To write I'y,___ in a simple
form, let a\” for i = 0,1,...,ds be dp/ds x dp/ds
Hermitian matrices whose eigenvalues are the dp/ds
largest eigenvalues of the initial pointer state p, =

(B), ie.,

©) _ 250 (3 ©) 0 )
a;” = M; (dlag(p DYy

(0>T
Pap jds— )M

(A.40)

where the M ” are dp/ds x dp/ds unitary matrices.
The correlation matrix I'y, is then of the form
POOGE)O) 9111401

PooAlo pnaﬁ J

Pz2A02

P22A12

p11As; p22ag)) ’

FUCn]ax = £O0O AQO

(A.41)

where the block matrices on the diagonal (blue) are
the corresponding entries of pgp restricted to the
correlated subspace Hcorr, Whereas the block matri-
ces on the off-diagonal of I'y,  (here shown in
green) correspond to the diagonal blocks of pgp re-
stricted to the non-correlated subspace Hy.. Addi-
tional off-diagonal entries may appear in the projec-
tion of pgp onto Hy. between blocks /L»j and flifj
with the same column index j but different row in-
dices ¢ # ' with 7,7’ # j, while maintaining an un-
biased measurement with maximal correlation. The
additional constraint of Eq. (A.25) ensuring an unbi-
ased measurement procedure can here be written as
trfaf”] + D it tr[A;;] = 1, Vj. The remaining free-
dom of applying unitaries that leave the subspaces
Heorr and H,, invariant and are compatible with un-
biasedness can be used for minimization of the corre-
sponding energy cost. Before we discuss this proce-
dure for arbitrary system and pointer dimensions, it
will be instructive to consider the special case where
the system is a single qubit and the pointer consists
of N identical two-level systems.

AVIIl  Optimally Correlating Unitary for a
Single-Qubit System and N-Qubit Pointer

In the previous appendix, we have identified the struc-
ture of all unitarily correlating unbiased measure-
ments that create maximal correlations Chax (a sub-
class of the maps &;). We are now interested in fur-
ther restricting this set of measurements to identify
those unitaries that achieve Cy,.y for the least energy.
That is, we wish to determine the optimal Uy which
solves the optimisation problem

min AEy s.t. C(pgp) = Crmax -

min (A.42)

For arbitrary system dimensions and Hamiltonians,
the explicit form of the solutions U,y is rather in-
volved and the proofs of optimality become very tech-
nical in nature. Before we move on to such general

cases in Appendix A.IX, let us therefore here illus-
trate the general method by focusing on an example
of interest.

Here, we consider a two-dimensional system, i.e., a
qubit with Hilbert space Hs = C2, dimensions ds = 2,
and a Hamiltonian Hy with eigenstates |0), and |1),
and spectral decomposition Hy = Es|1)(1|,. In ad-
dition, we assume that the system state is initially
unknown such that the corresponding density oper-
ator is maximally mixed, ps = %]12. Meanwhile, we
consider a measurement apparatus modelled as an N-
qubit pointer, dr = 2V, where each qubit has the
same local Hamiltonian with vanishing ground state
energy and energy gap matching the system energy
gap, Fp = FEs. The total pointer Hamiltonian is
thus H, = YL 52 TLE® |E®WEX |, where
we have adopted the sector notation introduced in
Eq. (A.1). Note that the pointer spectrum is highly
degenerate since there are 2V eigenvalues but only
N +1 different energy levels, E{*'/Es € {0,1,...,N}.
With respect to the energy eigenbasis the initial
pointer state before the correlating step is

2N 1_

Z Z pP |EPNE® |, (A.43)
with p;" efﬁEgk)/Z and Z = tr(e PHr) =
> e=PE"  For this settin ill 1

ik i g, we will now solve

the optimization problem of Eq. (A.42) for psp =
Ucorr (ps ® 7o (8)®N )Ugorr

From (A.39), the maximum algebraic correlation
achievable between an N —qubit pointer and a qubit
system is

oN—-1_1

_3r(®
Cmax(ﬂ>: % Z € PE; s

=0

(A.44)

and the post-interaction correlation matrix associated
with this scenario is given by

pooay” | pr1Aor
LU = i O) (A.45)
pooAio |priay
Here, a)” and a{” are 2V~! x 2N-! dimensional

Hermitian matrices whose eigenvalues are the 2V—!
largest eigenvalues of 78V, that is, there are a uni-
tary matrices M{” and M{” such that

MO for i =0, 1.
(A.46)

= M;” (diag(pg”, s Pyv-s_

In our example, we further have pgy = p11 = % but
we leave the symbols pgy and py; for clarity where
necessary. For the interaction to be unbiased accord-
ing to Eq (A.41), there is now no choice but to set
Ay = af” and Ay = ay’, where

f
a/'(il) (1) (dlag(po ﬂp(ll)a e 7p(211\)I 1 1)M»L(lz ) )
A47
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and M{" for i = 0,1 are unitaries not yet fixed by
the requirements of unbiasedness or maximal correla-
tion. The eigenvalues {py’,p{",...,pS% 1 _,} of ag’
and a{"” correspond to the second (smaller) half of
the eigenvalues of 79V, and hence we have tr(a”) +

tr(al’) = 1 Vi. The correlation matrix becomes
p11alV

puial” |
In the present case where dg = 2 and a maximally cor-
related, unbiased measurement, the correlation ma-

trix 'y, indeed catches all nonzero elements of psp,
which is block diagonal,

)

©
P00
1—‘[Jcmax - [ (()1) (A48)

P00

pse = diag(pooay”, pr1ai’, pooagy’, prial”).  (A.49)

In general, for ds > 2, additional nonzero off-diagonal
elements may appear in pgs» that are not explicitly
captured by 'y, .

The cost of correlating, and the function we wish
to minimise, is given by the energy difference of the
initial and final states,

AE; = E(ﬁsp) - E(psp)~
Since the initial energy is fixed by the initial temper-
ature (and any preparation one wishes to include), we
focus on minimising F(psp). In order to facilitate the
computation, it will be useful to decompose E(psp) in
terms of the correlated and non-correlated subspaces

(A.50)

E([)SP) = Ecorr(ﬁSP) + Enc ([)SP)

= tr[z ﬁiiHsPﬁSP] + tr[z ﬁinSP ﬁSP]a
i i,J
i#]

(A.51)

where, again we have TI;; = |i)(i| ® II; and the com-
bined system-pointer Hamiltonian is Hs, = Hs® 1+
1s ® Hp. For our qubit example, measured by an N-
qubit pointer, this becomes

E(ﬁsp) = tI'[(ﬂOO + ﬁ11>Hspﬁsp]
+ tr[(ﬁ(n + ﬁlO)HSP ﬁsp].

(A.52)

The class of unitaries that achieve Ci,.x rearranges
the elements of psp to place the ‘heaviest’ popula-
tions of probabilities (eigenvalues of 7) into the cor-
related subspaces of ggp. From this constraint we al-
ready know which elements (eigenvalues) of the post-
interaction state psp are assigned to which subspaces.
In order to minimise the energy, one must therefore
find the optimal assignment of the energy eigenbasis
to these subspaces, which amounts to determining the
11;.

We now proceed as follows: First, we will minimise
the energy in the correlated subspaces, after which
we will minimise the energy in the non-correlated
subspaces, a strategy that presents a global energy

minimum for the entire state.

Noting that TT;; L fljrj/ whenever i # i’ or j # j
we observe that also (Ilpg + II;;) is a projector. We

can hence rewrite the first term on right-hand side of
Eq. (A.52) as

tr[ Z ﬁii Hsp ﬁSP] = tr[( Z ﬁ”)2 Hsp ﬁsp]
i=0,1 i=0,1

= tr[(.z ﬁu) Hsp pse (
i, (A.53)

where we have used the orthogonality of the projec-
tors again in the last step. Once the trace has been
restricted to the subspace corresponding to the space
spanned by the nontrivial eigenvectors of I;, we can
further rewrite Eq. (A.53) as

> tr[Mi Hop fsp L] (A.54)
1=0,1
- Z tr [ﬁ“ (Hs + Hp) pse ﬁu]
1=0,1
= pu Este[a”] + 3 pii tr [l Hell; o]

i=0,1

Here, one should note that, strictly speaking, IT; H,II;
are dp X dp matrices, while a{” are dy/ds x dp /ds ma-
trices. However, the image of II; HpII; is also of di-
mension dr/ds, and one may hence think of IT; H,II;
as nonzero dp /dg X dp /ds matrices padded by rows and
columns of zeros. In a slight abuse of notation we use
the same symbol for the entire operator and its non-
trivial block, since it is clear from the context, which
object is referred to. In particular, (IL;HpIL;)a)”
refers to the product of two dp/ds x dp/ds matrices.
To simplify the last line of Eq. (A.54), let us first
write a® := diag(py”’, -+ ,pyk—1_,), where we may
assume w.l.o.g. that a'” is diagonal w.r.t. the same
basis as II; HpII; and the populations are ordered in
non-increasing order. Any mismatch can be absorbed
into the choice of the Mi(o). Further note for the first
term that tr[al” ] = tr[a’®], whereas the second term
can be expressed as

tr[TLHATL 0] = te [T HIL M a© MO

— [ MO HIT MO a®)].
(A.55)

The quantity that we wish to minimize in this first
step is thus of the form

Ecorr (ﬁSP) = tI'[ (pOO]\4(()O)Jr1_[()1;1191_[()]\4(()U> (A56)
+ pu MO (H, + EoTL M) a®].

The minimization is to be carried out over gll choices
of projectors II;, i.e., choosing the basis {|¢¥{’)}; ., in
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relation to the eigenbasis of Hgp, as well as over all
choices of the M;”, or, in general the M. While the
minimisation over the II; requires some more in-depth
analysis (that we perform below), a simple observa-
tion can made right away. For a given initial state,
the state in the unitary orbit of the initial state with
minimal energy w.r.t. to a given Hamiltonian must
be diagonal in the eigenbasis of this Hamiltonian, i.e.,
the corresponding passive state. Meanwhile, the con-
ditions of unbiasedness and maximal algebraic corre-
lations impose a certain block structure once a basis
has been fixed and allow for but do not require off-
diagonal elements. Therefore, it is clear that the unbi-
ased, minimal energy solution with maximal algebraic
correlations must be diagonal w.r.t. Hgp, restricting
the unitaries connecting the bases {|1{)}; ,, with the
eigenbasis of Hg, as well as the unitaries Mi(j ) to be
permutation matrices. Moreover, suppose that for the
fixed choice of M” = 1 Vi one has found an optimal
choice of II;. Then any nontrivial modification of any
of the Mi(o) can only increase the energy in the respec-
tive subspace. Without loss of generality we therefore
set M;” =1 Vi.

With this, we can now rewrite the energy in the
correlated subspace as

Ecorr(ﬁsp) = tI‘[ (pOOHOHPHO (A57)
+ pully(Hp + Eg)l)a'”] =x - a’,

where a® is the vector of diagonal entries of the matrix
a© and x € R2" " is the vector of diagonal entries of
the matrix (pOOHOHPHO + p11H1 (HP + ES)Hl) . EVGI‘y
component x; of X is seen to be sum of two energies
from the IIy and II; subspaces of Hp, respectively
modulated by the respective system populations p;;.

We now switch to a slightly less cumbersome nota-
tion for the pointer. Let the set Sy with elements s;
fori € {0,---,dp—1} be the set of energies (in units of
Es) in the energy spectrum of the pointer, ordered in
non-decreasing order, such that H, = >, s;|s;)(s; |
and s; < s; Vi < j. For example, a 3-qubit pointer
with gap E» = E5 and vanishing ground state would
be associated with the set S3 = {0,1,1,1,2,2,2,3}.
The elements of the vector x can now be written as

T; = PooS; + pu(Sz + ES) J 7é lv
0<j1<@2¥-1),
S € SN,
(A.58)

such that the indices j,l are used only once. Thus,
the x; are composed by selecting pairs of elements,
without replacement, from the set Sy. There are
several statements we can make immediately about
the set Sy. First, it has 2V elements which are dis-
tributed binomially such that the energy kFE, appears
(]Z ) times. Second, in the case that we are probing
an unknown state, ps = %]12, the sum of the elements
of x is constant. Namely

z;=1(s;+s+Es) j#l

2 2 2
i O

S7 S¢ Ss S4 S3 Sy S| So S7 S¢ S5 S4 S3 S S| So

Figure A.1: The energies of a 3—qubit pointer Sz =
{so0,- -+ ,s7} with gap Er = 1 are arranged in non-increasing
order. The schematic show two ways of choosing x; from
the set S3. The right hand side selects nearest neighbour
pairs and thus represents the optimal pairing that minimises
Ecorr(psp) in (A.60).

oN—-1_1 2N _1
x; = Z (si+1Es) =c. (A.59)
i=0 i=0

Since x; > 0 Vi, this means we can treat the set
{x;/c}, as a normalised probability distribution. Let
X denote the set of all possible vectors x, then, min-
imising the energy in the correlated subspace amounts
to

min FEeopr(fsp) = min(x - aO) = x*-a’.

min (A.60)

The set X can be understood as the set of all possible
ways of choosing pairs from Sy without replacement.
The size (i.e., the cardinality) of X, denoted |X|,
grows factorially with N, so searching by brute-force
for the optimal vector is not feasible. The solution x*
for the minimization problem in Eq. (A.60) is given
by the vector that pairs the smallest weights pgo) with
the largest values z;. Specifically, let v,w € R2" '
be two normalised vectors with their components or-
dered in non-increasing order such that vy > vy ---
and wy > wi ---. We say that v majorises w, writ-
ten v > w, when Zf vy > Zf w; ¥V k. In other words
the cumulative sum of the components of the vector v
grows faster than for w. The vector x* that presents
the solution to the optimization problem is hence the
vector that majorises all other vectors x € X, i.e.,

X" - x Vx e X. (A.61)
This vector is constructed by maximising each z term
by term from the bottom up, populating the compo-
nents of x* such that zon-1_7 > -+ > x. This con-
struction amounts to picking nearest neighbour pairs
from the set Sy, starting with the largest pair, as il-
lustrated in Fig. A.1. Thus, the components of the

optimal solution take the form

x} = pooszi + p11(s2i+1 + Es) si € Sn. (A.62)

By construction, the majorisation of Eq. (A.61) is sat-
isfied, and we have found the minimum energy solu-
tion in the correlated subspace.
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By constructing x* from nearest neighbour pairs in
Sy, we have fixed the energy eigenbasis in the pointer
Hilbert space. The projectors on the pointer are then

oN—1_4 oN-1_q
1o = Z |s2i )(s2i], Th = Z | s2i+1 X 52i+1] -
i=0 i=0

(A.63)

We now proceed to minimise the energy in the non-
correlated subspaces. Following a similar calculation
and series of arguments as leading to Eq. (A.57), we
write the energy as

Fue(per) = tr[ pua Tl HoTl MPa® M
+ poollo (Hp + Es)HOM(()l)a(l)M(()UT]

=yi-aj +yo-a)

=y1-M{"a' 4y Mga", (A.64)
where a} and a} are vectors whose components are
the eigenvalues of the matrix a in, as of yet, unde-
termined permutations (fixed by M{"” and M§"). The
vector al, in turn, collects exactly these eigenvalues
in non-increasing order. However, since the energy
basis for the pointer has been fixed by Eq. (A.63), the
vectors y; and yg are completely determined. Their
components are given by

(A.65)

(y1)i = p11s2i+1,  (Wo)i = poo(s2i + Es) .

To minimise the energy in the non-correlated sub-
space, we are thus looking for the solution to the op-
timisation problem

(}’0 M(l)al +y1- Ml(l)al),

min Enc(ﬁSP) - (1) (1)
M

(A.66)

e., to find the optimal permutation matrices Mé”
and M;". Because of the freedom to choose these two
permutations independently, the optimizations in the
two subspaces decouple and it can be easily seen that
the optimal solution for both is to pair up the smallest
energies with the largest weights. In other words, to
select M(()l) = Ml(l) = 1. For pgy = p11, this in turn
implies

1 * .1

min Fye(psp) = (Yyo+y1)-a = x"a . (A.67)

where we have noted that for the special case® of dg =
2 one may collect yg and y; into yg + y1 = x*.
M*a' must be ordered in non-increasing order to
achieve the global minimum, which in turn implies
that M, =
Collecting the results for the correlated and non-
correlated subspaces and substituting for the forms of

6This equality holds in the special case that ds = 2, for the
more general case see Appendix A.IX.

a® and a', the total energy after the interaction is

min E(ﬁSP) = min(Ecorr(ﬁsp) + Enc (ﬁSP))
= x*-(a% +al) (A.68)
oN—-1_q
— % (821 + S9i41 + ES)(p(o) _|_p(1))
i=0
Since the initial state is diagonal w.r.t. the energy

eigenbasis, the initial energy can also be easily com-
puted to be

oN—-1_q

> [(2si+ Byl

=0
+ (28(2N—1+i) + Es)pél)].

Elpsr) = & (A.69)

Thus from the above and Eq. (A.69) we have

AEy = E(psp) — E(psp) (A.70)
oN—-1_q
=1 (s2i + s2i11 — 28i)p}"”
i=0

+ (821 + 52641 — 28(2N—1+i))p§1),

where we note that, Es (the gap of the system) no
longer plays any role. Finally, observe that the cost
of correlating is always finite. If one substitutes for
the p{”’ from Eq. (A.43) and takes the limit in which
the pointer is in a pure state, i.e., 8 — oo, then the
maximal correlation indeed is perfect correlation, C' =
1, and the corresponding cost of correlating is given
by

lim AE, = AESCTY = 1E, .

B—00

(A.71)

Notably, this expression is independent of N and
hence true also when N = 1. Therefore, regardless
of how many qubits the pointer consists of, if these
qubits are initially in the ground state, the cost of
correlating the system and pointer is precisely the
cost of exciting only a single qubit (modulated by
Poo = P11 = %)

These results can equivalently be expressed in terms
of the sector notation introduced in Appendix A.I. In
this case, the projectors in Eq. (A.63) become

2N 2 -1
:Z Z | Egy X Boi | (A.72a)

1 2N 2 -1
:Z Z | Egir X Esy | - (A.72b)

Similarly, the energy after optimally correlating in
Eq. (A.68) is

(ES) + B§)\y + Bs)  (AT3)

(1)
X (p1+j2N 2 +pl+]‘2N—2)a
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and the cost of correlating is

12N2
_1 ©) ) (0) ©
By =3 [ (B3 + B —2E; on )Py jov -
7j=0i=
) ) o) 1)
+ (EQi + E21+1 - 2E1+J2N Z)pi+j2N—2]-

(A.74)

A.IX Construction of the optimal unitary for
arbitrary systems

In the previous appendix we provided the con-
struction for correlating a qubit system with an
N—qubit pointer to Chax. We also proved that
this construction was an energy minimum. This
construction generalises to any unknown quantum
systems pg = %]lds and thermal pointers 7,(3),
with arbitrary Hamiltonians Hs and H,. Below we
provide the recipe for constructing such a unitary.

Consider the thermal pointer 7,(3) and order the
spectrum of the pointer Hamiltonian in terms of
its excitations into ds sectors of size dp/ds, i.e.,
Hy = Y0 S ER | BN B | with B <
E;k/) Vi, j for k' > k. Diagonalise the pointer and the
system in their ordered energy eigenbases,

ds 1dP/dS 1

Z Z
PSZZPii\i><i|,

e (6) OB NE® |,

(A.75)

where p{*’ = 1/Ze~PE".

Assign the largest d/ds eigenvalues of the pointer
state 75(3) (captured in the matrix a‘®) to the cor-
related subspace. The form of the correlation ma-
trix is given in Eq. (A.41). To minimise the en-
ergy contribution from the correlated subspace, given
by Ecor(psp) = tr[>,; ;i Hgppsp), choose the pointer
Hilbert space projectors to be

ds—1(dp/dZ)—1
(k) (k)
Z Z |Eds g+ Eds J+i |

v]em,n,s—1y

(A.76)

This choice fixes the basis vectors for the pointer and
thus it remains to distribute the remaining probabil-
ity weights (the remaining eigenvalues of 75) in the
non-correlated subspace. This is achieved by pairing
the largest weights with the smallest energies. The
remaining weights are
a®? = CPSa_q)) i E{l-- ds — 1},
(A.77)

(diag(pg”, - -

and the resulting correlation matrix, arising from the
optimal unitary Ugp has the form

- | Pdg—1 dsfla(l)
e

pooa® p11a®

pooa™ p11a(® | Pdg—1dg—1

opt

- | Pdg—1 ds—1a<0)

(A.78)

pooa(ds -1 plla(ds -1

In turn, this fixes the the matrices A;; in Eq. (A.41)
to be

Ay = o™l (A.79)
where m[m, k] denotes the m,k—th element of the
ds X dg matrix composed of permutations of the entries
of the set {0,1,...,ds — 1} under the constraint that
the diagonal entries w[m,m] = 0 ,¥m. For the op-
timal energy solution, this permutation matrix takes
the form

: (A.80)

3
|

w NN = O

W NN O =

W O N =

S W N =

which encodes how the correlations in the matrices
a'™ are paired with the non-correlated subspaces. The
final state admits a simplified form, namely

ds—1 P dp/ds—1 (O)
. kk - i i
pae =3 B B )kl @ | B KEY |
k=0 1=0
(A.81)

1)

It can be seen that this state is not unique due to the
inherent description in terms of energy. Thus the final
state psp depends on one’s choice of how to represent
the basis and excitations and in general is degenerate.
We leave it as an open investigation as to whether,
within this class there is a preferred state with special
and interesting properties.

ds—l dP/dsfl

LDIEDY

m#k  i=0

_gp(rlm. kD ;
e P [m)m| @B X

Accepted in {uantum 2019-12-17, click title to verify. Published under CC-BY 4.0. 21



PART II SELECTED PUBLICATIONS

II.7 Work Estimation and Work Fluctuations in the Presence

of Non-Ideal Measurements

Publication:

Tiago Debarba, Gonzalo Manzano, Yelena Guryanova, Marcus Huber, and Nicolai Friis
Work estimation and work fluctuations in the presence of non-ideal measurements

New ]. Phys. 21, 113002 (2019)

Publisher: IOP Publishing Ltd and Deutsche Physikalische Gesellschaft

DOI: 10.1088/1367-2630/ab4d9d

Preprint: arXiv:1902.08568 [quant-ph]

Overview: In this publication, we investigated the influence of non-ideal measurements on
the estimation of work in non-equilibrium processes in the context of the two-point mea-
surement (TPM) scheme. As we show, when estimates of the work distribution are obtained
at finite work cost, the resulting estimates are subject to imperfections, and more accurate
estimates incur higher work costs. We further show that Jarzynski’s equality can neverthe-
less be maintained exactly at the expense of a correction that depends only on the system’s
energy scale, but the more general fluctuation relation due to Crooks no longer holds when

the cost of the work estimation procedure is finite.

Contribution: I helped to develop the ideas for this project, discussed them with my coau-

thors and supervised the project. I wrote the main text of the manuscript.

151


https://doi.org/10.1088/1367-2630/ab4d9d
http://dx.doi.org/10.1088/1367-2630/ab4d9d
https://arxiv.org/abs/1902.08568

Work estimation and work fluctuations in the presence of non-ideal measurements

. + S . . .o
Tiago Debarba,! 2" * Gonzalo Manzano,®* T Yelena Guryanova,? ¥ Marcus Huber,? ¥ and Nicolai Friis?> 1

! Departamento Académico de Ciéncias da Natureza,
Universidade Tecnoldgica Federal do Parand (UTFPR), Campus Cornélio Procdpio,
Awvenida Alberto Carazzai 1640, Cornélio Procdpio, Parand 86300-000, Brazil.

2 Institute for Quantum Optics and Quantum Information - IQOQI Vienna,
Austrian Academy of Sciences, Boltzmanngasse 3, 1090 Vienna, Austria
3Scuola Normale Superiore, Piazza dei Cavalieri 7, I-56126, Pisa, Italy

4 International Center for Theoretical Physics, Strada Costiera 11, Trieste 34151, Italy

From the perspective of quantum thermodynamics, realisable measurements cost work and result
in measurement devices that are not perfectly correlated with the measured systems. We investigate
the consequences for the estimation of work in non-equilibrium processes and for the fundamental
structure of the work fluctuations when one assumes that the measurements are non-ideal. We show
that obtaining work estimates and their statistical moments at finite work cost implies an imperfec-
tion of the estimates themselves: more accurate estimates incur higher costs. Our results provide a
qualitative relation between the cost of obtaining information about work and the trustworthiness
of this information. Moreover, we show that Jarzynski’s equality can be maintained exactly at the
expense of a correction that depends only on the system’s energy scale, while the more general
fluctuation relation due to Crooks no longer holds when the cost of the work estimation procedure
is finite. We show that precise links between dissipation and irreversibility can be extended to the

non-ideal situation.

I. INTRODUCTION

Energy is a resource and, as with any resource, it is of
interest to understand how much of it is spent or can be
obtained during a given process, or simply, how much of
it is stored, for instance, in a battery. A quite different,
but familiar, resource that one handles on a daily basis
is money. Money does not usually come for free: it is ex-
changed for goods and services, and as a consequence it is
in one’s interest to know how much things cost and how
much money is at hand, e.g., stored in a wallet or bank
account. But while checking the exact amount of money
(or lack thereof) in one’s wallet is free, it is not unusual
to expect that banks charge certain fees for storing and
transferring money. Unfortunately, when it comes to en-
ergy, Nature is similarly unforthcoming. Fees apply to
the storage and transfer of energy and an energy cost is
incurred for obtaining estimates of the work transferred
within any thermodynamic process, or stored in a quan-
tum system. In this work, we show that obtaining these
estimates with a finite amount of work implies an imper-
fection in the estimates themselves: estimates which are
more accurate incur higher costs.

From a thermodynamic point of view, acknowledging
the energetic cost of measurements is crucial, e.g., for a
complete understanding of Maxwell’s demon or Szilard’s
engine [1, 2]. The work-cost of those measurements that
are ideal and projective has been investigated by means
of the work-value of measurement outcomes [3-5] or via
Landauer’s erasure bound for resetting the memory that
stores these outcomes [6-10]. However, a common obser-
vation among Refs. [11-13] is that the benefits derived
from using measurements as sources of free energy are
either matched or surpassed by the corresponding costs.

The crux of our argument is that energy delivered by
measurements is not free of charge and must be supplied
to realise the measurement in the first place. As we show,
this statement is bolstered by the first, second and, in
particular, third law of thermodynamics. It was recently
shown in [14] that ideal projective measurements require
one to prepare the measurement apparatus in a pure ini-
tial state. The third law stipulates that such zero-entropy
states can only be prepared asymptotically using infinite
time, infinite energy, or operations of infinite complexity
(see e.g., [15]). Consequently, ideal measurements do not
exist, in a strict sense, since they always incur diverging
costs. This implies that any realistic measurement using
finite resources is non-ideal. It is precisely these consid-
erations that become conceptually important when the
purpose of the measurement is to assess the energy con-
sumption itself.

Significant focus in quantum statistical mechanics has
been dedicated to the quantification of work and its fluc-
tuations in thermodynamic processes [16-19]. Studies
have also looked at the two-point measurement (TPM)
scheme (one of the most prominent approaches for es-
timating work in an out-of-equilibrium process) [20] in
the context of Jarzynski’s and Crooks’ fluctuation rela-
tions [21]. In this work we revisit these concepts and
investigate the consequences for these quantities when
one does not assume ideal measurements. We explicitly
show how the average work of the ideal TPM is modified
and discuss the operational meaning of the correspond-
ing estimates. We show that while Jarzynski’s equality
can be maintained exactly at the expense of a correction
that only depends on the system’s Hamiltonian, the more
general relation due to Crooks (as well as related results
linking irreversibility and dissipation [22, 23]) no longer



hold in the presence of non-ideal measurements. Our re-
sults provide a qualitative connection between the cost
of obtaining information about work and the trustwor-
thiness of this information.

The paper is structured as follows. In Sec. II we set
the stage for our investigation: First, we review the
usual TPM scheme in Sec. I1.1 before discussing the key
properties of ideal and non-ideal measurements following
Ref. [14] in Secs. I1.2 and II.3, respectively. In Sec. III
we discuss a modified TPM scheme based on non-ideal
measurements and the resulting work estimates, before
investigating the implications for fluctuation relations of
Jarzynski and Crooks in Sec. IV. Finally, we discuss our
findings in Sec. V.

II. FRAMEWORK

II.1. Two-point measurement scheme

To formulate our ideas we adopt a commonplace view
in quantum thermodynamics, namely, that work is a cen-
tral resource that is required to move systems away from
freely available thermal equilibrium states [24] — an ap-
proach that has staged a diverse range of investigations
within the broader field [25-27]. In this paradigm, previ-
ous research has investigated the work-cost (or gain) of
quantum processes [28-32], refrigeration [33, 34], or for
establishing correlations [35-38].

In this so called ‘resource-theoretic’ approach, con-
sider a quantum system with Hamiltonian H® =
¥ EV|EYE| initially at thermal equilibrium with
its environment at temperature 7', described by a Gibbs
state 7 = exp(-SH®)/Z® with partition function
ZO = Tr(exp(—ﬁH“’))) and 3 = (ksT)™'. Suppose the
system is driven out of equilibrium by a process A

(r@, H®) —2s (p©, HO), (1)

resulting in a final Hamiltonian H® = ¥, E’|E° Y E|
and a final state p® = UAT(“)U;{, where U, is a uni-
tary determined by A. The work that is performed
on or extracted from the system during such a process
can be estimated via the two-point measurement (TPM)
scheme [20, 21] consisting of two ideal projective mea-
surements with respect to the eigenbases of H® and
H® before and after the protocol A is implemented,
respectively. After obtaining the outcomes labelled by
“n” and “m” in these measurements one concludes that
the system is left in the states |E” ) and | ES) ), respec-
tively. To any transition between these pure states one
may associate a probability p,_,, = [( EQ|Ux |EX )2
together with a work value W, _, = EY — E®  while
the probability for obtaining the first outcome is p{» =
exp(-BEX)/Z®. The average work performed during

the protocol is thus
<W>A: prrf)pnAm(E’f:L)_E;LO)% (2)
m,n

which equals the change in average energy during the
protocol A, i.e.,

(W>A — Tr(H(f)p(f)) _ Tr(H(O)T(O)) = AEA. (3)

Estimates of (W), could thus be obtained from perform-
ing ideal measurements and collecting the corresponding
outcome statistics. In the following, we will show how the
quantity (W), in Eq. (2) and its estimate are modified
when replacing the two ideal measurements in the TPM
by more general non-ideal measurements (see Fig. 1).

I1.2. Ideal measurements

The notion of perfect projective measurements that
leave the system in pure states with certainty is of course
idealized. To understand this idealization and its con-
sequences, we review the framework for non-ideal mea-
surements in Ref. [14]: Measurements are performed
by coupling the measured system to a suitably pre-
pared measurement apparatus (the “pointer”) via an en-
ergy investment. Assuming that the initial system and
pointer states are ps and pp, respectively, the measure-
ment can be described by a physical process that corre-
lates the system and pointer, resulting in a joint post-
measurement state psp. For each of the states [n ), (with
n=0,1,...,ds—1) in the measurement basis {|n ), },, one
assigns a corresponding outcome subspace of the pointer
Hilbert space via a projector II,, such that ¥, II,, = 1,
and II,,II,, = 6, 11,,. We then define an ideal measure-
ment to have the following three properties:

(i) Unbiased: The (post-interaction) pointer repro-
duces the measurement statistics of the (pre-
interaction) system exactly, i.e.,

Tr(1s ® ufse) = Te(|n)nls ps) Yo Vps.  (4)

Faithful: The post-interaction pointer and the
post-interaction system are perfectly correlated
w.r.t. the measurement basis (projectors), that is,

C(psr) = N Te(In)nl, M, por) = 1. (5)

(ii

~—

In other words, given a measurement outcome n,
the probability that the system is left in the state
In), is 1.

(iii) Non-invasive: The diagonal entries (w.r.t. the
measurement basis) of the pre-measurement system
state and the unconditional post-measurement sys-
tem state are the same, i.e.,

TI'(|Tl><Tl|S pS):Tr(|n)(n|s ﬁS) vnva7 (6)
where ps := Tr, (psp)-



A measurement that does not satisfy all three prop-
erties is called non-ideal. In particular, it was shown
in Ref. [14] that ideal projective measurements are not
exactly realizable in practise because they require the
preparation of initially pure pointer states (at least in
some nontrivial subspace) to satisfy condition (ii). How-
ever, the third law of thermodynamics prevents one from
reaching the ground-state of any system with finite re-
sources [15, 33, 34, 39-42]. Since any other (pure) state
necessarily has higher energy than the ground state, the
third law thus excludes ideal measurements.

I1.3. Non-ideal measurements

In order to understand non-ideal measurements bet-
ter, we consider how the laws of thermodynamics place
constraints on the ability to perform measurements in
quantum mechanics. To begin, we note that the first
law establishes a lower bound on the work-cost of mea-
surement when one explicitly considers the system and
measurement apparatus in the physical description (note
that work-costs in terms of lower bounds are sometimes
assumed, even if the costs are not always explicitly con-
sidered [43-45]). The second law implies that any reduc-
tion of the system’s entropy (e.g., by a projective mea-
surement that leaves the system in a pure state) must be
compensated by an entropy increase of at least the same
magnitude in the environment or the measurement ap-
paratus [11]. Finally, the third law provides the most
severe constraint on the cost of measurement. From
the above [14] an ideal measurement can only be imple-
mented using a pure state measurement apparatus. By
the third law, it is impossible to create pure states using
finite resources (e.g., with finite time, energy or complex-
ity), which implies that any physical measurement using
finite resources is non-ideal. Nevertheless, it was shown
that non-ideal measurements employing finite resources
can approximate ideal projective measurements arbitrar-
ily well.

To understand the sense in which a non-ideal measure-
ment can be considered ‘close’ to ideal, we recall prop-
erties (i)-(iil). All three properties are independent — for
a given measurement any one of them can be satisfied,
while the other two are not [14, Appendix A.3]. At the
same time, satisfying any two properties (for all pg) also
implies the third. Since the third law of thermodynam-
ics prevents measurements from being exactly faithful
(i.e., satisfying (ii) exactly), this means that any non-
ideal measurement can only be unbiased or non-invasive,
but not both.

Consider a non-ideal measurement that is non-invasive.
From the above we know it can be neither faithful nor
unbiased. Then neither the individual measurement out-
comes nor the statistics generated from many measure-
ments allow reliable inferences about either the post- or

pre-measurement system state, respectively. Such a mea-
surement does not seem to reveal any information about
the measured system. Instead we consider non-ideal mea-
surements that are unbiased, and take this to be the rel-
evant requirement to speak meaningfully about a mea-
surement. For unbiased measurements one may then at-
tempt to maximise the correlation between pointer out-
comes and post-measurement system states to approach
an ideal measurement.

To formalise this, we consider an arbitrary system state
ps in finite dimension dg, measured in the energy eigenba-
sis {| E;) s};‘ifo_ !, The system interacts with the measure-
ment apparatus, represented as a finite-size pointer with
Hamiltonian Hp = ¥; ES”|E N EX| and dimension dp.
In order to account transparently for all resources from
a thermodynamic point of view, we assume the pointer
is initially in a thermal® state 7, = exp(~8pHp)/Zp. The
interaction can be modelled by a suitable unitary? evo-
lution Upeas leading to

psp = Umeas(ps ® TP)Ur]:]eas' (7)

The interaction between system and pointer is unitary
but does not generally preserve energy, requiring an in-
vestment of energy

APeas = Tr[(Hs + Hp ) (fsp — ps ® 75) | (8)

in the form of work. For details see Appendix A.1. Fol-
lowing Ref. [14, Lemma 2], one may then construct Upeas
to realise an unbiased measurement with finite energy
cost, as we illustrate for a 3-dimensional system in Ap-
pendix A.l.a. The probability p, to obtain the mea-
surement outcome n in such a measurement is given by
pn = Tr(Jn)Xn|ps). To ensure this is the case for all ps,
the unitary Upeas must result in a final state pgp which
satisfies the equivalence relation

1s ® I, psp s ® IT,, 2 p, U7, U, (9)

ie., 1s®Il,pspls®1I1, are dp xdp matrices with the same
spectra as p,7p, i.e., they are equivalent up to applica-
tions of arbitrary unitaries U™ on the pointer Hilbert
space, as we discuss in detail in Appendix A.l.a. This
implies that p,,, the conditional post-measurement sys-
tem state for outcome n, is independent of the initial
system state ps. Note that this is also the case for ideal
measurements (which are unbiased by definition), where

L If the system is assumed to be initially thermal as well, such as
in the TPM scheme, there need not be a relation between the
inverse temperatures of the pointer and the system in principle.
In principle, one may effectively model such processes by com-
pletely positive and trace preserving (CPTP) maps, see [14, Ap-
pendix A.4], but for an exact account of the invested work it is
necessary to specify a corresponding dilation to a unitary acting
on a larger space of the pointer and its environment.

N



the pure state after the measurement only depends on
the measurement outcome, but not on the initial system
state. In this regard, the difference with unbiased non-
ideal measurements is that the conditional state for the
latter are not pure. The most general form of any post-
measurement mixed state conditioned on the outcome n
is

Pn =Y. Qun | Bt Er|. (10)
NG

Each state is normalised 3, gy, = 1, V7 and in general
the coefficients gy, are independent of ps. In the rest
of the paper we formulate our results as conditions and
constraints on qy|p.

One should also bear in mind that for non-ideal mea-
surements the pointer outcomes and post-measurement
system states are not perfectly correlated. This can be
quantified by the correlation function in Eq. (5),

ds—1
C(psp) = ;} Tr(| Ei X Eils © IL; e ), (11)

where II; are the orthogonal pointer projectors associated
to different outcomes. The value of C(psp) represents
the average probability of correctly inferring the post-
measurement state upon observing the pointer. For ideal
measurements C'(psp) = 1. However, for non-ideal mea-
surements there is an algebraic maximum, the maximal
correlation Chax < 1, which can be unitarily achieved.
Chax 1s given by the sum of the largest Z—’; eigenvalues
of 75, see [14, Appendix A.7]. We call unbiased mea-
surements that achieve C(pgp) = Cmax unbiased maxi-
mally correlating (UMC) measurements, discussed in de-
tail in Appendix A.1.b. In the same Appendix we also
show that UMC measurements lead to the following con-
straints on the coefficients of the post-measurement state:
Gnnjn = Cmax, V1 and Guin = Qppn = 0 ,¥1 # n. As a
consequence, the trace distance between the conditional
post-measurement system state p, and the pure state
|E, ) evaluates to D(pn,|En X Enl) =1 - Chax-

By further restricting to UMC measurements of min-
imal energy (Appendix A.1.c) we obtain g, =0 VE; #
Ej:, because any off-diagonal elements with respect to
energy eigenstates with different energies would imply
extractable work, see, e.g., [46]. Minimal energy UMC
measurements thus imply a back-action on the mea-
sured system. Up to off-diagonal elements in degener-
ate subspaces, the unconditional post-measurement state
for minimal energy UMC measurements is given by pg =
XnPuPn = XpiQunPn | Er X Er]l. By (6) this would be
non-invasive when pg = ps implying gy, = din V1.

At the same time, Ciax can be understood as an in-
dicator of the resource cost of a measurement: Qual-
itatively, increasing C.x requires more work, control
over more complex pointers, more time to carry out op-
erations, or combinations thereof [14]. In particular,

(f)
p?n\n

Figure 1. Work estimation using two non-ideal measurements.
To estimate the work done on or extracted from a system
during a process A, two measurements are carried out before
and after the process occurs. The respective outcomes la-
belled “n” and “m” allow concluding that the system is left
in states p and p . In the TPM scheme [20], these states

are (pure) eigenstate‘s of the system Hamiltonian. For non-
ideal measurements modelled by unitaries Up and U coupling
the system state to pointers originally in thermal states 7s,
P and p©  are mixed states.

min

for fixed pointer systems, increasing Ci,.x can only be
achieved by investing work in the preparation of the ini-
tial state of the pointer.

III. ESTIMATING WORK WITH NON-IDEAL
MEASUREMENTS

It is hardly surprising that the procedure of checking
how much work is spent or extracted during a proto-
col itself costs work. In other words, obtaining a work
estimate is accompanied by an additional, non-negative
work-cost. In Eq. (8) we saw that the specific (aver-
age) work AFEpc.s of UMC measurements depends on
the details of the Hamiltonians, the initial state pg, the
temperature, and the association of the states | E; ), with
the projectors I1;. It has a finite positive minimum value
AE™n >0 and as pointed out in Ref. [14] should not be
taken for granted, as it may significantly outweigh the
ideal expectation (W), in Eq. (2). Particular attention
should be paid when it comes to machines using mea-
surements as a means of injecting free energy into the
system [43-45], as such costs need to be included in an
evaluation of the machine’s efficiency.

In this work, we do not wish to focus on the specific
cost of the measurement, but rather on the consequences
for the work estimate itself. The imperfection of mea-
surements is unavoidable and has immediate and inter-
esting consequences for work estimation. To investigate,
we modify the ordinary TPM scheme and replace the
ideal measurements by non-ideal (minimal energy UMC)
measurements® (Fig. 1). This assumption can be inter-
preted as the desire to restrict to measurements that are
as close as possible to ideal ones while choosing the en-
ergetically cheapest way of doing so. A guiding intuition

3 In principle these two measurements can be different but we as-
sume that they are both minimal energy UMC.



for the following analysis is that work estimation requires
two measurements. If the first is non-ideal but unbiased,
it necessarily disturbs the system. In particular, the inva-
siveness of the first measurement changes the statistics of
the second, leading to deviations in the work estimation
from the ideal case.

Because the measurements are assumed to be unbi-
ased, the probability p{” for obtaining the outcome n in
the first measurement is unchanged w.r.t. to the ideal
scenario. However, since the system is disturbed by the
measurement-induced back action, the conditional post-
measurement state p{ is no longer an eigenstate | E$)
of H®. In particular, the conditional probability that
the system is left in the eigenstate |E” ) after observ-
ing the pointer outcome n in the first measurement is
ql(lo‘)n # 01 Given the outcome n, the process A, thus acts

on the state p{@ = ¥, ql(;]iz|El(O))<El(())| via a unitary Uj.
Unbiasedness then implies that the conditional proba-
bility to obtain outcome m in the second measurement
given outcome n in the first measurement is

p(min) = (EQ|UspP UL | ES)

n

l

where p,,_,,,, = |[{ EQ|Ux | E ) |* as before (for details of
this scheme see Appendix A.2). For the work estimate
(W )non-iqa obtained within the non-ideal TPM scheme by
(erroneously) associating outcomes n and m with ener-
gies E and E{) one obtains

(W>non—id = Z p(m|n) p;;)) (E;? - Eg])) # (W)A7 (13)

which generally does not match the ideal value in Eq. (2).
In Appendix A.3.a we explicitly derive the corrected ex-
pression to be

(W)non—id = Cmax(W)A + mz;zpl%m ql(;\?rz pif) (E;qu) - E:LO))
l#n (]_4)

Thus, we find that between the modified and ordi-
nary TPM schemes, the deviation of the estimated work
(W)non-ia from the ideal value (W),? is characterised
by two values: a modifying prefactor Chax < 1, along
with an additional term which may be either positive or
negative. Despite the generally complicated dependence
on the details of the initial state, the measurement, en-
ergy spectrum and on the process A, we show, in Ap-
pendix A.3.b, that this deviation can be bounded,

|(W)non—id - (W)A| < (1 - CmaX) HH(f) Hoo ) (15)

4 obtained in the scenario with minimal energy UMC measure-
ments using finite resources.
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Figure 2. Deviation from the ideal work estimate for a

qubit system and a 3-qubit pointer. For an atomic two-
level system driven out of equilibrium by a classical electro-
magnetic field, the Rabi oscillations can be represented by
the unitary Ux(6) = exp(-i%oy) (for a derivation see Ap-
pendix A.7). The qubit is initially thermal, p” = 7, at
room temperature (ksfBs)™* = 300K, and has a Hamiltonian
HY = HY = ~Eso./2 with o, = |0)0| - |1} 1| and an en-
ergy gap in the microwave regime such that SsEs ~ 1/30.
The 3-qubit pointer is initially in the thermal state 7(8p)®?
where each of the three qubits has the same Hamiltonian
Hp = -Epo./2 and we assume Ep = E5/10. The dashed lines
show the deviation |(W)non-ia — (W)a| in units of Es as a
function of @ for different ratios of the system and pointer
temperature, i.e., 8p/Bs = 1, and from Br/Bs = 150 to 750
in steps of 150. The dotted black line shows the ideal work
(W)a (i.e., a pure state pointer). At 6 = 0, the deviation is
maxmial while the ideal work estimate vanishes, whereas for
0 =, the ratio (W )non-ia — (W)a|/(W)a approaches 1/2 (the
precise value is 0.49875).

where |A[,, = max;||¥;aj;|[i and A = (a;;). In this

sense, Chax can be thought of as representing the trust-
worthiness of the work estimate, in addition to its re-
source cost. For a fixed process A, the closer Cpayx is
to 1, the smaller the potential distance of the work esti-
mate from its ideal value, but also the higher the involved
costs.

A principal purpose of this paper is to highlight that
the difference (W )non-ia — (W)a is non-negligible and in
some cases, rather significant. Indeed, in Fig. 2 we plot
this difference for a standard system-pointer Hamiltonian
with realistic parameters and find that the difference be-
tween the estimated ideal and non-ideal work is at times
more than twice as large.

One should be careful not to confuse (W )pon-ia with
the total work performed on the system or with the sys-
tem’s change in average energy AF,on_iq. The latter can



be expressed as

AEnon-id = 3, G P(mn) Y (B - E) - (16)
m,n,k
= Crax WA+ 2 4 Prom@p, i (B -E5)
m,n
l+n,k+m
+ Cmax 30 03[ 20 @4y P (B - EL)
m,n k+m

+ Z ql(?l?npl—wn (E’frfl) _E;LO))L
l+n

and generally contains contributions associated with
both the work done on the system and heat transferred
from the pointer to the system. Here, we make two ob-
servations. First, the work estimate (W )non-iq generally
does not match the ideal work estimate (W)x = AEy,
the actual work done on the system, or the change in av-
erage energy AFEon_iq. Second, while AFE,,,,_iq captures
the average energy change of the system, the average en-
ergy change of the pointer is not yet included and has
to be considered separately [14]. This contribution de-
pends on the specific dimension of the pointer and the
structure of its Hamiltonian, which in turn determine
Chax- Ideal measurements can be approached by in-
creasing the pointer dimension (e.g., measuring a system
with an N-qubit pointer and increasing N), or by cool-
ing the pointer to a smaller but non-vanishing tempera-
ture (using a desired refrigeration paradigm [33, 34, 47—
49]); these measures all increase the work cost of the
measurement [14, A.7]. Achieving the limit Cpax — 1,
requires infinite time, infinite energy, or infinite con-
trol (e.g., N — oo) and in this limit one also recovers
(Whion-ia = (W)a = AEA = AFyon-ia- When limited by
finite resources, (Wnon-ia = (W)a can only be achieved
for specific processes A, as we discuss in Appendix A.3.b.

IV. FLUCTUATION RELATIONS

Besides work estimates, higher statistical moments of
work are relevant in many contexts, from the study of
quenched quantum many-body systems [50, 51] to the
performance of quantum thermal machines [52], or the
development of effective charging protocols [53]. For dis-
cussions about the quantum-classical correspondence of
work distributions see Refs. [54-58].

The quantification of work fluctuations [16-19] in the
context of Jarzynski’s and Crooks’ fluctuation relations
using the ideal TPM scheme has been studied in Ref. [21].
Here we are interested in exploring whether these uni-
versal relations are recovered within the non-ideal TPM
scheme. In particular we explore the statistical proper-
ties of the work estimate (W )yon-iq. We first focus on the
Jarzynski equality [59] for which the quantity of interest
is the work functional (e”®W). Using the properties of

the non-ideal TPM scheme we obtain
(67'8W>n0n—id =X eiﬁAFa (17)

where we have introduced the correction term

1 _gE®
= o & PGP BB (9)
Here, the partition function is Z® := Tr[e’ﬁH(f)], and

AF := kgTlog(Z®[Z®) is the difference in Helmholtz
free energies between the initial state and the thermal
state 7® wort. H®. By construction 0 < x < dg.
When x = 1 one has the original Jarzynski relation,
(e7PW) = ¢ PAF which is satisfied by all ideal measure-
ments. We notice that the breakdown of the original
Jarzynski equality is expected here, since the invasiveness
of the first non-ideal measurement spoils the requirement
that the system starts the process A in thermal equilib-
rium.

Nonetheless, we find that there exists a class of non-
ideal measurements for which x = 1 as well. This is the
case when ¥, qz(zo|)n =1 VI. This implies that in order to
recover Jarzynski’s relation, the matrix in Eq. (18) needs
to be doubly stochastic. We call these measurements
minimally invasive UMC measurements, and they corre-
spond to unital maps, whose average effect is to preserve
the identity operator on the system (for details see Ap-
pendix A.1.d). Using Eq. (17) and Jensen’s inequality,
exp (x) < (expx), we can write the following second-law-
like inequality

<W)n0n—id 2 AF - kBTIOgX7 (19)

which provides a lower bound for the non-ideal TPM
work estimate (W )non-ia. Since 0 < x < dg, the extra
term —kgT log x can be either positive or negative. For
non-ideal measurements that are unital (x = 1) this term
vanishes and the equation above reduces to the usual
second-law inequality (W )non-ia > AF.

Interestingly, we observe that minimal energy UMC
measurements do not, in general, correspond to mini-
mally invasive measurements (except for the special case
of a single-qubit system, see Appendix A.l.d). This
can be understood in the following way: For minimal
energy UMC measurements, all elements of the post-
interaction state psp that depend on the outcome proba-
bilities p;; = (i|ps|i) can be collected in a correlation
matrix of dimension d,/ds x dp/ds with blocks I';; =
|i)¢|®IL;psp | X i|®I1;. Property (i) (unbiasedness) fixes
Tr(T;) = pj;jqii; and maximal correlations are achieved
when g;;|; = Ciax is satisfied. Minimal energy means that
the remaining g;;); for ¢ # j within each column are or-
dered such that g;;); > g Yk >4 with k # j. This is gen-
erally not compatible with row sums ¥, g;;); = 1 required
for g;;); to be doubly stochastic and thus correspond to a
minimally invasive measurement.
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Figure 3. Schematic representing the non-reversibility of the
process A. The system is initially at a thermal state 7 =
exp(-BH)/Z® is driven out of equilibrium by the unitary
transformation Uy to the state p(f) = UAT(O)U;{. At the end of
the process, the system is left to thermalise to the equilibrium
state 7" = exp(-BH®)/Z®, described by the Hamiltonian
H® . In the time reversed protocol, the thermal state 7F
is driven out of equilibrium to state p® = U;\T(DU}{. The

0 _ ©) _ (0

process is reversible if p ) and p

One can, however, ensure that the measurement is min-
imally invasive and unbiased at the expense of moving
away from the energy minimum. One can show that this
additional cost only depends on the system Hamiltonian
(and not the pointer Hamiltonian). Thus, by accepting
this cost, non-ideal measurements can satisfy Jarzynski’s
relation.

To investigate the effect of non-ideal measurements
on the irreversibilty of a process, we turn to Crooks’
theorem [60]. This relates the probabilities Pp(W) of
performing some work during a realisation of the TPM
scheme and Pg(-W) for extracting the same amount of
work when the time-reversed protocol A is implemented:

Pg(-W) = e PW=2F) po(w). (20)

The quantity W — AF' is usually referred to as the dis-
sipated work, the work which is lost when the final state
of the TPM after the protocol, p® in Eq. (1), relaxes
back to equilibrium at temperature T. As we discuss in
Appendix A.6, Crooks’ relation (20) is not recovered in
the non-ideal TPM scheme, not even for minimally in-
vasive UMC measurements (unlike the Jarzynski equal-
ity). This is in contrast to the ideal TPM scheme, where
Crooks’ theorem can be recovered for all unitary and uni-
tal maps [61-64]. The reason is that, here, both non-ideal
measurements act as (independent) noise sources, dis-
turbing the initial states of the forward and backward
TPM processes, respectively. Reestablishing Crooks’
fluctuation theorem may eventually require considering
the work performed in the measurement processes and,
therefore, taking into account the energy changes in the
pointers.

Eq. (20) expresses the fact that finite-time processes
that drive systems out of equilibrium are irreversible and

thus the consumed work is unlikely to be recovered when
reversing the protocol (See Fig. 3). This irreversibility
can be captured [22, 23] by the average of the dissipated
work appearing in Eq. (20), and is related to the en-
tropy production during a hypothetical relaxation of p®
to the thermal equilibrium state 77 [64, 65]. When the
measurements for determining this dissipated work are
non-ideal, additional entropy is produced, resulting in
greater energy dissipation in the final relaxation. In Ap-
pendix A.G.b, we calculate the average estimated work
performed in addition to the free energy change to be

(W)non-ia = AF = ks T[AS® + D(5V[| )], (21)

where p® is the unconditional final state after the pro-
cess A, D(p®||7®”) > 0 is the relative entropy quantify-
ing the irreversibility in the ideal process [66, (7] and
AS©® = S(p) - S(7) is the corresponding change
in von Neumann entropy of the system due to the first
non-ideal measurement. For non-ideal, minimally inva-
sive measurements ({W )non-ia —AF) > 0 in which case it
may be interpreted as the entropy production. For these
measurements, the von Neumann entropy of the system
cannot decrease [67] and the entropy of the pointer during
the measurement does not change (see, e.g., [64]). Thus,
the total entropy produced in the measurement coincides
with the entropy change in the system, AS® > 0. When
ideal projective measurements are considered, AS® =0,
and the usual expression for the entropy production is
recovered. In this ideal case, Kawai, Parrondo and Van
den Broeck [22, 23] derived an important result in non-
equilibrium thermodynamics, which is closely related to
Crook’s fluctuation theorem

(W)a = AF = ks TD(pp ()0 p5(t: - 1)©).  (22)

Here, pp(t) and pp(t; — t) are the density operators in
the forward and backward processes taken at the same
instance of time ¢ and © is the time-reversal opera-
tor in quantum mechanics. © is anti-unitary, satisfies
©il = —i10 and ©OT = ©TO = 1, and is responsible for
changing the sign of odd variables under time reversal
(momentum, magnetic field, etc.) [68]. Equation (22) es-
tablishes a deep relationship between the physical and
information-theoretical notion of irreversibility. Namely,
it connects the dissipated work (left-hand side), which
is a physical measure of irreversibility, with the relative
entropy at any snapshot of time (right-hand side), which
is an information-theoretical measure. We are able to
extend this result to the non-ideal TPM scheme by using
the generalised dissipation relation in Eq. (21). In the
modified scheme we get that

(W)non—id -AF = k?BT[AS() + ADf+
+D(pr(1)]|07pr(t; - 1)©)], (23)

where pr(t) = UA(t,O)ﬁ(f)Ul(t,O) is the system state at
intermediate time 0 < ¢ < ¢¢ in the forward process and



pe(ts —t) = Uz (ts - t,O)pg)U/{(tf - t,0) is the state of
the system at the same instance of time in the backward
process® (see Appendix A.6). We have introduced the
correction term

AD; = Te[ (log 7 —log p©)], (24)

whereby starting in 7, the average system state py
is obtained after the first non-ideal measurement in the
backward process. The ideal case in Eq. (22) is recovered
when p = 7@ and p@ = 7, making ADf = 0 and
AS® = 0. Finally, we stress that, analogously to what
happens with the result in Eq. (22) for the ideal TPM
scheme, Egs. (21) and (23) can be turned into inequalities
for open system dynamics (see Appendix A.6.b).

V. DISCUSSION

We have studied the consequences of fundamentally
unavoidable measurement imperfections on the estima-
tion of work and its fluctuations in out-of-equilibrium
processes. Non-ideal measurements lead to a mismatch
between the obtained estimate (W )non-ia, the desired
ideal estimate (W), and the actual work performed on
the system during the non-ideal TPM. In addition, an
energy cost is incurred for operating the measurement
apparatus. This leads to the conclusion that the process
of estimating work itself has a work cost, which increases
with increasing precision of the estimate. Moreover, we
find that the statistical properties of the non-ideal es-
timate (W)non-ia are modified. While the celebrated
Jarzynski relation may be recovered exactly by impos-
ing specific conditions on the measurement scheme, the
more general Crooks theorem no longer holds. In this
context, we discussed the connection between the non-
ideal work estimate and the entropy production in the
TPM scheme, and extended previous results for the rela-
tion between dissipation and irreversibility.

These results are of particular relevance for work ex-
traction: When the costs for estimating the extracted
work are of the order of the extracted work itself the
usefulness of the procedure is dramatically limited. Con-
ceptually, our results can be seen as a constructive resolu-
tion of the perceived shortcomings of the TPM discussed
in [65]. It might also be interesting to consider work es-
timates as well as Jarzynski’s equality and Crooks’ theo-
rem in more general contexts, such as including feedback
control strategies [69, 70].

Our results about the validity of the Jarzynski equality
and Crooks’ fluctuation theorem for the non-ideal TPM
scheme are in agreement with very recent results reported

5 Ui (t - t,0) is tkle unitary evolution generated by the time-
reversed protocol A.

in Ref. [71], which appeared during the final stages of
preparing this manuscript.
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APPENDICES

In these appendices, we provide more details on the mathematical model for non-ideal measurements from Ref. [14]
and its application for work estimation described in this paper. In Appendix A.1, we describe the properties of the
important class of unbiased mazimally correlated (UMC) measurements, as well as of minimal energy UMC measure-
ments and illustrate them for the case of 3-dim quantum system. In Appendix A.2, we give a detailed derivation
of the joint probability for the measurement outcomes in the TPM scheme [20, 21] using non-ideal measurements.
We then derive the corresponding work estimate in Appendix A.3 and the change in average energy throughout the
estimation process in Appendix A.4. Finally, we discuss the consequences for fluctuation theorems: In Appendix A.5,
we discuss the modification of Jarzynski’s relation, while Appendix A.6 explains why Crooks’ theorem generally no
longer holds in the presence of non-ideal measurements. In Appendix A.7 we present a physical model as an example
of the methods discussed in this work.

Appendix A.1: Ideal and Non-Ideal Measurements

We consider a measurement of a system described by an unknown quantum state ps € D(Hs), where D(Hs)
represents the set of density-matrices over the Hilbert space Hs. We model the measurement as an interaction
between the system and a measurement apparatus (pointer) described by a quantum system with Hilbert space
H,. We consider the pointer to be initially described by the thermal state 7(85) = exp(—=8rHp)/Zp at ambient
temperature Tp = (ksBp)~" and with Hamiltonian H, = ¥, E{”|E{”}E|. This ensures that the initial state of
the pointer does not contain any extractable work with respect to an environment at temperature T,. Alternatively,
one can consider the temperature T to be lower than the environment temperature, assuming that work has been
invested to prepare the pointer by cooling it down to T,. System and pointer are correlated by a unitary Upeas On
the joint space Hs ® Hp such that all work supplied to the joint system can be identified with the overall change in
average energy due to the unitary transformation, resulting in a post-measurement state

e = Umeas(ps ® 7)) Ul cos- (A.1.1)

Within the pointer Hilbert space, different subspaces are assigned to represent the different measurement outcomes.
More specifically, if the system of dimension dg is to be measured in the basis {|n)}n-0, ...45-1, then a set of orthogonal
projectors {II,,} -0, .. .4s—1 on the pointer Hilbert space is chosen to represent these outcomes, such that ¥, I, = 1,
and II,,,II,, = 6,,,11,, and Tr(Hn)I?/ds for all n. The general setup is illustrated in Fig. A.1.

Ps Pn

Tp -

Figure A.1. Circuit representing non-ideal measurements. The system in an initial state ps interacts with the pointer originally
in a thermal state 7 by means of unitary Umecas. The probability for obtaining a measurement outcome n is p,, and the
post-measurement system state conditioned on having obtained outcome n is py.

A.l.a. Unbiased Measurements

As explained in Sec. IT (following Ref. [14]), ideal measurements have three characteristic properties, they are (ii)
faithful (perfect correlation between the pointer and system), (i) unbiased (pointer exactly reproduces the system
statistics in the measured basis), and (iii) non-invasive (system diagonal is undisturbed by the interaction). However,
satisfying property (ii) requires the preparation of pure pointer states, which is not possible with finite resources
according to the third law of thermodynamics. At the same time, this implies that realistic non-ideal measurements
cannot satisfy both properties (i) and (iii) simultaneously, see Ref. [14, Appendix A.3]. We hence focus on non-ideal
measurement procedures that are unbiased, i.e., which satisfy

Tr(1s ® Hfsr) = Tr(|n ) nl, ps) Vo Vps. (A.1.2)

Provided that the pointer cannot be prepared in a pure state (i.e., that the measurement uses finite resources according
to the third law of thermodynamics), the corresponding unitary Upeas can be separated into two consecutive unitaries
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U and V', such that Upeas = VU, where

~ ds—1 ~ ds—1 dp/ds - ~
U= 3 |nXn|,@U™, and V=3 > |m}n|,®|" Ko™, . (A.1.3)
n=0 m,n=0 =1

Here, {|)};, is an orthonormal basis of H, such that T, = 3, [ ¥4 | and the U™ are arbitrary unitaries on
Hp, and we have assumed that the dimension dp of the pointer is an integer multiple of the system dimension dg (or
is truncated to such a dimension). The intuition behind this decomposition is as follows. The operation V ensures
unbiasedness by mapping the subspace corresponding to the system state |n ), to the subspace corresponding to the
pointer outcome n (i.e., II,), that is, V can be understood as a type of swap between these subspaces. The operation
U, meanwhile, adds additional freedom by allowing unitary transformations within each of the subspaces for the states
[n),. To illustrate this transformation, let us consider an example of a 3-dimensional system with non-degenerate
Hamiltonian, and a suitable pointer of dimension dr = 3\ for A € N. The initial state ps ® 7 of system and pointer
can be expressed in matrix form as

po TP

Psp = : p17p : 5

p27P

[0)s I1)s 12)s
where p; = (i|ps|i) and the dots indicate potentially nonzero off-diagonal elements of ps that are not shown here to
keep the example simple, but could be included explicitly if desired. An unbiased measurement procedure realized by
a unitary interaction with the pointer then leads to a final joint state of the form

Mo My I Mo IIi Iz I I, I
— A A A A A A

Too

To1

e A PO N -,

10)s s 12)s (A.15)

where the T';; are the (dg/ds) x (d/ds) matrices corresponding to |i )|, ® II; psp | ) i|; ® II;. The colour coding
corresponds to the projections on to the subspaces for fixed outcomes. That is, the operators 15 ® 11, pspls ®I1,,, can
be written as

ds-1 dp/ds B B 5 -, 5 5
I @, prle ®T = ) D (nlps|n) (P [T U [G0) [m)m' |, @ [0 X 98,

m,m’=0 i,5=1

P UM, U™, (A.1.6)

11>

In other words, the 13 ®11, pspls ®I1, for n € {0,1,...,ds—1} have rank d, and can be understood as dp x dp matrices
with the same spectra as p,7». They are in this sense unitarily equivalent [via application of the unitaries U™ from
Eq. (A.1.3)] to p,7s, such that the trace of these operators gives p,, as required by unbiasedness in Eq. (A.1.2). In
terms of the indicated diagonal blocks of each subspace for fixed II,, (fixed colour), we have Z?:o Tr(Tin) = pn V1.
More specifically, since the measurement has to be unbiased independently of the initial system state pg, one has to
have

TrP(ILS ® I, pspls ® Hn) = Pn Pn; (A~1-7)
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where p, € D(Hs) is the post-measurement system state conditioned on observing the pointer outcome n. The

conditional states p, correspond to coarse-grainings of the operators U™ 7,U™T in the sense of the equivalence “2”

of Eq. (A.1.6). The states p,, are hence independent of ps. We write them as p, = ¥ g, [1X1| with ¥ qup, =1 V0
L

and

dp/ds B _,
quin =y, (P10 U ). (A.18)

i=1

A.1.b. Unbiased Maximally Correlated Measurements

Within the set of unbiased measurement procedures, one may then wish to select those measurements which
maximise the correlation measure C(psp) that is used in property (ii) to define faithful measurements (for which
C =1). For unbiased measurements that are realised unitarily from an initially thermal pointer state, the maximal
value C' = Chax for unbiased measurements is obtained when the d,/ds largest eigenvalues of 7, appear as the
eigenvalues of the matrices I'y,,, for each n. This requires the off-diagonal elements in pgp connecting the correlated
subspaces defined by the projectors |n ¥ n|®Il,, with the uncorrelated subspaces defined by the projectors |m } m|®IL,
for m # n to vanish, resulting in a joint state of the form

Iy I I Iy I I Ip IIi Il
— A~ A

Too | - . 0 . . 0
s | . 0
Loz . . . . 0
0 T1o0
Psp = . 0 . . . . 0 . ,

P12 0

0 P20
0 L1
0 0 T2z
[0)g [1)g 12)g

(A.1.9)

where the remaining blocks in the correlated subspace now satisfy Tr(T,,) = pnCmax, see Ref. [14, Eq. (5)]. From
Eq. (A.1.7) we can then conclude that the coefficients of the conditional states for unbiased maximally correlated
measurements (UMC) satisfy

dp/ds*l exp (_ﬁpE,EP>)

vV on, A.1.10
i=0 Zp ( )

Annjn = Chax =

where we have assumed that the eigenvalues of the pointer Hamiltonian are ordered non-decreasingly, i.e., E;P) > E;.P )
for i > j, while some of the off-diagonals of p, are more restricted, ¢nyn = Ginjn = 0Vl # n. In particular, this
last condition implies that the conditional post-measurement state of the system for UMC measurements takes the
block-diagonal form

Pn = Chax X 1] + (1= Chax) po", (A.1.11)
where pe" is density operator on the Hilbert space spanned by the vectors {|m ) } for m € {0,1,...,ds — 1}/n such
that (n|pg™ 1) =(n|p;™|n)=0VL

The maximal correlation value Chax can further be used to quantify the distance between the conditional post-
measurement state p,, of UMC measurements and the pure state |n ). Using the trace distance D(X,Y’) = % |X-Y|, =
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%Tr\/ (X -Y)(X -Y)T between two operators X and Y, and the block-diagonal structure of p,, we can calculate

DG K = 30y o= K] = 510/ [(Cos = D)+ (1= o]
- %Tr\/(Cmax 12 n|+ (1 - Cuax)2(pgr)? = %[(1 — Cnas) Tr(In X0 ]) + (1 = Cona) Tr(p5") ]
TG (A.1.12)

A.l.c. Minimal Energy UMC Measurements

One can then further restrict the set of considered unitaries Upeas by demanding minimal energy consumption.
That is, that the measurement implemented by Upeas achieves the algebraic maximum of correlations and spends the
least amount of energy as compared with all other unitary operations achieving Chax, i.€.,

APmeas = min Tr[(Hs + Hp)(psp — ps ® 75)] st C(fsp) = Crnax. (A.1.13)
A requirement in order to spend the minimum amount of energy in the measurement process is not to waste energy
on creating coherences [72]. Conversely, any coherence with respect to energy eigenstate with different energies would
imply that there exists a unitary transformation that shifts probability from higher energies to lower energies. In
other words, such states would not be passive [46]. For the sake of illustrating the effect on the form of the final state
for our example, let us assume that both the system and pointer Hamiltonians are non-degenerate. Then, the final
state for a minimal energy UMC measurement must be of the form

HO Hl H2 HO Hl H2 1_[O Hl H2
— = A A A AN A

Too | - . 0 . . 0
Toi | - . 0 . . 0
Toz 0 0
0 Tio 0
pse=| - lo | - | -l - | -]0] - |
0 Tz 0
0 0 T20
0 0 T21
0 0 T2
10)s [1)s 12)s

(A.1.14)

where all remaining diagonal blocks T',,, must now be diagonal matrices themselves, and Tr(T's,) = prCmax V1 as
before. In addition, the energy minimisation imposes constraints on (I) the assignment of the remaining eigenvalues
of 7» to the matrices I'y,,, for m # n in the uncorrelated subspaces, and (II) on the ordering of the eigenvalues within
each specific block. What is crucial here is the observation that (I) corresponds to arranging the eigenvalues of 7, in
descending order and splitting the resulting list into three (in general ds) sets a®, ¢, and a® that we can interpret
as diagonal (dp/ds) matrices with diagonal elements

) _
a,”’ = Tn%% (A.1.15)
fork=1,...,dp/ds and n=0,...,ds — 1. Minimising the energy while maintaining a UMC measurement then means

that the set a® of largest entries is assigned to the correlated subspaces, I'y,, = p, a®® Vn, and the other a® with
© > 0 are assigned to the blocks I';,,, with m # n such that the lower energies are combined with the larger weights
(higher values of 7).

At this point, it becomes useful to switch to a reduced description of the final state that captures only the diagonal
blocks I';;. We therefore define a quantity we refer to as the correlation matrix I' = (I';;) in this context, where, as
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before, the I';; are the (dp/ds) x (dp/ds) matrices corresponding to |i )|, ® IT; psp |4 )i |, ® II;. With this notation,
the correlation matrix of the final state for a minimal energy UMC measurement takes the form

Too | To1 | o2 poa® | pra® | ppa®
I'=| Tw |Pu T2 | = | poa® |p1a® |p2a® |. (A.1.16)
Tgo |[T21 |[T22 poa® | p1a® |(psal®

Alternatively, we may write the correlation matrix elements I';; as I';; = p; a™ii) where 7 = (ﬁ'ij) is a dg x dg matrix
with entries 7;; € {0,1,...,ds — 1}. Unbiasedness requires that each element of {0,1,...,ds — 1} appears exactly once
in each column of 7, that is, {7;;}i=0,1,....ds = {0,1,...,ds —1}. Achieving maximal correlation Cp,ax for an unbiased
measurement further fixes the diagonal of 7, i.e., 7;; = 0V ¢. Finally, minimal energy of UMC measurements implies
that the off-diagonal elements of 7 are arranged such that the lowest values fill up the top rows (for lowest row index
i) of 7 first, that is, for a fixed j 7;; = ¢+ 1 if ¢ < j and 7;; = j if ¢ > j. More details on minimal energy UMC
measurements can be found in Ref. [14, Appendices A.8 and A.9].

A.1.d. Minimally Invasive UMC Measurements

As we have discussed in Sec. 1T (following Ref. [14]), non-ideal measurement procedures cannot be both unbiased
and non-invasive. However, while one cannot construct an unbiased measurement that is non-invasive for all initial
system states pg, one can indeed construct unbiased measurements that leave (the diagonal of) certain system states
invariant. One case that is of specific interest here (and goes beyond what is considered in Ref. [14]) is the case
of UMC measurements, which leave the maximally mixed state ps = 15/ds invariant. For this maximum entropy
state, all initial probabilities are the same, p, = 1/ds ¥V n. At the same time, we observe that the diagonal elements
(n|Trp(psp)|n) of the post-measurement system state are obtained by taking the trace of the sum of the elements
of the nth row of the correlation matrix I'.

We thus observe that such a map, which we call minimally invasive UMC measurements, can be realized if each
row of I" features each superscript index ¢ of a®® exactly once. Together with the unbiasedness requirement we see that
unbiased measurements are minimally invasive if and only if 7 is a Latin square. That is, each row and each column
of 7 features each element once and only once. It is interesting to note that any minimal energy UMC measurement
can thus be turned into a minimally invasive UMC measurement, and vice versa, by rearranging the entries of the
I' within its columns only. This implies that the additional energy cost for moving away from the energy minimum
depends only on the spectrum of the system Hamiltonian, but not on the pointer Hamiltonian. At the same time,
this can be done in such a way that the energy is only minimally increased with respect to the minimal energy
UMC measurements, obtaining a minimal energy minimally invasive UMC measurement. For the example in ds = 3
discussed above, the correlation matrix for such a measurement takes the form

Too | To1 | Loz poa® | p1a® | ppa®
I'=| Tw |Pu T2 | = | poa® |p1a® |p2a® |. (A.1.17)
Tgoo |[T21 |[T22 poa® | p1a® |(psal®

A property of minimally invasive UMC measurements that follows directly from the form described above is that the
conditional probabilities gy, for the system to be left in the Ith energy eigenstate given a pointer outcome n form a
doubly stochastic matrix, i.e.,

D qum =Y qup = 1. (A.1.18)
l n

As we will see in Appendix A.5, minimally invasive UMC measurements allow satisfying the Jarzynski relation.

Appendix A.2: The Non-Ideal TPM Scheme

The estimation of the work performed/extracted during the process (7, H®) A, (p, H®) can be calculated by
means of the so called two projective measurement (TPM) process [20, 21], which consists of three steps. In the first,
one performs a projective measurement on 7 in the eigenbasis {| ES” )}n-o,....dg—1 of the initial Hamiltonian H,
obtaining an outcome n. Then one lets the resulting post-measurement system state evolve under the action of Uj.
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Finally, a second projective measurement is performed in the eigenbasis {| ES” )}n-0,....ds—1 of the final Hamiltonian
H®_ resulting in an outcome m. The aim of the protocol is to estimate the work performed (or extracted) by the
process A based on the joint probability distribution p(n,m), which itself is estimated by repeating the procedure
sufficiently many times. For ideal projective measurements, the joint probability distribution can be written as [21]

p(n,m) = pi’ poosm, (A.2.1)

where p{® = ZiO) exp(-BEL) are the diagonal elements of the initial thermal state 7¢® of the system, Z© =

Ynexp(-BEL) is the partition function w.r.t. the initial Hamiltonian and inverse temperature 5. Note that the
inverse system temperature $ need not match the initial inverse temperature B, of the pointer, which enters Cyax
from Eq. (A.1.10). The symbol p,, ., = [{ E® |Ux | ES)|* denotes the transition probability from an initial energy
eigenstate | E$” ) to a final energy eigenstate | ES) ). The work distribution, i.e., the probability density for performing
(or extracting) the work W given the process A is defined as

P(W) =Y p(n,m)s(ES - E® - W). (A.2.2)

m,n

On average the work spent or extracted by the process A is then obtained by integration, i.e.,
- f P(W)W aW, (A.2.3)

where the integral is taken over all possible values of work. The average work can be written in terms of the joint
probability p(n,m) by inserting Eq. (A.2.2) into Eq. (A.2.3), resulting in the expression

W)= 3 p(n,m)(ES) - E). (A.24)

Let us now consider the TPM scheme when the ideal projective measurements are replaced by non-ideal measure-
ments, more specifically, minimal energy UMC measurements as described in Appendix A.1. We discuss each step of
the process in detail below.

A.2.a. First Measurement

First, note that the initial system state for the TPM scheme is a Gibbs equilibrium state at the ambient temperature.
That is, here the system state to be measured during the first measurement is ps = 7 (), given by

V(0 = 2o R(BHY) = oo Nesp(-BEDIECNEL) (A.2.5)

Z(o) Z(o)

with H® =Y EOEMYE®| at time to. Then, we assume that the first non-ideal measurement is performed in
the eigenbasis of H®. We assume that this measurement, though non-ideal, is unbiased [property (i) described in
Sec. I1.2], such that a measurement result n is obtained with probability p{» = ( E® |7 |E® ) = exp(-BE®)/Z®.
Moreover, from here on, we restrict our investigation to non-ideal unbiased measurements that achieve maximal
correlation Cpax (UMC measurements) and either have minimal energy or are minimal energy minimally invasive
measurements, as described in Appendices A.1.c and A.1.d, respectively, such that the post-measurement state of the
system is diagonal w.r.t. the measurement basis, i.e.,

(0’—qu(fl)n|E(°) NE®| Vn, (A.2.6)

©)
Un
n. In particular, the probability to correctly guess the energy eigenstate | EL” ), when the pointer shows n is given by

qgﬁln, which has the value

where ¢;,’ is the the probability to find the post-measurement system in the state |El<°) ) given the measurement result

© _ (A.2.7)

qnn|n
O]
Un
energies (since the initial pointer state is also a thermal state at ambient temperature T' = 1/kp (), but because the
measurement is unbiased, the conditional state p{” is independent of the system state 7¢° before the measurement.

for UMC measurements. The conditional probabilities g;; are functions of the inverse temperature 8, and the pointer
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A.2.b. Evolution and Second Measurement

After the initial non-ideal measurement, the post-measurement conditional state p{ is evolving according to the
unitary U, corresponding to the process A. The unitary Uy can be written as time evolution from an initial time

to a final time t¢, Up = T exp (—i ft';fH()\t)) dt, where T, denotes time-ordering, and )\; is a control parameter for the

time-dependent Hamiltonian such that H (A, ) = H® and H(\,) = H®. The time-evolved state prior to the second
measurement is thus

A= Upp®UT = Zq;‘” UA|ECKEC|UT . (A.2.8)

lln

Finally, a second non-ideal measurement is performed on p2 w.r.t. the eigenbasis {| E{) )} of H®. Once again,
since the measurement is unbiased, the probability to obtain any particular outcome m only depends on the specific
system state prior to the measurement. However, in this case this state is p2 from Eq. (A.2.8) and hence depends on
the first outcome n. The conditional probability to obtain outcome m in the second measurement given outcome n
in the first measurement is thus

p(min) = (B o3| ) = Y q (B UMECONECIULIED) = 3 a0 prsrms (A.2.9)
1 l

where p;_,,, = [(E® |Ur|E{”)[*. Consequently, the joint probability p(n,m) is obtained by multiplying with the
probability to obtain outcome n in the first measurement, i.e.,

p(n,m) = p(m|n) py,” = (O)qu(lo‘)npz_,m (A.2.10)

Meanwhile, the post-measurement state after the second measurement, conditioned on having obtained outcome n
and m in the first and second measurement, respectively, is

p® an) IEONE®| ¥m. (A.2.11)

m,\n kk|m

As in the first measurement, the conditional post-measurement state of the system is independent of the pre-
measurement system state. In this case, this implies that pij;‘n is indeed independent of the outcome n of the

first measurement.

Appendix A.3: Work Estimation in the Non-Ideal TPM Scheme

A.3.a. Non-Ideal Work Distribution and Estimate

To estimate the work in the TPM scheme based on non-ideal measurements (as before, we assume minimal energy
UMC measurements as described in Appendix A.1l), some energy must be spent on the measurement processes,
where the precision in the estimate is directly dependent on the energy spent. Considering the joint probability in
Eq. (A.2.10) and the definition in Eq. (A.2.2), the probability distribution for inferring the work value W is

P(W) =3 py Z GBS TUA B ) P8 (B - E) = W) (A.3.1)

m,n

We can now calculate the average work,

(Whoneia = [ dWPOVIW = 5352 S aip | (ER1UN B (B - BL). (A3.2)

= S P ELION )P (B = B) + 55 Sl o2 (0 1UA L B )P (582 - BEY).

nn|n Pn m m
m,nl+n

Substituting for Cpax in Eq. (A.2.7), we arrive at
(W)non-ia = Cmax 3, D[ ES [UA | ESP)YP (B = E) + 30 Y af, v U ER UL E”) P (B - EY). - (A.3.3)

m,n m,nl#n

Since (W)a = Ly PO {ER |UA|E ) [P (ES - ESY) we can write the non-ideal work estimate as

<W>non—id = Crnax A + Z Z ql(lo|)n pif) (f) | UA |E(0) ) |2 (E(f) g])) . (A34)

m,n ln
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A.3.b. Ideal versus Non-Ideal Work Estimate

Before moving on, let us discuss more about the difference between the work estimates based on ideal and non-ideal
(UMC) measurements. Noting that (W), = AE, = Tr(UAT(“)UJr H®) -Tr(r@H®) and Tr(rOH®) =3, p Y E®,
we can use the expression of (W)pon-id from Eq. (A.3.2) to write

m

(Whon-ia = (W)a = 3 00 Yaf, (EQ U IEP)PES - Te(Uar UL H®). (A.3.5)
n l

The first term on the right-hand side of Eq. (A.3.5) can be rewritten as

S p© Zq;ffn (EQ|UA|E®)PED = Tr(z P Zq;;;LUA\E@ NECWLH®) = Tr(Uap ULH®),  (A36)
m,n

where we have denoted the unconditional post-measurement state after the first measurement as g := 3, p{ p{»

and we have used p{ = ¥, ql(;)lil|E(°))(El(°)|. With this, we can rewrite Eq. (A.3.5) as

(W)non-ia — (W) = Tr (Ua (5 - 7)UL HD). (A.3.7)
If T - 0, then p = 7 for any process A, which means that (W )non_ia = (W)a, i.e., one obtains ideal projective

measurements. On the other hand if T is nonzero, (W )non-ia = (W)a can be achieved only for specific processes A.
For example, for the unitary Uy of the form

Up = Z ¢ & IF EOYEY), (A.3.8)

V ds
and [H®, H®] =0 we have |( E® |Up | E” ) * = %. It is then simple to check that

1 Y E. (A.3.9)

S m

Tr (UAﬁ(O)U;{ H(t‘)) =Tr (UAT(O)UI H(f)) _

Consequently, one finds (W )non-ia = (W)a. The intuition behind this example is the following. The disturbances due
to non-ideal UMC measurements do not generate coherences (off-diagonal elements) between states with different
energies in the initial thermal state. Consequently, the unconditional state upon which the process A acts is diagonal
in the energy eigenbasis. For any such state, the process chosen in our example results in a state whose diagonal
elements (w.r.t. the energy eigenbasis) are all equal to 1/ds. As a result, the average energy at the end of the protocol
is independent of the disturbance induced by the first measurement. We thus see that there exist processes such that
(W)a can be precisely estimated independently of the temperature of the pointer.

Let us now bound the deviation of the non-ideal work estimate (W )non_iq from the ideal estimate (W),. Starting
from the expression in Eq. (A.3.7), we can use Holder’s inequality [Tr(XYT)| < | X, [Y]., to write

(W )non-ia = (Whal < [UA(5 = )UK, 1H® o = 15 =7, |H®| (A.3.10)
where in last step we have applied the trace invariance under unitary. For details about the properties of the trace
distance we refer the reader to, e.g., Ref. [73]. Inserting p? := Y, pPpl? and 7 =Y, p | EX? X E |, we can further
write

157 =1, = S0 - [EDNED D], < Dol (687 -1 B KEL ], = Sol o2 - B KE . (A311)

where we have used the triangle inequality in the second step. Finally, we recall that the 1-norm coincides with the
trace norm for the operators we consider here, and we insert from Eq. (A.1.12) before using 3, p!» =1 to arrive at

(W hnon-ia = (W)al < (1= Crnax) [H® |, - (A.3.12)
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Appendix A.4: Energy Variation in Non-Ideal Work Estimation

In the scenario in which ideal projective measurements are not assumed, the change in the average energy of the
system in the TPM process is also different from the work estimate. Once again, we therefore consider non-ideal
minimal energy UMC measurements as described in Appendix A.1. To express the work estimate in this case, let us
first define the difference between the energy AF)o,-iq at the beginning and at the end of the TPM process

AEnon d = Zp(f) E(f) Zp«))E(O), (A.4.1)

where pg) is the probability to find the post-measurement system after the second measurement in the eigenstate
|E”) of H®. This probability can be expressed as

Py = Z qkk\m p(mln) py”, (A4.2)
where q,C km is the conditional probability to find the system in the final energy eigenstate |El(:) ) given the measurement

result m. The conditional probability p(m|n) = ( E) |Up p U;{ |ES) is the probability to obtain outcome m in the
second measurement given that the result of the first measurement was n, as in Eq. (A.2.8). Collecting all these
expressions, we can rewrite the average energy difference between the initial system state and the system state after
the non-ideal TPM scheme as

ABon—id = ), qkklm p(mn) py’ (EY - E) = Z pt» Zq](;)nql(:]i‘m (EQ|UAE)P(EP - ED). (A.4.3)

m,n,k

We then split this expression into several sums, where the first collects all terms for which n =1 and m =k, i.e.,

AFEnon-ia = mZ;lp(”)[ G (B | UN B ) P l;qgff (B TUAE ) P (B -ES) + k;nq;‘;‘m (EQ-ED)]
= Chax (WA + Cuax 20 08 [ 2 @ippnPr—m (B = E) + 3y i (B - B ]
m,n k+m l#n
+ 20 P G Prom G (B =B (A4.4)
l#yn
k#+m

©  _ 0
m, since we are considering UMC measurements. For ideal projective measurements, Ciax — 1 and consequently

ql(lo‘; 1., and therefore one can notice that AE;on—ia(Cmax = 1) = (W)a.

where we have used the shorthand p;_,,, = |[(ES® |Ux |E”)|* and we note that g = Chax for all n and

Appendix A.5: Jarzynski Equality for Non-Ideal Projective Measurements
A.5.a. Characteristic Function and Jarzynski Equality

In [21] it was shown that by taking the Fourier transform of the work probability distribution P(W') one can define
a following characteristic function, which we parametrise by u

G(u) = f AWP(W) exp (iulW) = Y exp (iu(ES - EO))p(n,m). (A.5.1)

n,m

We can calculate this function explicitly for the non-ideal projective measurement by substituting for the probabilities
p(n,m) from Eq. (A.2.10):

G(u) = Z Zpii”q,(ﬂ; (ER|UAE®) [ (A.5.2)
= Z (EYL |exp (iuH®) Z exp (- zuE(O))pS’)ql(?lzzUA |El(°) ) (El“)) | U;r\ |ESY (A.5.3)

n,l

= 3 (B exp (i) Tesp (B W Uno VUL |ESY) (A5.4)

m
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where ¥, qllol)n |E(”)(E[” | = p{ is the post measurement state of the pointer that indicates outcome n with probability
P = exp (-BE) /Z®. Here, we have again restricted our analysis to minimal energy UMC measurements as
described in Appendix A.1.

Let us then write

o) = Y exp (B WY = S exp (i + BB, (A5.5)

which we then use to obtain the characteristic function
G(u) = Tr (exp (iuH®) UAa(u)UX) . (A.5.6)
To calculate the work average (exp(-SW)), we further calculate G(u = i3)
(exp(-BW)) = G(u =iB) = Tr [exp (-BH®) Upo (iB)UL] (A5.7)

where

o (iff) =

Zexp( (- B+5)E,<°’)Zq§f,>n |[EOXE®| = X Z(Z ;;”n) |ECNE®. (A.5.8)

Z()

Consequently, Jarzynski’s equality is satisfied if Y, ql(lol) =1, i.e.,

(exp(=BW)) = exp (-BAF), (A.5.9)
where AF is the free energy AF = Z%O) Tr (exp(-BH®M)) = ;E;Z . The condition Y, ql(l‘") 1 is not generally met for all

unbiased measurements, and in particular not by any minimal energy UMC measurements beyond dimension® dg = 2.
However, minimally invasive UMC measurements discussed in Appendix A.1.d satisfy exactly the desired condition,
thus allowing to satisfy the Jarzynski equality, while providing the correct (unbiased) measurement statistics and
achieving maximal correlation Ci,,x between the pointer outcomes and post-measurement system states.

Appendix A.6: Crook’s Relation in the Presence of Non-Ideal Measurements

A.6.a. Backward Process for Non-Ideal TPM Scheme

Crook’s theorem [60] quantifies the relation between the probability of observing a work value during a realisation
of the two projective measurement scheme for a given process A with the probability of observing the same amount of
work for the time-reversed process A. The time-reverse is defined in an operational sense, meaning that the sequence
of external operations (driving, measurements and so forth) used to bring the system out-of-equilibrium during the
original process is inverted in the time-reversed process. A prerequisite for obtaining Crook’s relation (as well as
the Jarzynski equalit [59]), is that both the forward and backward processes start with the system in equilibrium at
some given inverse temperature 3. Therefore, the first step in studying whether Crook’s relation holds in the non-
ideal projective measurement setting (more specifically, restrict our analysis to minimal energy UMC measurements
described in Appendix A.1), is to define a meaningful time-reversed (backward) process. This is achieved in three
steps.

1. We start with a system with Hamiltonian H® = ¥, ES) | ES ) ( ESY | that is in equilibrium at inverse temperature
B. The initial state of the backward process, which is to be transformed according to

(0, H®) AL (pg>,H<°)) 7 (A.6.1)

reads 70 = ¢ PH® [z - 5 5O EOY(ED | Prior to this transformation, the first non-ideal measurement is

performed in the eigenbasis {| ES )}, of H®. Given that outcome m is obtained, which occurs with probability

&), the post-measurement state reads

P = qufzim |ECXE? . (A.6.2)

6 For the special case ds = 2, the unbiasedness condition already

‘ N . hence the measurement can be a minimal energy UMC measure-
leaves no choice but to make the matrix # a Latin square, and

ment that is also minimally invasive.
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2. The second step of the backward process consists of driving the system according to the time-reversed protocol
parameterized by {A; = A\;;—¢;0 <t < t¢}, where {\;;0 < ¢ < ¢r} is a parameterizsation of the forward process. In
the time-reversed protocol, the system thus evolves according to

t ~
o =UsA UL Us(n0) = Toexp(i [ HG ), (A6:3)

&) _ £) (f
where pg’ = ¥, pi ol

process.

is the average post-measurement state after the first measurement in the backward

3. The last step consists of the second non-ideal measurement in the eigenbasis {| ES” )}, of H©. We are then
interested in determining the joint probability Pg(m,n) to obtain outcome m in the first and outcome n in the
second non-ideal measurement, before and after the backward process, respectively. Given outcome m in the first
measurement, the probability for the system to be in an energy eigenstate \E,(;)) is ¢ | and the probability

Kkl
for the backward process to further map the system from the state | E{” ) to |[E ) is pj,_,, = [{ E® |Uz | EP ) |2
Consequently, we obtain the joint probability
Pg(n,m) =3 Pr s Gy Prr - (A.6.4)
%

The micro-reversibility principle for non-autonomous systems implies Uz = @U)L\@Jr [21], where © is the anti-
unitary time-reversal operator satisfying @i = —i© and ©OT = @70 = 1. Micro-reversibility, together with a
time-reversal symmetric Hamiltonian, O H®OT = H® for k = 0,f, leads to the relationship |( B |Uz | EY ) [* =
[(EY |UA|EY )2, that is P, = Dok

For non-ideal projective measurements, Crook’s relation can be satisfied if we make some changes to the probability
distributions, as we shall explain now. To begin, let us consider the work probabilities of the forward and backward
process, respectively, i.e.,

Pe(W) =3 Pp(n,m)s ((ER - E)-W), (A.6.5)
Pg(-W) =3 Pg(n,m)s ((EY - Ey)+W), (A.6.6)

where Pp(n,m) is given in Eq. (A.2.10). We then assume that the measurement apparatus in the forward and backward
process operates in the same way. More specifically, this means that the pointer is prepared in the same initial state
and the same unitary Upeas is used to couple system and pointer. In this case, we have q:rol)m‘n = q:l)m‘n = Grmin- As in

Ref. [74], we write the ratio between the joint probabilities of a given transition between E to EY) in the forward
and backward process as

Pg(n,m)
Pp(n,m)’

eolnm)

(A.6.7)

The average of the quantity o(n,m) defined by this ratio can be seen to be precisely the relative entropy between the
probability of the forwards and backwards processes

(@)= 3 Pe(m,m)o(m,n) = 3 Pp<m,n>1og(M) - D(Pel|Py), (A.6.8)

where the relative entropy of two random variables ) and P is defined D(P||Q) := ¥, P(x) IOg(gEi; )
In order to express the relation between performing or extracting the same amount of work in the forward and

backward process, one can substitute (A.6.7) into (A.6.6)

Pe(-W) =3 0™ Pa(n,m) 5 (B - ER) +W). (A.6.9)

m,n
It is straightforward to see that

pm Pa(nlm)

_ Pg(n|m)
py” Pr(min)

Pr(m|n)

(A.6.10)

exp (~o(n,m)) = exp (~B(ES) - B - AF))
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where AF = 7 log(Z©@/Z®) is the equilibrium free energy difference, and the conditional probability to find the
state with energy n (m) after the backward (forward) process if initially it was m (n) is Ps(n|m) = Xy Pk nGrkim
(Pr(m|n) = X1y mmdupm)- Therefore, a Crook’s-like relation for non-ideal projective measurements can be written as

P(-W) = e PW=2F) p (W), (A.6.11)
with

Pr(W) =" exp (—y(m,n))Pr(m,n)é ((ES) - EY) -W), (A.6.12)

m,n

where v(m,n) =log (Pr(m|n)/Pg(n/m)). If ideal projective measurements are assumed in the estimation process (in
other words, if an infinite amount of resources is available) no disturbance is created by the measurements on the
system in the forward and backward processes, which implies that ¢ym/n = Om,m0m.n, and y(m,n) = 0. Therefore
Eq. (A.6.11) results in the well known Crook’s relation

Pg(-W) = e PW=2E) po(w). (A.6.13)

A.6.b. Irreversibility and Dissipation

Consider a thermal state 7¢”(3) of a system with Hamiltonian H® at time ¢o that is driven out of equilibrium by
means of the unitary

Un(t,0) = 'Eexp(—i fo tfH()\t)dt). (A.6.14)

At time t¢, the system is in the (out-of-equilibrium) state p® = U AT(O)U);, and the Hamiltonian of the system is H®.
Then the system is coupled again to a thermal bath at temperature T' = 1/, and left to thermalise to the equilibrium
state 7 ().

The work dissipated in the driving process, defined as (W), — AF, is the extra amount of energy that is transferred
to the bath in the final thermalisation step, leading to entropy production. This energy cannot be reversibly recovered
by reversing the protocol. A closed-form expression for this amount of work presented in Ref. [23] is

(W)a = AF =k TD(pp(t)||07 pp(te - 1)©), (A.6.15)

where D(pr(1)]|0fpp(t; —)©) is the relative entropy between the state pr(t) = Ua (t, O)T(O)U;{(t, 0) out of equilibrium
at time t and pg(ts—t) = Uj (t¢ 1, O)T(f)U};(tf—t, 0) is the state of the system in the backward process. Here Uj (¢s-t,0)
is the unitary evolution generated by the time-reversed protocol A. If the process is reversible, pp(t) = ©fpg(t; —t)©
for any 0 <t < t¢, and there is no work being dissipated in the process. In particular, the equilibrium state is reached
at time t¢, that is, p® = 70,

Now, consider non-ideal projective measurements used for work estimation, more specifically, minimal energy UMC
measurements described in Appendix A.1. Here, we see that more energy is dissipated in the process because some
entropy is produced during the measurement process.

Proposition A.6.1. For work estimation based on non-ideal minimal energy UMC measurements measurements, the
work dissipated in the driving process is

(Whionoia = AF = kT [D(pP||7®) + ASo], (A.6.16)

where p* = UA(anif) > ql(lol>n|El(°))(El<°)|)UK and ASy = S(p) - S(7) is the entropy change in the system due to

the first non-ideal measurement.

Proof. For the TPM scheme with non-ideal measurements, the work estimate is as in Eq. (A.3.2), i.e.,

(Whion-sa = [ AWPOVIW = 3 00 S prs (B - B, (A6.17)
m,n l



23

where p;_,,,, =|{ES |Ux | E{”)[*. We then note that the thermal states with respect to the initial and final Hamilto-
nians are

T = exp(-BH) 2 = TP |EPKEL, (A6.15)
O = exp(BH)/ 3 = B KES (A.6.150)

where the partition functions are Z© = Tr (exp(-SH®)) and Z® = Tr(exp(-SH®)), and the probabilities for
the individual energy eigenstates are p”’ = exp(-BE)/Z® and pl) = exp(-BEY)/Z®. The logarithms of the
probabilities above are logp{® = -BE® —log Z© and logp$) = -BEY —log Z®. With this, we can rewrite the factor
(EL = EY) in (W)non-ia and obtain

B{W Ynon—id = Zp(o)Zplﬁmql”;(( logp®) —log Z¥) — (~log pl —log Z)) . (A.6.19)

m,n

We then note that 3, ¥ 9,5 m ql(;‘)n = 1 and identify the free energy AF = %(log Z© —log ZD), as well as the initial
thermal state entropy S(7) =-3, pi2logp{» to write

m,n

BUW hnon-ia = AF) ==S(7@) = >~ p Zpl—wn qzzﬁz logpy, = =S(7”) = Tr (UA(ZP(O) > ql(l0|11|El (E )U/T\ log T(f))
= -S(7) = Tr (Uap@U] log7®), (A.6.20)

where we have recognised the conditional post-measurement state p® = ¥, qz(zo|>n|El0>(El0 |, and we have denoted the

unconditional post-measurement state as p® = ¥ pPpl®  We can then add and subtract the entropy of p® =

Ua ﬁ(”)U;{ and use the invariance of the von Neumann entropy under unitaries, in particular, S(p®) = S(p) to arrive
at

B ((W)aonoia = AF) = D(3V[[79) + S(5) - S(r) = D(5|[r) + ASp. (A.6.21)
O

This result can be seen as a version of Eq. (A.6.15) applicable to non-ideal projective measurement when taking
t = t¢, which expresses the amount of irreversible work in the process A calculated by means of the non-ideal TPM
scheme. ASj represents the entropy change in the system due to the initial non-ideal measurement process, which
may be either positive or negative in general. However, for unital measurements, the entropy of the pointer does not
change [64] and, as a consequence, the second law implies ASy > 0, which can now be interpreted as the entropy
production in the measurement process.

Proposition A.6.2. Consider a system of dimension ds, and an interaction between system and pointer such that
their correlations are maximal, C(psp) = (Cmaz), for instance, any UMC measurement. Then the entropy produced
in the measurement process satisfies

ASy < (1-Chaz)log(ds — 1) + Ha(Crnaz ), (A.6.22)
where Ho(z) = —xlogx — (1 —x)log(1 - x) is the binary entropy of the random variable x with 0 < x < 1.
Proof. This inequality comes directly from the Fannes-Audenaert inequality in Refs. [75, 70]
S(5) - S(10) < D(7”,70) log(ds — 1) + Ha(D(5”, 7)), (A.6.23)

where D(p,7™) = 1[5 -7, is the trace distance. To obtain Eq. (A.6.22), the trace distance must be
D(p®,7¢) < 1. Since the trace distance is convex and monotonic:

D7) = 3157 =70, < 5 T o I = [EPKEL I, = 1= Co (A6.24)

where the last equality comes from Eq. (A.1.12). O
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Proposition A.6.3. Assuming non-ideal (minimal energy UMC) projective measurements for work estimation, the
work dissipated in the driving process can be written as

(Wnon—ia = AF = kg T [ASo + AD; + D(pr(1)]|©7 pr(t: - 1)O)], (A.6.25)

where pp(t) = UA(t,O)ﬁ“)U/((t, 0) is the system state at intermediate time 0 <t <ty in the forward process, pg(t¢—t) =
Ui (t¢ - LO)p?U/{(tf —,0) is the (inverted) state of the system at the same instant of time in the backward process,
and we introduced the correction term

AD; = D7) = D(p®lp)) = Te[p (log py’ ~ log 7)]. (A.6.26)
Proof. We start from Eq. (A.6.16), adding and subtracting the quantity D(5®(|p’) to arrive at
(W)non-id = AF = ks T[ASy + ADg + D(5|| pi3)] - (A.6.27)
Then we use the properties of the quantum relative entropy and the unitary evolution (A.6.14) to write

D(p|p)) = D(Un(ts, t)Ux(t,0) 5O UL (£, 0)UL (1, 1)] oS
= D(Ua(t,0)5U} (£, 0)||UL (tr, 1) pS Un (£, 1))
= D(UA(£,0)5 UL (£,0)|©1U5 (e ~ £,0)p UL (t: = £,00) = D(pr (1) 0 ps(tc - 1)0),  (A.6.28)

where we have used the micro-reversibility principle for non-autonomous systems [21] in the last line , i.e., U);(tf, t) =
OfUj (ti-t,0)0, and we have identified the expressions for pp(t) and pg(¢;-t). Insering Eq. (A.6.28) into Eq. (A.6.27),
we directly obtain Eq. (A.6.25). O

Proposition A.6.4. In the case of open quantum systems, Eq. (A.6.25) becomes the inequality
(W)non-id = AF > ks T[ASy + ADs + D(pr (t)||©7 pp(t: - )©)]. (A.6.29)

Proof. Let us consider our system of interest as before along with a thermal bath to which it is coupled. The joint
system can be considered to be closed, and Eq. (A.6.25) hence holds for the joint system, i.e.,

(Waon-id = AF = kg T[ASo + ADs + D(pp (1)||©7 g (t: —1)©) ] < ks T [ASo + ADs + D(pr(t)||©Tpu(ts —)©)].
(A.6.30)

The left-hand side is the same as before as long as work is performed by implementing the protocol A only involving
system degrees of freedom, whereas the primed quantities on the right-hand side correspond to the global state of
system and bath. Notice that assuming that non-ideal measurements are only performed on the system implies that
we recover the same terms ASy and AD¢. Finally, applying monotonicity of the relative entropy under the partial
trace, i.e., S(plo) =2 S(p'|lo’) for any p = Trpaen[p’] and o = Trpatn[o’], the last inequality is obtained. O

Appendix A.7: Two-level system driven by a classical field

To illustrate the formalism presented in this work, let us consider a two-level atom driven out of equilibrium by
a classical field, described by the Hamiltonian H = Hg + Hy, where Hg = —%02 is the atomic Hamiltonian with
0. =]0X0[-|1)1]|, and the interaction Hamiltonian is Hy = -D-E,, where E, = e, (exe “Fle™'? + efe™Fle'?0) is a
classical field with real-amplitude e, polarization vector €z, phase ¢y and angular frequency wr. The atomic dipole
is D =d(eio, +€50_), with d being the dipole strength, and the vector €5 describes the atomic transition polarization
given the energy transition operators o, = |1X0| and o_ = [0¥1]. After applying the Rotating Wave Approximation
(RWA), the Hamiltonian describes a Rabi oscillation with angular frequency Qp, ie.,

H~—o - n, (A.7.1)

e}l
Sk

where o = (0,,0,,0.) and n = (Apu, + Qpu,)/Q, with corresponding unit vectors (u,,u,,u,), and we use units
where A = 1. The angular frequency is defined in terms of atom and field variables as

Q2 =A2+Q2, (A.7.2)
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where Ay = Es - wy is the difference between the angular frequency of the field and the energy gap of the atom
(recall that A = 1), and Q. = 2de, (€r- €)' is the classical Rabi frequency of the atom-field interaction. The
transformation generated by the Hamiltonian in Eq. (A.7.1) is a unitary of the form

U(0) = exp (—iga . n) = Cos(g)]l—isin(g) o-n, (A.7.3)

for § = Q,t, and t is the duration of the transformation. For the purpose of illustration, let us restrict our further
analysis to the resonant case, where A ~ 0. This implies n = u, and hence that the transformation U(6) is a rotation
around the y axis and Q, = Q. Further details about this physical system, and a more complete and general scenario
can be found in Ref. [77].

Let us now consider a process in which the atom is initially prepared in a thermal state at inverse temperature

Bs = 1/(k®Ts) with respect to the initial system Hamiltonian H” = ~Es0./2, i.e.,
exp (-BsHE”)
PO = 7O = =0 ) (A.7.4)
S

We then consider the TPM scheme with non-ideal measurements to estimate the work that is performed on the
system by the transformation U(6), where we assume the measurements to be non-ideal but minimal energy UMC
measurements (see Appendix A.l.c). After the first measurement, the interaction with the field (Hy) is instan-
taneously switched on at t = 0, and the field evolves until time ¢ = ¢ to an out-of-equilibrium state given by
p(0) = U@)pLU(H), with 6 = t;Q,. At the time ¢ = t; the interaction with the field (H,) is instantaneously
switched off, such that HS® = H”, and the second non-ideal measurement is performed.

The work done by the field by means of U(6) is the energy difference between the initial and final configurations,

(Wip = Tr (pL(0)HP) - Tr (p P HL) = —%Tr (a.(p(0) - p)) = Es siHQ(g)tanh(—Bsfs). (A.7.5)

However, when we estimate this work using non-ideal measurements, we obtain a different value (W)pon-ig. For
instance, let us consider minimal energy UMC measurements using a three-qubit pointer that is prepared in a thermal
state

®3
-6BH
7(Br) = (GXP(ZBP P)) : (A.7.6)
P
where Hp = —%az = %—P(|1)(1| — |0X0]) is the Hamiltonian of each single-qubit subsystem of the pointer and 3, =

1/(ksTp). As discussed before, the maximum correlation created between system and pointer depends only on the
preparation of the measurement apparatus, which in this example is the sum of the dp/ds = 4 biggest eigenvalues of
the pointer, i.e.,

_ (1 +3exp (_ﬁPEP)).

Cmax = Z (A.7.7)

Following the approach developed in Sec. A.3, the non-ideal work estimate can be written as
(W hon-ia = Te(U(0) 52 U (0) HP) = Tr (o8 HL), (A.7.8)
where the unconditional post-measurement system state is p¢” = ¥, p@p®. The conditional post-measurement

system states are p{” = ¥, qflo‘)n|l)(l| and p\” = 1/2Z5 and p{” = exp(-BsEs)/2Zs and Z5 = 1 + exp(-BsFEs). The
l(’|>n to find the post-measurement state p in a specific eigenstate |1 ) of the system, depends only on the

amount of correlation created between system and pointer, that is,

probability ql(

1+3exp(-6rEp)

qu(zln = Chax = Z for n=0,1, (A.7.9)
(0) © _q_ Clon = exp (-38,Ep) + 3exp (_25PEP). (A.7.10)

90011 = 9110 z3
3
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Figure A.2. The non-ideal work estimate (W )non-ia and its deviation from the ideal work estimate (W), are shown in (a) and
(b), respectively, as functions of 6 = Qrt € [0, 27], for selected initial temperatures of the pointer, represented by different ratios
of the system and pointer temperature, i.e., 8p/8s = 1, and from SBp/Bs = 150 to 750 in steps of 150. For = 7/2 and 6 = 37/2
the non-ideal work estimate coincides with the work performed by the process U(6), independently of the temperature of the
pointer. For the purpose of the this illustration, the initial temperature of the system has been chosen to be room temperature
Ts =300 K for an energy gap in the microwave regime such that 8sEs ~ 1/30, and Ep = Es/10.

Given the initial state of the atom in Eq. (A.7.4), the unconditional post-measurement system state evolves as

UO) 5 UE) = - (U0) 52 UO) + exp (-5 E) U(B) 42, UO)) (A7.11)
S
Figure A.2 (a) shows (W )non-ia as a function of 8 = Qt for different temperatures of the pointer, where each of the
three pointer qubits is assumed to have an energy gap Er = E5/10. The system is taken to be at room temperature
Ts = 300K initially, with an energy gap in the microwave regime, such that 3sFEg ~ 1/30. The pointer is initially at
the same temperature as the system, but the pointer can be cooled in order to obtain a better precision in the work
estimation as illustrated in Fig. A.2 (b).

For 6 = Qxt = /2 and 6 = 37/2, the non-ideal work estimate coincides with the work realised by the process U(6)
independently of the temperature of the pointer. However, for § = 7 one notices that the deviation |[(W)x — (W }non-id|
of the work-estimate from its ideal value (W), has the same order of magnitude as (W), for a pointer at temperature
close to room temperature, 3,/8s = 1, where we find that [{(W)a — (W )non-ia| /(W )a = 0.49875. Indeed, for values
of 6 close to integer multiples of 27, the non-ideal estimate can even be arbitrarily far away from the ideal estimate
(which vanishes at these points) in the sense that (W) — (W )nonial /(W) diverges as 6 — 27. In other words, if
the temperature of the pointer is not taken into account in the work-estimation, the imprecision of the estimate can
be as bigger than the work performed or extracted by the process U(6). In these cases U(0) satisfies the condition in
Eq. (A.3.9). At the same time, we note that, since we consider the special case of a qubit system, the minimal energy
UMC measurements we consider are also minimally invasive, meaning that Jarzynski’s relation is satisfied for all ¢
and fp/Bs.

Let us now consider the energy spent to perform the measurements in the TPM process in the first place, which is
given by AErpy := AEQ + AE® . The contributions from the two respective measurements are

AEQ = B[O+ S B - o0 8 7)] (A712)
i=1,2,3

AEr(rflzaas = Tr[(Hs(’f) + EII’z)(ﬁg3 - Pfgf) ® TP)]’ (A713)
i=1,2,3

where Hp, is the Hamiltonian for qubit i (for i = 1,2, 3) and we have assumed that the pointer is prepared in the same
initial state for both measurements. The states g and g2 are the joint system-pointer post-measurement states
after the two respective measurements, as in Eq. (A.1.14), for the initial state p$” at ¢ = 0, and the final state at t = t¢
is p&” = ps(6).

In Fig. A.3 we plot AETpy as a function of the initial temperature of the pointer for two distinct durations of
the driving protocol. We notice that there is no discernible dependence of AFErpy on the duration of the protocol.
Furthermore, we calculate the energy cost of cooling the pointer within the single-qubit refrigerator paradigm [33, 34].
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Figure A.3. The energy cost AEtrpMm to perform the (non-ideal) TPM measurements is shown in units of Es as a function
of the ratio between the temperatures of the system and pointer 8p/8s = Ts/Tr, where the system is assumed to be at room
temperature Ts = 300K initially, for two exemplary durations 6 = Qrt = /2 and 6 = Qrt = 7w of the driving protocol. We see
that there is no discernible dependence on 6 = Qx¢. More importantly, the inset plot shows the energy cost AFEcoo1 (in units of
Es) for cooling the pointer from 1/8s to 1/8p < 1/8s as a function of the ratio 8p/fs.

For a refrigerator with an energy gap Er, the energy needed to cool the pointer from a temperature 1/85 to the lower
temperature 1/85 is at least

1 1
AECool:N(EF_l)(e_ﬂSEF+1 - B +1), (A.7.14)
where N is the number of qubits to be cooled, and Er = Ep(5/B8s. In the example we consider N = 3 for each
measurement and Er = E;/10. From Fig. A.2, we see that for § = 7 and Br/8s > 750, the deviation of the non-
ideal work-estimate from the ideal one is nearly half as big as (W)a, but (W)a = (W )non-ia| < 0.01E;. However,
as illustrated in Fig. A.3, the energy cost for cooling the pointer such that 8-/8s = 750 is more than two times Es.
In other words, the energy cost of cooling the pointer to the required temperature can outweigh (W), by orders of
magnitude. That is, the cost of estimating the work done by a physical process can by far exceed the amount of work
that is done or consumed during the process.
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