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Outline

Outline

In this talk we will ...
» discuss the Wigner representation of Lorentz transformations
for the example of massive spin—% particles
> study for entanglement of two particles
and for multipartite entanglement classification

» and illustrate Lorentz invariance of Bell inequality violation
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Relativistic D ipti 5 H
elativistic Description Wigner rotations

Inertial observers. . .

related by

generally a combination of a spacetime translation a# and a
Lorentz transformation L*,

if origin is fixed =- Lorentz transformation L, combination of

1 cosh¢é sinhé 0 O
inhé coshe 0 O
R — ) _ | sin
R(Z) L+(¢) 0 0 1 0
0 0 0 1

pure rotations &  pure boosts (e.g. in x-direction)
with velocity v = tanh
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Inertial Observers & Lorentz Transformations

Relativistic D ipti 5 H
elativistic Description Wigner rotations

Lorentz group

L={LeGLAR)|L"TyL =n}

» more precisely: CL ={LeL|detL=+1,1%>1}
proper orthochronous Lorentz group
> pure rotations form subgroup of EL — SO(3)

» pure boosts do not form a subgroup

succession of two boosts with velocities v and w

= involves rotation around axis Vv X w
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Inertial Observers & Lorentz Transformations

Relativistic Description

Wigner rotations

Rotation angle

cosd =

sinh & sinh x

cosh £ 4 cosh x

Figure: rotation angle ¢ displayed as function of boost velocities

_ vl _ — Wl _ ; ;
V== tanh§, and w = = = tanh x;, for boosts in perpendicular
directions
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Quantum States

momentum eigenstates

p*|p,o) = pt|p,o)
unitary representation of Lorentz boost A: U(A)
transformed state U(A)| p, o) = | p, o)

—  eigenstate with momentum Ap

U(/\)’p,0'> = Z/ QJ/U(A7P)’AP7UI>
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Inertial Observers & Lorentz Transformations

Relativistic D ipti - -
elativistic Description Wigner rotations

Wigner's Little Group

U(N) is representation & Q explicitly unitary = Q = Q(A, p)
dependency can be reformulated:  Q(A,p) — Q(W(A, p), k)

where W(A, p) is a Lorentz transformation which leaves the

chosen standard momentum k invariant

= W(A,p) € Wigner's little group
standard momentum: k = <,(1)7> where k>=m?>>0, m>0

then |p,o) = U(L(p))|k,o0) “Wigner basis”
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Inertial Observers & Lorentz Transformations

Relativistic D ipti - -
elativistic Description Wigner rotations

Transformation of Single Particle States

Lorentz transformation A of momentum eigenstate

UN) | p,o) = UM UL(P)) Ik o)
= U(L(Ap) L™*(Ap)) U(AN) U(L(p)) | Kk, o)
= U(L(Ap)) U( ) ko)
= U )[Ap,o)

where W(A, p) := L=Y(Ap) A L(p)
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Consequences of Wigner rotations for single particles

» uncertainty principle = finite width of momentum space

distributions = | ¥ )1—partice = D, fdM(P) f-(p) | pyo)

!A. Peres, P. F. Scudo, and D. R. Terno, Phys. Rev: Lett. 88 (2002)
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Consequences of Wigner rotations for single particles

» uncertainty principle = finite width of momentum space
distributions = [9)1paice = » [du(p) f(p) | p,o)
g

» Lorentz transformation
UN 1Y) =X [dulp) f(p) [Ap,o)
entangles spin and momentum degrees of freedom

> spin entropy has no invariant meaning !

A. Peres, P. F. Scudo, and D. R. Terno, Phys. Rev: Lett. 88 (2002)
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Consequences of Wigner rotations for entanglement

» two-particle system: reduced spin density matrix shows
change of entanglement under Lorentz transformation 2

2R. M. Gingrich and Ch. Adami, Phys. Rev. Lett. 89 (2002)

3P. M. Alsing, and G. J. Milburn, Quant. Inf. Comp. 2, No. 6 (2002)

*F. F. Jordan, A. Shaji, and E. C. G. Sudarshan, arXiv:quant-ph/0608061v2
(2006)
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Consequences of Wigner rotations for entanglement

» two-particle system: reduced spin density matrix shows
change of entanglement under Lorentz transformation 2

» dependent on width of momentum distributions

> can only increase, if there is
entanglement between spins and momenta initially
(theorem by Gingrich & Adami)

» for separable, sharp momenta = no entanglement change 3

» sum of spin and momentum entanglements generally not
invariant 4

2R. M. Gingrich and Ch. Adami, Phys. Rev. Lett. 89 (2002)

3P. M. Alsing, and G. J. Milburn, Quant. Inf. Comp. 2, No. 6 (2002)

*F. F. Jordan, A. Shaji, and E. C. G. Sudarshan, arXiv:quant-ph/0608061v2
(2006)
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spins and momenta initially separable from each other
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Our Setup: Initial State

Initial state: [ )i = | ¥ ) mom
spins and momenta initially separable from each other
momenta: entangled

|w>mom = COSO‘|P+,P—> aF Sina‘p,,er)

momenta sharp = single rotation

2 allowed directions = momentum qubit
=+ z-direction

entangled

Bell ¢ * states
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Our Setup: Initial State

Initial state: [ )i = | ¥ ) mom

spins and momenta initially separable from each other

Ao, BoB-
momenta: entangled /
|(l/}>IIl()IIl:cosa|p+7p7>+5ina‘p77p+> F P

" g >
momenta sharp = single rotation /‘
2 allowed directions = momentum qubit ?f
=+ z-direction Eve (figure used with curtesy
of R. Bertlmann)
entangled observer Eve

moving in x-direction

= Wigner rotations U
Bell ¢ * states & +

around = y-axis
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momentum Apy, Ap_ or
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Difference between linear entropies of initial and
6= i% Wigner rotated Bell-type state
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Our Results

Relativistic Entanglement

Entanglement in different

1 vs 3 Qubit Partition

momentum Apy, Ap_ or

Partitions

Spin & Momentum Partition

2 momentum or 2 qubits

Entanglement-Egg-Tray:
Difference between linear entropies of initial and Entanglemen; cha'nge between m?mentum and spin of
5 — i% Wigner rotated Bell-type state 5= i? Wigner rotated spin-Bell-type state
> entanglement change for entangled momenta
> 3 entanglement change »
> only for entangled momenta
>

identical to 1 vs 3 partition for § — %

2
maximal change also for entangled spins

>
change maximal for separable spins
. F., R. Bertlmann, M. Huber, & B. C. Hiesmayr, Phys. Rev. A 81 (2010) 042114

m information .

a scrutiny
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» decreases for § — 7
» but increases again for 6 — 7
ClPspinl
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0 T %0
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Entanglement in different Partitions

Generally (e.g. for 1) there is entanglement - tradeoff between

momentum - momentum entanglement

» decreases for § — %

™

» but increases again for 6 — 7

ClPmon]

it

Alice Bob

i
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Entanglement in different Partitions

Generally (e.g. for ¢~ there is entanglement - tradeoff between

& spin - momentum entanglement

> increases for § — %

> reduces to zero again in the limit 6 — 5

Espinvs mom
1l
Alice Bob
. r N .
L
i v :
0 i i
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Entanglement in different Partitions

Generally (e.g. for 1) there is entanglement - tradeoff between

, momentum - momentum & spin - momentum
entanglement

Alice Bob Alice Bob Alice Bob

oo e. 0
o0 MO

but entanglement between particles is genuinely invariant
Alice Bob

Alice - Bob partition
» NO entanglement change
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Multipartite Entanglement

Lorentz invariant classification is possible!®

Any convex combination of local-unitarily equivalent pure states
defines a Lorentz invariant class of genuine multipartite
entanglement.

initial state: p = Z qi W;’nomﬂpin >< qum+spl.n|
1

®M. Huber, N.F., A. Gabriel, Ch. Spengler & B. C. Hiesmayr - arXiv:10113374v1
(accepted for publication in EPL)
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Any convex combination of local-unitarily equivalent pure states
defines a Lorentz invariant class of genuine multipartite
entanglement.

initial state: p = Z qi W;’nomﬂpin >< qum+spl.n|
1

where ‘ winom+spin> = Zk: O‘L | wri;om >,' | ¢§pin >,'

®M. Huber, N.F., A. Gabriel, Ch. Spengler & B. C. Hiesmayr - arXiv:10113374v1
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Multipartite Entanglement

Lorentz invariant classification is possible!®

Any convex combination of local-unitarily equivalent pure states
defines a Lorentz invariant class of genuine multipartite
entanglement.

initial state: p = Z qi W;’nomﬂpin >< qum+spl.n|
1

where ‘ winom+spin> = Zk: O‘L | wri;om >,' | ¢§pin >,'

Pspin = Z ai Z |OLL|2 ‘¢§pin>,-<¢§pin |,'
i k

®M. Huber, N.F., A. Gabriel, Ch. Spengler & B. C. Hiesmayr - arXiv:10113374v1
(accepted for publication in EPL)
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Bell Inequality Violation

can be maintained in every inertial frame by adjusting
measurements and using appropriate observables
lllustration for Pauli - Liubanski Operator:
P-L vector WH* =- Casimir operator of Poincaré group
. — . = 0
spatial part W = construct operator 6, = W /p

measurement direction: & = observable: a(p) = a-p

= relates measurement direction to rest frame direction:

o (L(p)a)e
AP = Ty
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Bell Inequality Violation

5 o (L7Y(p)a)io;
P) = {2y

Observer | Observer |l

particle momentum: p* particle momentum: Ap

measurement direction: a’ measurement direction:
a/I = (/\a)l

rest frame: b: a' = (L(p) b)’ L '
rest frame: b: a’' = (AL(p) b)’

L=Y(Ap)a’)io;
operator: %

-

operator: o

o

— Wigner rotations compensated

Possible Bell inequality violation independent of reference frame!
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Conlcusion

Summary

» Entanglement not generally invariant

Particle entanglement is invariant
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Outlook & Open Questions

» Which partitions phyiscally accessible?

Separation of and momentum possible?
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Conlcusion

Summary

» Entanglement not generally invariant

Particle entanglement is invariant

» Multipartite entanglement classification invariant

» Bell inequality violation invariant

Outlook & Open Questions

» Which partitions phyiscally accessible?
Separation of and momentum possible?

» Which relativistic observable?
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Thank you for your attention
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